g Logs and Exponential Functions

g otes: Graphs of Exponentlal and Logarithmic Functions
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: ( ! Sample: y = (;) Sample: y =3 ( )

Examples 1 — 8: Match each equation with its graph below. No graphing calculators allowed.
. l)y_ex 2@ 2))""8"2@ 3) y = —e* +2® 4)y__x+z@
: 5) y= b 6)y—e"‘+2@ 1) 575 () ‘© 8)y——e" ZO
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What is the domain and range (in interval 10) What is the domain and range (in interval
(52 notation) for graph E above? notation) for graph B above?
D: (-oc, 50) D (-e0, o)
Rt = oo =Bl Ri(-2 ,00) ;
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Transformations fromy = e*toy =a-b* "+ k

Logs and Exponential Func;i,,“s

a<o lal > | h K
reicat vert+ > l\
reclect s Fietah opp:
|
‘ 11) Describe the transformations from y = e* to y = —3e**? + 5.

veet 6"‘(‘0-\-0%&0' b73

J
<t %2
. Parent Functions for Lo _'g"nth nic Functions A
L. y=log,x whereh> 1 Zbeb Y ﬁ—“'log,,(x‘ -h) +k whereb > %
VA: x=0

-

Anchor point: (1, 0)

—tn

Asx - 00,y » SO

Domain: ( p ,oo)

Range:(_‘,o' oo)

i
*A table of values Sample: y =

log, x
can also be used.

‘VVA: y=h

y

i

X ==8
Anchor point: (h+1,k) (-2 ,1

Asx - 0,y » SQ

Domain: (- 3, o0 )

Range: ( —co ; ,,Q)

*A table of values
can also be used.

Sample: y = log,(x +3) + 1

q\

12) y =In(x + 4)

13) y =In(x — 4)09

»

A

A)

B)

16) What is the domain and range (in interval
notation) for graph B above?

= (_4'l°°)
2

(—0o ,=0)

Examples 12 - 15: Match each equation with its graph without using a graphing calculator.

14) y=]nx+4:

y

15) y=]nx—4©

y

9)

D)

17) What is the domain and range (in interval
notation) for graph C above?
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o'
. (-0 ,00) '

\
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—or #18 — 20: i ; :
or #18 - 20: Sketch each exponential function without a calculator. Include the HA and anchor point.

.»f18)}’=ex+3 19)Y=€_x—4 20)y=_ex+1+2
A . y
[T rA Tr/\
R 2 8 0. O O o B e
- B e
X X ; X
— \ _ |
B "V
21) What is the domain and range of #20? What are the transformations from y = e*?
D.‘(_.oolw7 ‘Vver t+ Feflection
R . ( by 2, oo) 5 il |
2

For #22 —24: Sketch each logarithmic function without a calculator. Include the VA and anchor point.

(a
®>) ) -1ni-2 23) y=Inx+1 24) y =In(x +3) — 2
1y, ¥

C | .
A A | A
.—»—u—' f r
’7 P 4
- : — : /| & $x
=} 4 i ;
- |
Ll i
¥V \

25) What is the domain and range of #22?
Pl 65T
R (oo, oo )

26) What are the transformations from y = In x to the equation from #247
R
.
o
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3.2 and 3.3 Notes: Properties of Logarithmic and Exponential Expressions

Exploration: Use a graphing calculator to graph f(x) =

coordinate systems.

Inx and g(x) = e*

. Draw a sketch on the provided

e X
/}\e
Find the domain and range of each function. What do you notice? ”
x Vi
* In X A
S . ~.S W "'—C h Cd A -
P -eo, oo 7 D (0 ,00)
(D'OO) L"(‘OO'QO) - 7
: 7
Compare and contrast f(x) and g(x). Make as many observations as you can. %
Inverseslt

*reflection in y=

0,1) = (1,0)
ANchor ptg

VA versvus HA

SR

_ Logarithmic and Expon

ential Equation

Logarithmic and Exponential functi

I0NSaAr€ __ jny e rce €

of each other,

as long as they use the Same base.

In x

Parts of Logarithmic and | Base: b

Exponential Expres;iQn_é A

log,a=x and b* = a.

Argument (oflog): a_

| Exponent: 7 (Z"\——\
dutinn 7 5 log,a=x ==—=p p*=0¢
: Convertlng Equations to: 1 1o & N A o
Logarithmicor +h9 I$olate l“F’M‘»e—ni--:atl:
ExponentlalForm ¢ eXPonentg :LQFe HRe
' Idvment+
' Inverse Properties with

: Logs and Exponentials of
: the Same Base :

e == wi P =

Same basg——hir\vcr.{cs |

For #1 —3: Re-write each equation in loganthmlc or exponential form.

1) log, 81 =14
X 4 - 8 |

2) loga =

10X =

3) 8 =x
a ( =3
ogzx
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5', @i or #4 —13: Simplify each expression without a calculator. 4
' A
4) log, 81 5 5) log, V5 7 6) log,,, 256 (_l_
¢ |°935 log Sl LS '°JZL % =~ 4
q = i i
, =4 7
[
H 7) Ing® 8) log1 «(° 9) logs6 . LT
i = BRI S N0 e lo e~ T
)5 nqﬂg)b-E 0 | Tz 30 L

10) log, 27* 11) log, 2572*

12) ln:""‘

3z X
log. 2 Mf_ﬂf_it“) ']g—x ﬁ

13) log, 27 +In1 —log 10* — 5Ine* — log, 32 + €'"®
kIO LRANRE | 4 - 5 416

=] e gERERCA

FRZN0

FUNELNY TR S TH [N L) I TR ] O AR A TS K TR

e T —

'y

I .«-Compounded-;n times peryear

as. .

. Compounded continuously

R

£ 4 . nt~ - - -“
finat &= g=p(14F) BN Vears

£A="P "i—:i—'vmer(v

Simov it N final l ra+t+ :
princi ple # +imesg o < (decrmal)
compovnded Pelt Principle
"“"C(dec'lmal) v, (S+a r+ing
dmoong

F.SS

14) A person wants to invest $3,000 in a saving account for 4 years. The bank has two options. The first option

compounds interest weekly at a rate of 5.4%. The second option compounds interest continuously at a rate of

5%. Which option should you choose? Explain your choice.

p= 2000 +=4

NWeekly h=52 r=.054
A:3000(|+'°$4 )524’
52

=¥%$3,722 @9

l:;pf—ion | —émores
$

P= 3000 +=4
r=.05°7/:

A "30003 oSt

=4 20604.2 |
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Math 126 Ch 3 Notes
el Properties of Logarithmic Expressions = R S
Product logb(m n) = log, m + log, n Power 10gb(mn) =n-log,m
Property Property
3 Inm
{ : log,m = T
Quoticnt log (m) = log, m — log, n Chal-ﬁ:; - log, m
Prope DI/ S ©D il ©b S ==t
: rty L Formula log, m log, b
1. Move coefficients to powers of " it 1. Change multiplication of the
the argument. BRI S argument to addition of two logs of
. 2. Change addition to ISR the same base.
Condensin 8e S
Log 2 multiplication of the arguments. Exp;;ndmg, » 2. Change division of the argument to
EXpréssions 3. Change subtraction to R subtraction of two logs of the same
LS multiplication of the arguments. E(XD??SSZ‘QPSL base.
S Sy 3. Move any powers of the argument to
coefficients of the log.

Examples 15 - 19: Condense each logarithmic expression. /_1
15) In4+31In3 ~In12 16) X @ln(x+5) Inx —In (x% — )z/:
o 4 s L X f's - ln X r s
In I 2 | fn 9 [l x( X~ 4)1 xE(x-4
17) log,(6x +1) —log, 2y +log, 24 —log, 3z 18) —2In16 +2In3

i (Lxt1)-24 ):92<_6’(,(v_’(_\‘;")ﬂ In 3% m
z _ﬁ‘v o TAEL %E‘— ’\—\_(; 5

19)In5 + lln(giz),_z_lrm_—rlu

1 G (RO 2Dz >
1 (G2
For #20 — 22, expand each logarithmic expression.
2 3
20) 1o g735‘/3_ 21) InZ2

“" Z+3nx riny -tnT-4\n

|
)10915 +TI°97K —‘0915~3l091\,\

7ab*
(c+d)S

22) log

|'e9 7 +1ega + drogb -Liog (c-rd)\

For #23 — 24: Use the change-of-base formula to evaluate each logarithm. Give an exact solution and an

approximate solution to 3 decimals. Moot
23) log;8 = An 8 log 8 24) logg 14 < AN i log (4
or 29>
Xf'l g log & Iin 8 | °9 B

v
- o
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-74
i
‘i‘ I ,
| . Write both sides
i with the same term.
B ts’ase-h a. Use inverse operations
. dSetthe or
exponents equal b. Factor the expression
and solve. 2.' Take the In (or another log) to both sides.
3. Use properties of logs to solve.
For #1 — 8: Solve each exponential equation for the variable. If needed, round to one decimal place.
1) eXt6 — g3x S 2) 92x — 27%1
g X6 = 2y 32(213_33(X—l)
e = &
a 2K 4ax=3K-2
i 3) ;1—3—: 7ZX+5 4) 2%—4 =573 {
e
S | -3 q2xr s In2 = I B3
: ((- =R & gl S Cxizian) Kntoti=REn iSRS
§ : =8 2 el o N B5aio
g -4 =X 1y 0L
T —————,‘r;i; e 4—i$(,.4- ‘
5) 5-3*5+1=21 6)p3iat =235
: -4 s
G2 YT =00 N :(V%2
16 25T At @ e ye = oo e DGy,
(83 =5 i = X\v\%‘—‘-'l\n% & Draloaty SR
c' x”l“‘f A = A2 sl pdiin 3
i ’1.:‘: X(\h?"%\Y\Z) = (n24 Lﬂ"\s _52
24 w2 $£4in3 ;
X =4in 4 = iy sl JIOREPN
Tt NG tw%‘%(hz"\w
| 7)e?* —8e* +7 =0 8) 5e2* — 5e* = 0
2 x , . 2 X
(< 77(‘: SN C Se (G —l) )
x
(& = /
™ 2 o 4 ex= (4 N
( (g?o" e =Wl (V\GF = (."\l sc”’ e, e {2 \
b’/ X = ﬂn? = crl D X O
= X
=1 Lne* = O
LA
X 1. e .
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Math 126 Ch 3 Notes
~ “Solving Logarithmic Equations. S AAT e R Ak |
1. Isolate the log term, if possible. 1. Note this strategy only works if =
2. Convert the equation to an there are no additional
exponential expression (or terms/constants in the equation.
exponentialize each side) 2. Set the arguments equal and solve.
Onl 3. Solve. One log
nly one term on =
le: In(3x—2) =In(4—x
logarithmic | g, ole: In(5x) + 6 = 8 each slde Samp e: In( ) ( )
term b\ (6x) =2 0% éhgs,g -9) 3x-2 =4 -x
yx =b

= Sx ¢ :
A\ Y= %

V More thaxi

1. Condense to one log term on each side.
2. Move any powers of the argument to coefficients of the log.
3. Use the row above to find an appropriate strategy to solve.

 two Samples: Inx 4+ In(x —2) =In8 log, x + logs(x + 6) = 2

logarithmic _/Q/r\ x(x -2) = In¥ %o (XY Q) = 2y lx=1%=0
terms on 1% =3 3 (x¥3Xx-2)=0
one side. i o0 [05 (=2 17

. ( 3 X\:L\ 0 L\ -—X"*’(ox X?{ i;(-.—z.s
SR = )3?<Z, X*=+er= o
Extraneous | All arguments for all log expressions must be positive values. Reject any values that would make the
. Solutions | argument a negative value or zero.

ql

For #9 —12: Solve each logarithmic equation and check for extraneous solutions

9) logs(4x — 7) =

Uy -

vebiky)

log(x + 5)

UEI IV & S

%K:

=Rl
er/)vw%W

posive

= Yookh

J

11) log, (x + 12) +log, x = 3

\og t1><( V2 o07)

l/\

T

=6 8 w2l GU

= (v orleX x4

ST <

V\eoj-

10) log,(5x —1) =3
3
U =
Cy

L= 2 @ =
=S

pos. argue. v

12) logx + log(x + 5) = log 24

log Y(,; ¢5) = oy 24
e
RO L s Ve
(x 1—8)()(‘??}) =0
e

t/\a‘,i'

5% - |
G - |




Ch 3 Notes Logs and Exponential Functions

" 13) The population of deer in a forest preserve can be modeled by the equation P(t) = 50 + 200 In(t + 1),
where t is the time in years from the present. In how many years will be deer population reach 5007

Find =t
500 = £0. wx 700 n € * &)

4

f

§

i

i

g

:

:

TRerst it
: 7.25 = [n(¥ + 1)

g 2426

i 7 =%

é '
?

1

Y =2 e T2\ Pe

14) How long would you have to invest $30,000 in an account eammg 6% interest compounded contmuously
so that you have a total of $40,000? 1% .0GC

Cind + A ' When solving equa nsiw1th.logs

da A=? o and exponentxal fliffttl s, fyo ‘7, .
< —— choose to write your mte;medlate

‘ Loooo - ) 4 values (non- -final answers) as

" 2002%% decimals, use at least 6 decimal

L \. %2222 ; ey places for accuracy. Altematlve]y,

-

L= . write values as’ fractlons

b/\ I 6337)% = O@*‘
b2 oHv794T

(+x A3 UAW%W

15) Sally invests $350 in an account earning 5% interest, compounded annually How long will it take her to
earn $50 in interest?
A= V( | Tn )

= .06 ¢
i g . oo = 2%0(l* —-7
7 LU28 67143 = |LOS"

- =
: I 1 M2BSTID = L 0P

A= 360 r 50 =UH00
! fp 1. TU2 857143
/——‘—_\h

In 1.05 =

¢
Lg Fa 2737 = 27 _gewnl
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A

3.5 Exponential Growth and Decay . A —
v ~  Solving Exponential Growth/Decay Equations =~~~ = ==

A = Ageft™ time (4] 1. Write ordered pairs in the form
¢ J k CONG Ty : & A) (timfa, ampunt)
Amoont %f\*nvg' 2. Use substitutxgn with one ordered to
Basic W) Hints and solve 1f0(§ k.6 Ijltber tiselan exact answer,
I : : 5 or include 6 decimal places.
et oo >0 i Strategics 3. Re-write the customiged equation (with
Note: Half-life problems are the known value for k).
exponential decay problems. " 4. Use substitution with another ordered

pair to solve the problem.

1) In 1990, the population of Africa was 643 million, and by 2006 it had grown to 906 million.
a) Use the exponential growth model, where t is the number of years after 1990, to find the exponential

growth function that models the data. N N ( aoe
. :
(Hme, amovnt) A= Ao 'L’V‘__get_fa_ =l
(o, Uz, Ao GUBe o
_ Ro wk o
(1¢ a00) ojg%;b - c LR 5,02 143l
ke
( L 2\0(9> oc " l)
‘ bn ou’bx i

b) In which year will Africa’s population reach 2100 million (2.1 billion)?

A AUz 62 Uz Qn( N I 6-0Z13\ + @T

oud L= 55 722 A
T e LV\( [AVES 7 s b
Uz O +55 =

6. 0ZiUb

2) Strontium-90 is a waste product from nuclear reactors. The half-life of strontium-90 is 28 years, meaning

that after 28 years a given amount of the substance will have decayed to half the original amount. Find the
exponential decay model for strontium-90.

(0cho) A hoe™ o o Mift) =28k
In

(28, 3A0) % ) % 3 .
A -
|

28k Z3 JATY ALY <
= ¥ medels[ A=A e 3]t oF

M‘z) =]h\Q7%\‘ Az foe ~0. O2UTo%+

Then suppose that a nuclear accident occurs and releases 60 grams of strontium-90 into the atmosphere. How
many years (rounded to one decimal place) will it take for strontium-90 to decay to a level of 10 grams?

A(o‘ bf; A:_ ro - 0.0ZUT755y ‘_ < -L Q/C/)

-©.0Z2{ 755
(v 0 o = GO A «Gls G 2D =
‘ \
A

- 0.0 U75%%+
A . L T2 2%
IM(C’) be 2(72.u yr | 10
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y . 5"‘;;: a2 .::’.' :?’Z‘" 5 “(:”"‘T’;'\' % Ry < R L S e N Ty ST s
| 4 — ' Logistic GrowthModels .~ = o o0
| C - B e input is ¢ (often “time”)
g _’ e ¢ isa horizontal
ﬁ e e asymptote
| Formula Gr aph and e ciscalled the “carrying
! SRy a"f}; and c are constants -‘_;i'Fiea.tlfres‘i:;" :::a:iriltty”’, or(;‘l.itn?itti}r:g
i w1 C<0andb>0, ()} , and1itis the
| . i ' maximum height (or
amount) of the function.

YT R L B A LD AR T i B SRR A re bbb s

1% 1 W UL L B ) 7112 IR S i

&

L3 LA (TS

3) In a learning theory project, psychologists discovered that f(t) ='1—+-:"_%is a model for describing the

proportion qf correct responses after t learning trials. # ol “Tm"
a) Find the proportion of correct responses prior to learning trials taking place (t=0)

F(h =03
-« © ‘2 O -; O‘ q
i e
proporiion
b) Find the proportion of correct responses after 10 learning trials

p |+ <

MR OT

¢. What is the limiting size of f(t), the proportion of correct responses, as continued learning trials take

place? c20.8 1 homerator of- Locs'\‘,\"le c&mww\ wwooled
‘ ~ PO CA ( oo CANOOVY)
covrying P ol
71/ Newton’s Law of Cooling
e % . :
'-,;—f.."f: LR

) : : » e CSI investigators and coroners
|T=Fino\ Femp e S use Newton’s Law of Cooling to
L T gone e F remp M hden o determine the time of death for a
~Fo r?g']a C="(rwom ‘eowp) . Whenis deceased person.
“oand oy . this used?
byt " . of it e,
:Ya"?":'\?s | To = Gkoring Yoo ofF R A e Newton’s Law of Cooling is
e X i . used in bu_siness, industry,
k= Conwtowy : medicine, etc...

o flon Winvkes)

lt= Time (

11
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Math 126 Ch 3 Notes 2

Newton’s Law of Cooling: T = C + (To — C)e

4) An object is heated to 100°C. It is left to cool in a room that has a temperature of 30°C. After 5 minutes, the&
temperature of the object is 80°C. To = 100 E="30 azo T=30 .
a) Use Newton’s Law of Cooling to find a model for the temperature of the object, T, after t minutes.

PRV L 4

2= 30 + (lWO-30)e ¥ k= -Ginl3
= -k

SO - OF Y 0.0 7ZA

-5\

6O '
b,. (;'07 =,b0‘@’ - 0.0CT204+

S0 2Ol O

PN
o & = e A
In (% (100- 30)
b) What is the temperature of the object after 20 minutes? Round your answer to one decimal place.
' = 2/6E el s

-0. a o

il HBIZNE

¢) When will the temperature of the object be 35°C? Round your answer to one decimal place.

=25 o Gndths ;
@

_o.0O0@eTz4at

L5 = bOr_éOe

P 706-0.06‘{20“\—
~ _.ooe122*
bin (—70 = bne
[
bz ILV(“’)
.-—__—_——_- -
oAl T AR
5) Rewrite y = 4(7.8)* in terms of base e. Express the answer in terms of natural logarithm and then round to
three decimal places. (};im: b8 = x) b, e Lon
W= u( T T8
Q 7 Gowne 2
= -( . 8 18

"
In(2) :m Y= Y < T

A X . 1./\(-1.*37
<‘J\) e < Ql
< T8 2 O 2. OLUX : »
Y= Ue =) < 12




