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Prob/Stat/Discrete Math Unit 5: Discrete Probability Distributions

5.1 Probability Distributions
Section 5.1 Objectives:
e Distinguish between discrete random variables and continuous random variables
e Construct a discrete probability distribution and its graph
e Determine if a distribution is a probability distribution
e Find the mean, variance, and standard deviation of a discrete probability distribution
e Find the expected value of a discrete probability distribution

Random Variables:

* Represents a "MUI\CLQ Va Ik ¢_ _ associated with each outcome of a probability distribution.
* Denoted by x
*  Examples
= x=Number of sales calls a salesperson makes in one day. j
® x=Hours spent on sales calls in one day.
® Discrete Random Variable
e Hasa ‘FM ite or caurt’hdo IC number of possible outcomes that can be listed.
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@ Continuous Random Variable
* Hasan__i1¥ia H’(, number of possible outcomes, represented by an interval on the number line.
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= x=Hours spent on sales calls in one day. Ok R z &au‘ ,yla_%

Example: Random Variables
Decide whether the random variable x is discrete or continuous.

1. x =The number of stocks in the Dow Jones Industrial Average that have share price increases

on a given day.
discrete = aw{ﬁfo Je /L«)IAO/& #=>

2. x=The volume of water in a 32-ounce container.
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.Tscrete probability distribution: !

Lists each possible value the random variable can assume, together with its probability.

*  Must satisfy the following conditions:

*  Thel(probability bf each value of the discrete random variable is between O and ! ,inclusive.

0<P(x)<1

*  The(sum of all the probabilities)is 1
IP(x)=1

Constructing a Discrete Probability Distribution
Let x be a discrete random variable with possible outcomes x3, X, ... , Xn.
1. Makea -);‘%ge/l% distribution for the possible outcomes. ;’7@6*“7 % l('
2. Findthe _SuCwn  of the frequencies. Z ;
3. Find the probability of each possible outcome by dividing its frequency by the sum of the frequencies.
4. Check that each probability is between 0 and 1 and that the sum is 1.
‘xample: Constructing a Discrete Probability Distribution

An industrial psychologist administered a personality inventory test for passive-aggressive traits to 150
employees. Individuals were given a score from 1 to 5, where 1 was extremely passive and 5 extremely
aggressive. A score of 3 indicated neither trait. Construct a probability distribution for the random

variable x. Then graph the distribution using a histogram.

s
| gl 7ohdloilivy P(x) —same ashe relative

1 24 P(1) = *Yiso =0.16 Sre u.e/wj ¢eolunn

2 33 Plz)= i e < 0-2€ I Q'ﬁc las+ chapter

3 42 PG = “Ysp=0.28

4 30 P(y) = 2jsp= 0. 20

5 21 P = 2 /jsp = 0.1

AL S P(x)=1¥0

Solution: Constructing a Discrete Probability Distribution

« Divide the frequency of each score by the total number of individuals in the study to find the probability for each

. | value of the random variable. 5
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* Discrete probability distribution:

X 1 2 3 4 5

xP(x) | 0.16 0.22 | 0.28 0.20 | 0.14

This is a valid discrete probability distribution since

/ 1. Each probability is between 0 and 1, inclusive,
0<P(x)<1.

\/ 2. The sum of the probabilities equals 1,
2P(x)=0.16 +0.22 +0.28 +0.20+0.14 = 1.

Passive-Aggressive Traits
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Because the width of each bar is one, the@e’ac@is equal to the probability of a particular outcome. ‘
A T T T e —— —— . ————

Mean it P( Eecaﬁo . |
i ility distribution = L
Mean of a discrete probability Uz Z [9( 7()] ox ecj’é(p Vapucn

p=E) $rom earher unit

¢ Each value of x is m /4 H 4\'4 l(\ eé by its corresponding probability and the products are added.
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The probability distribution for the personality inventory test f;v passive-aggressive traits is given. Find the mean.

//'/ \ \ : 7

Ly ihen L,u/e We jM( fhis ée‘fﬂre,
=7 Expé’d'ﬂ Z: Jue

4 (on 7 mz/& sense for /"".Me’
2| 022 | 2(0.22)= 1Y |H\J run’ )

Solution:

1(0.15) =16

3 | 0.28 | 3(0.28)= g/

4| 020 | 4(0.20)= 4}

5| 014 | 50.14)= 7)) / &
Lok hatk of centere
Zxlly)z ,?4_‘( é"ﬁ M”W ( _a AZgr ,I‘f‘Hc L]}mr 4o /P‘H’

Vanar-rce and Si:andard Devnatlon
Variance of a discrete probability distribution

i
' sl :x-u)’P(X)]

Standard deviation of a discrete probability distribution W: . (X 5% ) o

, O’=\/OT=W 6"\/0” = ApE A

Example: Finding the Variance and Standard Deviation:
The probability distribution for the personality inventory test for passive-aggressive traits is given. Find the variance and
standard deviation. (= 2.94) (Me,)

Variance: % = X(x - u)?P(x) = li GIQ

A

"I,ql{: —/aq‘/

2 (022 |22 91 = 044 08"'{ ’ (‘fl{. Standard Deviation: [ élé
3| 02 [3-294~ 006 0.004 , D)) o 1.3

o | om | f-2.04= 1.06 | (124 225

5 | 014 f',?,q‘/:,?.()b "I.Z‘H .Sq.f

Z [6-4) Ph)} L6l <— VaRIANCE-




6|Page

Expected Value: e ULd “JJ (’7&‘4 o4 4, m ,>

Expected value of a discrete random variable

. .ﬁx
*  Equal to the l!lﬁﬂ!l of the random variable. U‘

CoEN == - S X, )

Example: Finding an Expected Value

At a raffle, 1500 tickets are sold at $2 each fw;gsof)ssoo, $250, $150, and $75¢/You buy one ticket,) What is the

expected value of your gain?

*  Solution: Finding an Expected Value
To find the gain for each prize, subtract
the price of the ticket from the prize:

= Your gain for the $500 prize is qug

= Your gain for the $250 prizeis 2 §

= Your gain for the $150 prize is l g

= Your gain for the $75 prize is 73
* If you do not win a prize, your gain is =72

¢ Solution: Finding an Expected Value \)
Probability distribution for the possible gains (outcomes)

Y4¢ 243 (4 3 -2
ke f i o 144 <— ol Yhe

L et LS, =2
(SO0 (500 /SD0 /500 <00 rest, afte-
H /oriiCS
You can expect to’lgig_an average of $ I ’ 3( for each ticket you buy.
/‘

Wy - - ¥ 28 i + T TR ke T

¥4g 24 . gy 0] _2Ng
/jj +/{ 7500 <30
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Section 5.2: Binomial Distributions

Section 5.2 Objectives:

Determine if a probability experiment is a binomial experiment
Find binomial probabilities using the binomial probability formula
Find binomial probabilities using technology and a binomial table
Graph a binomial distribution

Find the mean, variance, and standard deviation of a binomial probability distribution

Binomial Experiments: r(,/: R e n
—> 1. The experiment is repeated for a : :EZ geé number oftria};,» here each trial is independent of other trials.
_; 2. There are only 2 possible outcomes of in;cerest for each trial. The outcomes can be classified as a
sygge§§:(5) orasa fa‘ilgig_(F).
2 3, 'F;;;J’r;)bability of a success P(S) is the same for each trial. f ] P[—§> ] 5{ = P(F>
~— 4. The random variable x counts the number of successful trials. T

e

-Fa\'(lr(’
Al 5 LA

Notation for Binomial Experiments

n The number of times a trial is repeated

—

—_—

Ei;ﬂ The probability of success in a single trial EX' IF FGS) :/D = W)

i_jiifﬂ;/)—( The probability of failure in a single trial 71*44\ F(F) = i Z /’-'2 7 8 g
—7 (g=1-p)

X The random variable represents a count of the number of successes in n trials:
x=20:1,2,:3; ... 0.

5 %

no
yeussts

al
cuccesses
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Example: Binomial Experiments : ’ \

Decide whether the experiment is a binomial experiment. If it is, specify the values of n, p, and g, and list the possible
values of the random variable x. @ =
Auwes o{_ 41125 L AN=3

2. Ajar contains five red marbles, nine blue marbles, and six green marbles. You randomly select\three marbles
from the jar, without replacement. The random variable represents the n
) dom variable repre the number of red marbles.

&, x4 > 50 red 15-Sueess
@P(SB = % LNSJ h',‘ﬂ(\ e % )( f?£ > d

)ﬁ /ﬁd-‘r‘t&(i | =T
50 P(3) WoT Sane ipr gch Ly

'14,0 > NoT BrﬁoM'aﬂ E,yl.or

o e

e

e n!
P(x)=,C.p'q"" = i

(n—x)!x!

° n=number of-trials
*  p=probability of success

e g=1-p probability of failure p
A

Botore: X counts Jhe # of suc’c(ﬁgu.o trals )

SAME

e x=number of successes in n trials

Example: Finding Binomial Probabilities _ )0(5) =%

Microfracture knee surgery has a 75% cﬁance of success on patients with degenerative knees. The surgery is performed
on three patients. Find the probability of the surgery being successful on exactly two patients.

n=3
Solution: Finding Binomial Probabilities

Method 1: Draw a tree diagram and use the Multiplication Rule

1= 2o0d 3d Number of
Surgery Surgery Surgery Outcome Successes
— 8
o —
» — S
F L _ ¥
Do . Tk
B LA
o S
ot — F

So, outcontes are SSF gR  SFS
: ~ g . TGN T
]DroJ{ 15 /2"( ¥ ,’?L/ T i /¢4/ o Z‘-{ ~ O.‘/?Z.
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‘X cousts Fhe # of successes
.ethodz Binomial Probability Formula \} é’ (,Oe're /”é)ﬂj %( 2 \L'
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l - A

P( x sucssil Surjplms) P -% : v = (zs)

| e (’ §é2§) K)
""7 /3( L su(czs‘sw 5ufjr"f/f5) = 3—( v (})za (”)’ / 0:;2/37§~Z(0,’/ZZ;
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<Binomial Probability Distribution” 7-::10 i 1 le e

*  List the possible values of x with the corresponding probability of each.

°  Example: Bi Ql
7 1}[} @W(”)(Zs) (79(25 0/1’7067{\ Use binomial probability Jpn(’j

p robablllty dlstrlbutlon for Mlcrofacture knee surgery/n=3p=%

- g formulato__ry_m_pa_bﬂm_es_ X=2 18
DAl 1 2
SV {3?37,_ L Dy this
ﬁ < ’ x3
f
_ o BN BB U o
(y (_:'O)‘O' <7§) ZS)E I(?f)z’. 01S6 sy - ,‘{2'?7T
Example: Constructing a Binomial Dlstrlbutlon s il : 43
CEE

In a survey, workers in the U.S. were asked to name their expected sources of retirement income. Seven workers who
participated in the survey are randomly selected and asked whether they expect to rely on Social Security for retirement

income. Create a binomial probability distribution for the number of workers who respond yes. Success | Hes

- ‘ :
M"Oﬂe’ Y %ul’ Workers | IQ :F(SX =

will aJso r@{j on Soc.See.

as s wdlp-J source of ,6 ‘P(F>: ge
‘I/\aswé'
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4ample: Finding Binomial Probabilities Using Techno|o§y P/S) - ,§ﬂ . L
The results of a recent survey indicate that when grilling, 59% of households in thel Umted State's"l;s:j;ga techn.o|ogy iy
randomly select 100 households, what is the probability that exactly 65 households use a gas gri

andomly select 100 he ) : !
to find the probability. (Source: Greenfield Online for Weber-Stepherfd Products Company)

Y(RI00)

X=C3) 7
Solution: ~—— & T1:83/84

,65)
*  Binomial with n =100, p = 0.59, x = 65

9391871795
Solution: Finding Binomial Probabilities Using Technology: /) 70 X
- DISTR - e

/ZZ_I‘( (vaRs) | ¥ | h la‘mow\/sd’c< o]y s, NesTD] ~ 0.0

From<the display, you can see that the probability that exactly 65 households use a gas grill is about 0.04.

Example:_Fipding Binomial Probabilities Using a Table

About thirty percent of working adults spend less than 15 minutes each way commuting to their jobs. You randomly
Cselect six Working adults. What is the probability that exactly three of them spend less than 15 minutes each way
commuting to work? Use a table to find the probability. (Source: U.S. Census Bureau)
Solution;

-2
< )i Binomialwithn=g_,p= 130 ;i X= AR

Solution: Finding Binomial Probabilities Using a Table

A portion of Table 2 is shown

(nlle] v o5 0

A5 A0 35 30 35 a0 a5 s 55 60

| 980 02 810 723 840 563 A4S0 423 360 303 osp 203 &
20 095 180 255 320 375 430 455 ABO 495 500 495 g
| 200 002 000 0G3 040 D63 DM 433 a0 20 250 303 b
| 970 857 729 614 572 A2 33 75 N6 a66 125 ooy 064
029 135 243 395 384 422 4 444 832 A0B 375 334 28
| Q00 007 027 057 096 141 189 239 288 334 375 g 432

Lf-m A00 001 003 008 016 077 ;a3 D84 051 135 165 295
n=b. .

=> 60 M B s 37 o6 I8 N8 075 g7 0B D6 pos 004‘;
10057 32 354 398 303 355 a0y g BT 136 084 ey
3 00 oz A9B 478 246 Do

037!
4 328 3 37 234 186 qag
X=3 =23 00 02 M5 042 e .m 236 f

.Eﬁ 403 312 303 276
. G000 085 186 234 278
5 000 000 Q00 pon D02 004 ik

QW0 020 037 gst Oad 125 .187&
£ N D00 000 om0 opg D02 004

¥

i o S ———

T
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Example: Graphing a Binomial Distribution 3

Fifty-nine percent of households in the U.S. subscribe to cable TV. You randomly select six households and ask each if
they subscribe to cable TV. Construct a probability distribution for the random variable x. Then graph the distribution.
(Source: Kagan Research, LLC) ot W k

. method s

b

Solution:
) n=__Q,p= .54 ,q= ,"f’

*  Find the probablllty for each value of x

P(;( O) C ((S‘O(‘H) 10(9(:’) *[é ,)t,cn («)(L")

e

= (1, 60475 L (sq)(‘”))
60 ﬁw 5 Lo
Solution:GraphingaBir"n;mial Distribution =0 (-54 /‘”) ,\/0‘//

3 4 5 6

Pl=2) -

29T

0.283|0. 305 (0.17

0.35

Subscribing to Cable TV

=4
w

o
N
o

o
o

0.15

o
[y

Probability

0.05

. 0 1 2 3 4 5 6
Households

|
:
é‘:-
N
C




éean, Variance, and Standard Deviation:
* Mean: p=np ,0(:7“10
* Variance: o%=npq \/ar = N /)% )
Sy '/
+  Standard Deviation; © = V%P9 &
Example: Finding the Mean, Variagg:g_-a%Standard Deviation
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EARRS 0 =.,5¢
Ir@:burgh, Penm abéufSG%,offt e days in a year are cloudy. Find the mean, variance, and standard deviation

for the number of cloudy days during the month of June. Interpret the results and determine any unusual values.

(Source: National Climatic Data Center) i &
. (> 30&475
Solution:n=&, p='5 ,q=i'f -

Mean: p=np = 30(.§é>= 6.8
Variance: o?=npq = 30(.56)(. ‘/"f)-ﬁf Y
Standard Deviation: Vo2 = ¢ or \/npq = ./ 7,4 = 2,7

_Solution: Finding the Mean, Variance, and Standard Deviation
< =’¢% ol = 7."’ o:_z_-?
* Onaverage, there are 6. g cloudy days during the month of June.

* The standard deviation is aboutZ.7 days.

e Values that are more than two standard deviations from the mean are considered unusual.

S A 4{@ l_&k « (bF - Z&.”f)"’ //", , A June with ” ~ cloudy days would be unusual.
b 4«‘11 ||‘1E' 'lé 54’ 1(2.7\522.2 5 AJune with 23 cloudy days would also be unusual.
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