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PREFACE

I’'ve written Precalculus, Fifth Edition, to help diverse
students, with different backgrounds and future goals, to
succeed. The book has three fundamental goals:

1. To help students acquire a solid foundation in algebra
and trigonometry, preparing them for other courses such
as calculus, business calculus, and finite mathematics.

2. To show students how algebra and trigonometry can
model and solve authentic real-world problems.

3. To enable students to develop problem-solving skills, while
fostering critical thinking, within an interesting setting.

One major obstacle in the way of achieving these goals

is the fact that very few students actually read their
textbook. This has been a regular source of frustration
for me and for my colleagues in the classroom. Anecdotal
evidence gathered over years highlights two basic reasons
that students do not take advantage of their textbook:

e “I’ll never use this information.”
e “Ican’t follow the explanations.”

I’ve written every page of the Fifth Edition with the intent
of eliminating these two objections. The ideas and tools
I’ve used to do so are described for the student in

“A Brief Guide to Getting the Most from This Book,”
which appears at the front of the book.

How Does Precalculus Differ
from Algebra and Trigonometry?

Precalculus is not simply a condensed version of my
Algebra and Trigonometry book. Precalculus students are
different from algebra and trigonometry students, and this
text reflects those differences. Here are a few examples:

e Algebra and Trigonometry devotes an entire chapter
to linear equations, rational equations, quadratic
equations, radical equations, linear inequalities, and
developing models involving these equations and
inequalities. Precalculus reviews these topics
in three sections of the prerequisites
chapter (P.7: Equations; P.8:
Modeling with Equations;
P.9: Linear Inequalities and
Absolute Value Inequalities).
Functions, the core of any
precalculus course, are then
introduced in Chapter 1.

e Precalculus contains a
section on constructing
functions from verbal
descriptions and
formulas (1.10: Modeling

with Functions) that is not included
in Algebra and Trigonometry.
Modeling skills are applied to
situations that students are likely
to see in calculus when solving
applied problems involving maximum
or minimum values.

e Precalculus develops trigonometry
from the perspective of the unit circle
(4.2: Trigonometric Functions: The Unit
Circle). In Algebra and Trigonometry,
trigonometry is developed using right
triangles.

e Precalculus contains a chapter
(Chapter 11: Introduction to
Calculus) that takes the student into calculus with
discussions of limits, continuity, and derivatives. This
chapter is not included in Algebra and Trigonometry.

e Many of the liberal arts applications in Algebra and
Trigonometry are replaced by more scientific or higher
level applications in Precalculus. Some examples:

e Black Holes in Space (P.2: Exponents and Scientific
Notation)

e Average Velocity (1.5: More on Slope)

e Newton’s Law of Cooling (3.5: Exponential Growth
and Decay; Modeling Data)

e Modeling Involving Mixtures and Uniform Motion
(7.1: Systems of Linear Equations in Two Variables)

What's New in the Fifth Edition?

New Applications and Real-World Data. I'm on a
constant search for data that can be used to illustrate
unique mathematical applications. I researched hundreds
of books, magazines, newspapers, almanacs, and online
sites to prepare the Fifth Edition. Among the 108
worked-out examples and exercises based on new data
sets, you’ll find applications involving modeling blood-
alcohol concentration (Section P.1), starting salaries for
college graduates (Section P.8), the world’s vanishing tiger
population (Section 2.3), and the year humans become
immortal (Section 3.1).

Concept and Vocabulary Checks. The Fifth Edition
contains 679 new short-answer exercises, mainly fill-
in-the-blank and true/false items, that assess students’
understanding of the definitions and concepts presented
in each section. The Concept and Vocabulary Checks
appear as separate features preceding the Exercise Sets.

Great Question! This feature takes the content of each
Study Tip in the Fourth Edition and presents it in the



context of a student question. Answers to questions offer
suggestions for problem solving, point out common errors
to avoid, and provide informal hints and suggestions.
‘Great Question!’ should draw students’ attention and
curiosity more than the ‘Study Tips.” As a secondary
benefit, this new feature should help students not to feel
anxious or threatened when asking questions in class.

New Chapter-Opening and Section-Opening Scenarios.
Every chapter and every section open with a scenario
based on an application, many of which are unique to the
Fifth Edition. These scenarios are revisited in the course of
the chapter or section in one of the book’s new examples,
exercises, or discussions. The often humorous tone of these
openers is intended to help fearful and reluctant students
overcome their negative perceptions about math.

New Blitzer Bonuses. The Fifth Edition contains a
variety of new but optional enrichment essays. Examples
include “Using Algebra to Measure Blood-Alcohol
Concentration” (Section P.1), “Seven Ways to Spend

$1 Trillion” (Section P.2), “Addressing Stress Parabolically”
(Section 2.2), “Five Things Scientists Learned from the
Hubble Space Telescope” (Section 9.3), and “Ponzi
Schemes and Geometric Sequences” (Section 10.3).

Sample Homework Assignments. Within each Exercise
Set, I have chosen odd-numbered problems, primarily
from the Practice Exercises, that can serve as sample
homework assignments. These are indicated by a blue
underline in the Annotated Instructor’s Edition. Based on
the goals and objectives of your course, you may wish to
enrich each sample homework assignment with additional
exercises from the other categories in the Exercise Set.

New Interactive Figures. These new figures bring
mathematical concepts to life and are included in
MyMathLab. Used as a lecture tool, the figures help
engage students more fully and save the time spent
drawing figures by hand. Questions pertaining to each
figure are assignable in MyMathLab and reinforce

active learning and critical thinking. Each figure has an
accompanying Exploratory Exercise that encourages
further study and can be used as a presentation tool or as
an open-ended learning assignment.

e Section P.1 (Algebraic Expressions, Mathematical
Models, and Real Numbers) contains a new essay,
now called a Blitzer Bonus, on using algebra to
measure blood-alcohol concentration. This Blitzer
Bonus should set the stage for the book’s engaging
collection of unique applications.

e Section P.6 (Rational Expressions) presents a new
example on excluding numbers from a rational
expression with a trinomial denominator.
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Section 1.6 (Transformations of Functions) has a more
thoroughly developed discussion of how stretching or
shrinking changes a graph’s shape.

Section 1.7 (Combinations of Functions; Composite
Functions) has a new example on finding the domain
of a function with a square root in the denominator.
There is also a new example that ties in with the
section opener (number of births and deaths in the
United States) and illustrates an application of the
algebra of functions.

Section 2.3 (Polynomial Functions and Their
Graphs) contains a new example on graphing
f(x) = —2(x — 1)*(x + 2), a polynomial function
whose equation is given in factored form.

Section 2.6 (Rational Functions and Their Graphs) has
a variety of exercises where students must factor to
find vertical asymptotes or holes.

Section 2.7 (Polynomial and Rational Inequalities)
contains a new example on solving a polynomial
inequality with irrational boundary points that
requires the use of the quadratic formula.

Section 3.1 (Exponential Functions) presents an
intriguing new Blitzer Bonus on the year humans
become immortal. The section also contains a new
table clarifying interest plans in which interest is paid
more than once a year.

Section 3.4 (Exponential and Logarithmic Equations)
has a new discussion (within the context of the Great
Question! feature) on whether a negative number can
belong to the solution set of a logarithmic equation.

Section 5.1 (Verifying Trigonometric Identities) has

a new discussion (within the context of the Great
Question! feature) on the difference between solving a
conditional equation and verifying that an equation is
an identity.

Section 7.3 (Partial Fractions) uses the Great
Question! feature to include a discussion on
speeding up the process of finding partial fraction
decompositions.



x Preface

Detailed Worked-Out Examples. Each worked
example is titled, making clear the purpose of the
example. Examples are clearly written and provide
students with detailed step-by-step solutions. No steps
are omitted and key steps are thoroughly explained to
the right of the mathematics.

Explanatory Voice Balloons. Voice balloons are used
in a variety of ways to demystify mathematics. They
translate mathematical ideas into everyday English,
help clarify problem-solving procedures, present
alternative ways of understanding concepts, and
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connect problem solving to concepts students have
already learned.

Check Point Examples. Each example is followed
by a similar matched problem, called a Check
Point, offering students the opportunity to test their
understanding of the example by working a similar
exercise. The answers to the Check Points are
provided in the answer section.

Extensive and Varied Exercise Sets. An abundant
collection of exercises is included in an Exercise Set
at the end of each section. Exercises are organized
within eight category types: Practice Exercises,
Practice Plus Exercises, Application Exercises,
Writing in Mathematics, Technology Exercises,
Critical Thinking Exercises, Group Exercises, and
Preview Exercises. This format makes it easy to
create well-rounded homework assignments. The
order of the Practice Exercises is exactly the same
as the order of the section’s worked examples. This
parallel order enables students to refer to the titled
examples and their detailed explanations to achieve
success working the Practice Exercises.

Practice Plus Problems. This category of exercises
contains more challenging practice problems that
often require students to combine several skills

or concepts. With an average of ten Practice Plus
problems per Exercise Set, instructors are provided
with the option of creating assignments that take
Practice Exercises to a more challenging level.

Mid-Chapter Check Points. At approximately

the midway point in each chapter, an integrated
set of Review Exercises allows students to review
and assimilate the skills and concepts they learned
separately over several sections.

Graphing and Functions. Graphing and functions are
introduced in Chapter 1, with an integrated graphing
functional approach emphasized throughout the
book. Graphs and functions that model data appear
in nearly every section and Exercise Set. Examples
and exercises use graphs of functions to explore
relationships between data and to provide ways of
visualizing a problem’s solution. Because functions
are the core of this course, students are repeatedly
shown how functions relate to equations and graphs.

e Section Objectives. Learning objectives are
clearly stated at the beginning of each
section. These objectives help students
recognize and focus on the section’s
most important ideas. The objectives
/ are restated in the margin at their
point of use.



Integration of Technology Using Graphic and
Numerical Approaches to Problems. Side-by-side
features in the Technology boxes connect a problem’s
solution to graphic and numerical approaches to
solving that problem. Although the use of graphing
utilities is optional, students can use the explanatory
voice balloons to understand different approaches to
problems even if they are not using a graphing utility
in the course.

Chapter Summaries. Each chapter contains a review
chart that summarizes the definitions and concepts in
every section of the chapter. Examples that illustrate
these key concepts are also referenced in the chart.

End-of-Chapter Materials. A comprehensive
collection of Review Exercises for each of the
chapter’s sections follows the Summary. This is
followed by a Chapter Test that enables students to
test their understanding of the material covered in
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the chapter. Beginning with Chapter 2, each chapter
concludes with a comprehensive collection of mixed
Cumulative Review Exercises.

Discovery. Discovery boxes, found throughout the
text, encourage students to further explore algebraic
and trigonometric concepts. These explorations are
optional and their omission does not interfere with the
continuity of the topic at hand.

I hope that my passion for teaching, as well as my respect
for the diversity of students I have taught and learned
from over the years, is apparent throughout this new
edition. By connecting algebra and trigonometry to

the whole spectrum of learning, it is my intent to show
students that their world is profoundly mathematical, and
indeed, 7 is in the sky.

Rebert Blitzer
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DYNAMIC RESOURCES

MyMathLab delivers proven results in helping individual students succeed. It provides
engaging experiences that personalize, stimulate, and measure learning for each student.
And it comes from a trusted partner with educational expertise and an eye on the future.

To learn more about how MyMathLab combines proven learning applications with powerful
assessment, visit www.mymathlab.com or contact your Pearson representative.

In Blitzer's MyMathLab® course, you have access to the most cutting-edge, innovative study
solutions proven to increase student success. Noteworthy features include the following:

Ready to Go Courses.

These new courses provide students with all the same great MyMathLab features that you’re
used to but make it easier for instructors to get started. Each course includes author-chosen,
preassigned homework, integrated review questions, quizzes, and cumulative review exercises
to make creating your course even simpler.

Interactive Figures. v
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during a lecture, interactive figures engage e A ¢ g o S S e v
students more fully and save time that would . -

otherwise be spent drawing them by hand. N =

Exercises pertaining to each interactive figure v ”ll

are assignable in MyMathLab to reinforce " w p—— : s
active learning, critical thinking, and conceptual st of P (21 o

reasoning. s

Integrated Review.

Skill review quizzes are assignable throughout the course, testing students on prerequisite
knowledge. From these quizzes, each student receives a personalized, just-in-time review
assignment, allowing them to refresh forgotten concepts.

MathTalk Videos.

Engaging videos connect mathematics to real-life events
and interesting applications. These fun, instructional
videos show students that math is relevant to their daily

e - e B lives and are assignable in MyMathLab.
£ YRR A S

Video Assessment.

Assignable MXL exercises are available for MathTalk
videos to help students retain valuable information
presented in the videos.
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Section-Lecture Videos.

These videos provide lectures for each section of the text to help “‘:-;Th:,lfc ‘“I’Imi“" o tha speseas
students review important concepts and procedures 24/7. 2x + Iy = 12

Concept and Vocabulary Check. ol [ 2x43y=12

New and assignable in MyMathLab, these short-answer and ‘5'1'!1

fill-in-the blank exercises provide a quick check for (Je]

understanding of concepts. These questions also test for reading
comprehension before the student moves on to the exercises.

Chapter Test Prep Videos.

Students can watch instructors work — g
through step-by-step solutions to |g."7llii' 10:41/11:48 E|E | B)=——0
all the Chapter Test exercises from
the textbook. These are available in
MyMathLab and on YouTube.

If we plug 0 in for x, and 0 in for y,

www.youtube.com/BlitzerPrecalculus5e

Additional resources can be downloaded from www.pearsonhighered.com or hardcopy resources
can be ordered from your sales representative.

TestGen. Instructor’s Solutions Manual.

Enables instructors to build, edit, print, and Fully worked solutions to all textbook exercises.
administer tests using a computerized bank of L

algorithmic questions developed to cover all the Mini Lecture Notes.

objectives of the text. Additional examples and helpful teaching tips for

. . each section.
PowerPoint Lecture Slides.

Fully editable lecture slides that correlate to the Annotated Instructor’s Edition.

textbook. Shorter answers are on the page beside the
exercises. Longer answers are in the back of the
text.

Additional resources to help student success are available to be packaged
with the Blitzer textbook and MyMathLab access code.

Student’s Solutions Manual.

Fully worked solutions to odd-numbered exercises and available to be
packaged with the textbook.

Learning Guide.

This note-taking guide is organized by objective and begins each chapter
with an engaging application, providing additional examples and exercises
for students to work through for greater conceptual understanding and
mastery of mathematical topics. The Learning Guide is available as PDFs
and customizable Word files in MyMathLab. They can also be packaged
with the textbook and MyMathLab access code.

Charles B. Davis
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TOTHE STUDENT

The bar graph shows some of the qualities that
students say make a great teacher. It was my goal to
incorporate each of these qualities throughout the
pages of this book.

Qualities That Muke & Great Teacher

Explains Things Clearly

\
Explains \

I understand that your primary purpose in reading Things Clearly |
Precalculus is to acquire a solid understanding of the 1-9:\5-5;\
. . . . Entertaining
required algebra and trigonometry topics in your "
. . 1elpful
precalculus course. In order to achieve this goal, I've o
. . . o 4

carefully explained each topic. Important definitions passionste e
and procedures are set off in boxes, and worked-out 0% I dents Stating That

: . rercentage Of SWCEE Sreat Teacher
examples that present solutions in a step-by-step Gty Makes a Greet 1%

manner appear in every section. Each example is onior v Lesmisp SIS
followed by a similar matched problem, called a Check
Point, for you to try so that you can actively participate
in the learning process as you read the book. (Answers
to all Check Points appear in the back of the book.)

Funny & Entertaining

Who says that a precalculus textbook can’t be entertaining? From our quirky cover to the photos in the
chapter and section openers, prepare to expect the unexpected. I hope some of the book’s enrichment
essays, called Blitzer Bonuses, will put a smile on your face from time to time.

Helpful

I designed the book’s features to help you acquire knowledge of algebra and trigonometry, as well as
to show you how algebra and trigonometry can solve authentic problems that apply to your life. These
helpful features include

e Explanatory Voice Balloons: Voice balloons are used in a variety of ways to make math less
intimidating. They translate algebraic and trigonometric language into everyday English, help
clarify problem-solving procedures, present alternative ways of understanding concepts, and
connect new concepts to concepts you have already learned.

e Great Question!: The book’s Great Question! boxes are based on questions students ask in class.
The answers to these questions give suggestions for problem solving, point out common errors to
avoid, and provide informal hints and suggestions.

¢ Chapter Summaries: Each chapter contains a review chart that summarizes the definitions and
concepts in every section of the chapter. Examples from the chapter that illustrate these key
concepts are also referenced in the chart. Review these summaries and you’ll know the most
important material in the chapter!

Passionate about the Subject

I passionately believe that no other discipline comes close to math in offering a more extensive set

of tools for application and development of your mind. I wrote the book in Point Reyes National
Seashore, 40 miles north of San Francisco. The park consists of 75,000 acres with miles of pristine surf-
washed beaches, forested ridges, and bays bordered by white cliffs. It was my hope to convey the beauty
and excitement of mathematics using nature’s unspoiled beauty as a source of inspiration and creativity.
Enjoy the pages that follow as you empower yourself with the algebra and trigonometry needed to
succeed in college, your career, and your life.

Regards,

Bad
Robert Blitzer
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A
Academy awards, films winning most,
245-246
Acid rain, 464
Actor selection, 1065, 1086
Adulthood, transition to, 886
Adult residential community costs,
1013, 1019-1020
Advertising
sales and price and, 399-400, 404
worldwide spending on, 1089
African life span, AIDS and, 799
Age(s). See also Marriage age
average number of awakenings
during night by, 151
body-mass index and, 833
calories needed to maintain energy
by, 84-85
chances of surviving to various, 171
of driver, accidents per day and, 917
driver’s. See Driver’s age
height as function of, 207, 210,
228-229, 1125-1126, 1130
perceived length of time period
and, 403
percentage of U.S. population
never married, ages 25-29,
200, 202
percent body fat in adults by, 185
preferred age in a mate, 255
for sex and marriage, legal, 170-171
spatial orientation and, 1102
verbal ability and, 1102
of wife at marriage, probability of
divorce and, 148-149
Aging rate, space travel and, 32, 44,
47,1115
AIDS. See also HIV infection, T cell
count and
African life span and, 799
cases diagnosed (U.S.), 317, 318,
321
Aircraft, Mach speed of, 654
Airline revenue, number of customers
and, 269-270, 277
Airplane line up for departure on
runway, 1086
Airplanes. See Plane(s)
Airports, distance between, 700
Alcohol and risk of accident, 458-459,
464
arrests and drunk driving, 381
Alcohol content of wines, mixture
based on, 787
Alcohol use
moderate wine consumption and
heart disease, 201-202
by U.S. high school seniors, 151
Alligators
tail length given body length, 402
Altitude
atmospheric pressure and, 486
gained by hiker climbing incline,
616
increase on inclined road of, 534
American Idol ratings, 316
Amusia (tone deafness), sound quality
and, 633, 635

APPLICATIONS INDEX

Angle(s)
in architecture, 492
clock hands forming, 492, 493
of depression, 530
of elevation, 531-532, 535, 536, 550,
583, 610, 611, 616, 618, 691-692
Angular speed
of audio records, 504
of carousel, 503
of hard drive in computer, 503
of propeller on wind generator, 615
Annuities, 1030-1032
value of, 1037, 1085
Antenna on top of building, height
of, 617
Arch, height of, 535
Arch bridge, 996
Archer’s arrow, path of, 310
Architecture
angles in, 492
conic sections in, 933, 943
Area
of circle with changing radius, 1136
of greenhouse, 1103
maximum, 311-312, 314-315, 360,
407, 1141
of oblique triangle, 688
of page, as function of width of
rectangle containing print on,
380
of plane figure, 57
of rectangular garden/field,
271-273, 290
of region under curve, 600
of shaded region, 57, 69
of square with changing side, 1136
of triangle, 698, 913
Area code possibilities, 1065
Arrests and drunk driving, 381
Artists in documentary, 1060-1061
Asteroid detection, 811
Atmospheric pressure and altitude,
486
Attitudes in U.S., changing, 117
Audio records, angular speed and
linear speed of, 504
Autistic disorder, 1011
Automobiles
accidents per day, age of driver
and, 917
computing work of pushing, 760,
762
depreciation, 117, 172
fuel efficiency of, 173
leaving city at same time, distance
between, 766
possible race finishes, 1065
purchase options, 1064
rentals, 120, 123, 129-130, 138, 276,
1103
repair estimate, 133
required stopping distance,
381-382, 392
stopping distances for, at selected
speeds, 381-382
Average cost function, 374, 378, 408,
411
Average growth rates, 1125-1126

Average rate of change, 207-209, 229
of area of square, 1136
of volume, 1131-1132, 1140
Average velocity, 118, 210, 380, 409,
1133
of airplane, 787
of ball rolling down ramp, 210-211
of boat, 787

B
Babies born out of wedlock, 276
Ball. See also Baseball; Football
angle of elevation and throwing
distance of, 680
attached to spring
finding amplitude and period of
motion of, 643
simple harmonic motion of,
605-606, 676, 680
height above ground, 287, 314,
389-390, 392, 798, 860, 1089
baseball, 489
bounce height, 402
football, 17, 308-309, 407, 860
maximum height, 407, 769,
1140
location of thrown, 974-975
rolling down ramp, average velocity
of, 210-211
thrown straight up
instantaneous velocity of,
1133-1134, 1137, 1140,
1142
maximum height of, 1140
Bank and credit union charges, 133
Banking angle and turning radius of
bicycle, 402
Bank loans, interest on, 1141
Baseball
angle of elevation and throwing
distance of, 676
height above ground, 489
hit straight upward, instantaneous
velocity of, 1136
path of, 974, 983
pitcher’s angle of turn to throw
ball, 701
position as function of time, 983
Baseball contract, 1001, 1036, 1039
Baseball diamond, distance from
pitcher’s mound to bases on, 701
Baseball game attendance, ticket price
and, 277
Basketball court, dimensions of, 112
Bass in lake over time, 409
Batting average, 118
Bearings, 604—605, 618
of boat, 605, 611, 700-701, 1142
distance at certain, 611, 617
to fire from two fire stations, 689,
691
of jet from control tower, 611
true, of plane, 752-753
between two cities, 618
Beauty
changes in cultural values of, 771
earnings and, 140
symmetry and, 176

Benefit concert lineup possibilities,
1065
Berlin Airlift, 835, 841
Biorhythms, 491, 508, 522, 569-570, 571
Birthday, probability of same, 1081
Birthday cake, 48
Birthday date sharing, 255, 656
Births and deaths in U.S. from 2000
through 2009, 231, 236-237
Births to unmarried women, 481
Black holes, formation of, 28-29
Blood, speed of, 29
Blood alcohol concentration, 15, 19,
458-459, 464
Blood volume and body weight, 395-396
Boat/ship
average velocity of, 787
bearing of, 605, 611, 700-701, 1142
direction angle of, 768
distance from lighthouse, 693
ground speed, 768
on tilted ramp, vector components
of force on, 758, 762
velocity of, 768
velocity vector of, 749
Body fat in adults by age and gender,
percent, 185
Body-mass index, 402
age and, 833
Body temperature, variation in,
616-617
Book club selections, 1066
Book selections, 1065, 1087
Books on shelf, arranging, 1060
Bouquet, mixture of flowers in, 822
Box dimensions, 345. See also Open
boxes
Brain
growth of the human, 474
modeling activity of, 583
Break-even analysis, 619, 783-785,
788, 822
Breathing cycle, 551
modeling, 565-566
velocity of air flow in, 676
Breeze from fan, location and feeling,
1102
Bridge
arch, 996
George Washington Bridge, 997
suspension, parabolas formed by,
997
Bridge coupon book/toll passes, 133, 276
Budget
federal deficit, 135
food and health care spending, 212
Building
height of, 530, 531, 611, 617, 618, 693
shadow cast by, 137, 676
Bus fares, 276
Business ventures, 788
Butterfat content in cream, 787
Butterflies, symmetry of, 702

C

Cable car, distance covered by, 692-693
Cable lengths between vertical poles, 279
Cable service, 999

Xvii



xviii  Applications Index
Calculator manufacturing costs,
408-409
Calorie-nutrient information, 845
Calories
candy bars with highest fat content
and, 790
needed by age groups and activity
levels, 886
needed to maintain energy balance,
84-85
Camera(s)
instantaneous velocity when
dropped into water, 1136
price before reduction, 110
viewing angle for, 599
Candy bars with highest fat content, 790
Candy mixtures, 787
Car. See Automobiles
Carbon-14 dating, 469
decay model, 478
Carbon dioxide
atmospheric, 572, 584
global warming and, 141, 196-198
Cardboard length/width for box, 820
Carousel, linear speed and angular
speed of animals on, 503, 507
CD selection for vacation trip, 1086
Celebrities, highest-paid, 106, 154-155,
156-157
Cellular phone plan, 132, 172, 178-179,
187
Centrifugal force, 400-401
Chaos, patterns of, 726
computer-generated visualizations
of, 681
Checking accounts, 133
Chernobyl nuclear power plant
accident, 425
Cherry tree yield, maximum, 315
Chess moves, 1057
Chickens eaten per year, 31
Children’s height modeled, 434, 439,
440, 460-461
Cholesterol
and dietary restrictions, 833, 847
intake, 847
Cigarettes. See Smokers
Cigarette tax, 1011
Circle
with changing radius, area of, 1136
length of arc on, 618
Class structure of the United States, 916
Cliff, distance of ship from base of, 610
Clock
angles formed by hands of, 492, 493
degrees moved by minute hand
on, 506
distance between tip of hour hand
and ceiling, 570
distance between tips of hands at
10:00, 702
minute hand movement in terms
of , 506
Club officers, choosing, 1065, 1086
Coding, 888, 897-898, 900-901
Coffee consumption, sleep and, 489
Coin tosses, 132, 1070, 1077-1078, 1080,
1081
College education
annual earnings and, 116
attitudes toward, 117
bachelor’s degrees awarded, gender
and, 138-139, 487
cost of, 2,4-5,19, 1022
green studies programs, 426
majors, 20

College graduates
among people ages 25 and older, in
U.S., 426
starting salaries for, 107-108, 284
College students
family income and type of college
attended, 1086
first-year
attitudes about life goals, 109
claiming no religious affiliation,
155-156, 157,158
emotional health of, 286-287
opposition to feminism among,
439
opposition to homosexual
relationships among, 486
procrastination and symptoms of
physical illness among, 772, 789
projected enrollment of, 117, 137
Collinear points, 913
Comedy act schedule, 1065, 1066
Comets
Halley’s Comet, 929, 943, 993
intersection of planet paths and,
819, 943
Committee formation, 1062, 1063, 1065
Commuter, average velocity and time
required for round trip of, 375-376
Compound interest, 421-422, 424, 425,
426, 459-460, 463, 465, 484, 486,
488,1012, 1037, 1085
on annuity, 1030-1032, 1037
continuously compounded, 451,
459-460, 463, 486, 488, 848
Computer(s)
angular speed of hard drive in, 503
assembly, time required for, 410
computer-generated animation, 215
discounts, 237-238, 244
price before reduction, 111
prices, 246-247
ratio of students to computers in
U.S. public schools, 322
sale, 69
Computer graphics, 882-883, 885
animation, 215
Concentration of mixture, 104. See also
Mixture problems
Cone volume, 281, 401
Conference attendees, choosing, 1063,
1066
Constraints, 836-839, 841-842
Continuously compounded interest,
451, 459-460, 463, 486, 488, 848
Cooling, Newton’s Law of, 472-473, 480
Cooling pie, modeling temperature
of, 1141
Coronary heart disease, 480
Corporation officers, choosing, 1060,
1065
Cost and revenue functions/break-even
points, 783, 784, 788, 844, 847
for PDA manufacturing, 822
Cost function, 408. See also Cost and
revenue functions/break-even
points
bike manufacturing, 378
robotic exoskeleton manufacturing,
374-375
running shoe manufacturing, 379
wheelchair manufacturing, 375
Cost(s). See also Manufacturing costs
of college education, 2, 4-5, 19,
1022
of family health insurance, 425
of groceries, 799

mailing, 286, 1123
minimizing, 841
of raising child born in U.S.,
1006-1007
truck rental, 999
of wars in Iraq and Afghanistan, 28
Course schedule, options in planning,
1057
Crane lifting boulder, computing work
of, 762
Crate, computing work of dragging, 768
Cryptograms, 897-898, 900-901.
See also Coding
Cycles, modeling, 537
Cycloid, 983

D

Dads raising kids alone, 480
Daylight, number of hours of, 508,
521-522, 568, 676
modeling, 568, 570, 583
Dead Sea Scrolls, carbon-14 dating
of, 469
Death penalty, percentage of
Americans in favor of, 789
Death rate
firearms and, 286
hours of sleep and, 792, 796
Deaths in 20th century, main causes
of, 845
Debris from explosion, instantaneous
velocity of, 1136
Debt, national, 20, 24, 27-28
Decay model for carbon-14, 478
Deck of 52 cards, probability and,
1071-1072, 1074-1075, 1080, 1086,
1087
Decoding a word or message, 898,
900-901
Deforestation, Amazon, 407
Degree-days, 1023
Depreciation, car, 117
Depression
exercise and, 215
probability of, 1054
in remission, exercise and, 215
Depression, angle of, 530
Desk manufacturing, 861
Die rolling outcomes, 1070-1071, 1079,
1080, 1086
Digital photography, 872, 881-882, 885,
887,917
Dinosaur bones and potassium-40
dating, 479
Dinosaur footprints, pace angle and
stride indicated by, 694, 700
Direction, 739-740. See also Resultant
forces
Discount warehouse membership plans,
276-277
Distance
from base to top of Leaning Tower
of Pisa, 691
between cars leaving city at same
time, 766
between cars on expressway, speed
and recommended, 1102
of forest ranger from fire, 611
between houses at closest point, 946
of island from coast, 610
across lake, 531, 534, 616, 700
of marching band from person
filming it, 583
of oil platform from ends of beach,
691
between pairs of cities, 265

of rotating beam of light from
point, 582, 583
safe, expressway speed and, 135
of ship from base of cliff, 610
of ship from base of Statue of
Liberty, 610
of ship from lighthouse, 536, 617
of ship from radio towers on coast,
946
of stolen car from point directly
below helicopter, 610
that skydiver falls in given time,
1039
throwing. See Throwing distance
time traveled as function of,
280-281
between two points on Earth, 506
between two points on opposite
banks of river, 691
between two trains leaving station
at same time, 725
Distance traveled, 19
by car after brakes applied, 798
by plane, 534
Diver’s height above water, 392
Diversity index, 135
Diving board motion, modeling, 583
Divorce, age of wife at marriage and
probability of, 148-149
DNA, structure of, 523
Domed ceiling, light reflectance and
parabolic surface of, 961
Drink order possibilities, 1064
Driver’s age
accidents per day and, 917
arrests and drunk driving as
function of, 381
Driving accidents
intoxication and probability, 1081
texting and, 290
Driving fatalities
age of driver and, 105
involving distracted driving, 290
Driving rate and time for trip, 397
Drug concentration, 209, 379
Drug dosage, child vs. adult, 680
Drug experiment volunteer selection,
1064, 1066
Drug tests, mandatory, probability of
accurate results, 1081
Dual investments, 19, 274, 278, 279,
288, 848

E
Eagle’s height and time in flight, 286
Earnings. See also Salaries
college education and, 116
Earth
angular velocity of point on, 507
distance between two points on, 506
finding radius of, 612
motion of Moon relative to, 523
Earthquake
epicenter of, 265
intensity of, 427, 435, 485
simple harmonic motion from, 608
Earthquake relief, 834, 836-838
Educational attainment, 1021, 1080.
See also College education
median annual income by, 56-57
Election ballot, 1065
Electrical resistance, 403, 1089
Elephant’s weight, 464
Elevation, angle of, 531-532, 535, 536,
550, 583, 610-611, 616, 618, 691-692
Elevator capacity, 133, 833



Elk population, 488

Elliptical ceiling, 932

Elliptipool, 932

Encoding a message, 888, 897-898,
900-901

Endangered species, 479

Equator, linear velocity of point on, 506

Equilibrium, forces in, 752

Exam grades, 133, 138, 886

Exercise
depression and, 215
heart rate and, 3
target heart rate ranges for, 18

Explosion recorded by two
microphones, location of, 943-944,
946, 961

Exponential growth and decay,
478-479, 487, 488, 619, 918

Expressway speeds and safe distances,
135

Eye color and gender, 1087

F

Fahrenheit/Celsius temperature
interconversions, 17, 132, 255
Family, independent events in, 1078,
1079, 1087
Federal budget expenditures on human
resources, 380
Federal Express aircraft purchase
decisions, 842
Feminism, first-year college students’
opposition to, 439
Fencing
cost of, 1141
for enclosure, 277-278, 288, 290,
817-818, 1141
maximum area inside, 311-312,
407, 1141
Ferris wheel, 265
height above ground when riding, 522
linear speed of, 507
Field’s dimensions, 845, 1089
Fire
distance of forest ranger from, 611
locating potentially devastating,
682, 689, 691, 725, 769
Firearms, death rates for industrialized
countries and, 286
Fishing trip, shared cost per club
member, 138
Flagpole
height of, finding, 680
leaning, angle made with ground,
693
on top of building, height of, 611
Flood, probability of, 1087
Floor dimensions, and area for pool and
fountain, 820
Flu
epidemic, 470-471, 479
inoculation costs, 84
mixture for vaccine, 172
modeling spread of, 487
outbreak on campus, 1038
time-temperature flu scenario,
173-174
vaccine, 780-782
Focal length of glasses lens, 91
Food, spending on, 212
Football
height above ground, 17, 308-309,
860
maximum height of, 998
position as function of time, 998
vector describing thrown, 751

Football field dimensions, 111-112

Football game attendance, ticket price
and, 277

Force(s)
on body leaning against wall, 739, 742
in equilibrium, 752
pulling cart up incline, 739
required to stretch spring, 402
resultant, 752, 768, 769

FoxTrot, math in, 46

Frame dimensions, 117, 137

Freedom 7 spacecraft flight, 256

Free-falling object’s position, 389-390,
392, 409-410, 1089

Freshmen. See under College students

Friendship 7, distance from Earth’s
center, 993

Fruit tree yield, 277, 407

Fuel efficiency, 173

G
Galaxies, elliptical, 1048
Garbage, pounds produced per day, 71
Gasoline prices, 332-333
Gasoline sold, gallons of regular and
premium, 762
Gas pressure in can, 398
Gas under pressure, volume of, 1142
Gay service members discharged from
military, 212-213
Gender
average number of awakenings
during night by, 151
bachelor’s degrees awarded and,
138-139
calories needed to maintain energy
by, 84-85
eye color and, 1087
first-year U.S. college students
claiming no religious affiliation
by, 155-156, 157, 158
labor force by, 105
life expectancy by year of birth
and, 200
median annual income by level of
education and, 56-57
percentage of United States
population never married, ages
25-29 and, 200, 202
percent body fat in adults by, 185
wage gap by, 171
George Washington Bridge, height of
cable between towers of, 997
Global warming, 141, 196-198
Gold alloys/karats, 787
Golden rectangles, 47
Granola and raisin mixture, 787
Gravitational force, 400
Gravity model, 403
Greenhouse, area enclosed for, 1103
Gross domestic product (GDP),
percentage going toward health
care, 463
Ground speed, 753-754
Groups fitting into van, 1065
Growth rates
average, 1125-1126
instantaneous, 1130
Gun control, 790
Guy wire attached to pole, angle made
with ground and, 603

H

Half-life of radioactive element, 478,
487, 488,918

Halley’s Comet, 929, 943, 993

Happiness
average level of, at different times
of day, 255
per capita income and national, 201
Headlight
parabolic surface of, 997, 998
unit design, 997, 998
Health care
percentage of GDP going toward,
463
savings needed for expenses during
retirement, 480
spending on, 212
Health insurance, cost of, 425
Heart beats over lifetime, 32
Heart disease
coronary, 480
moderate wine consumption and,
201-202
Heart rate, 18
exercise and, 3
exercise and, target heart rate
ranges for, 18
life span and, 410
before and during panic attack, 332
Heat generated by stove, 403
Heating systems, cost comparison for,
140
Heat loss of a glass window, 403
Height. See also under Ball
of antenna on top of building, 617
of arch, 535
of building, 530, 531, 610, 617, 618,
693
child’s height modeled, 434, 439,
440, 460-461
diver’s height above water, 392
of eagle, in terms of time in flight,
286
on Ferris wheel while riding, 522
of flagpole, 611, 680
as function of age, 207, 210,
228-229, 1125-1126, 1130
healthy weight region for, 771, 822,
827-828, 832-833
of leaning wall, finding, 692
maximum, 769, 998, 1089, 1140
of Mt. Rushmore sculpture, 604
percentage of adult height attained
by girl of given age, 439, 460-461
of plane, 536, 550
of tower, 114, 602, 610
of tree, 725
weight and height
recommendations/calculations,
118, 402
Higher education. See College
education
Hiking trails, finding bearings on, 605
Hill, magnitude of force required to
keep car from sliding down, 752
HIV infection, T cell count and, 154,
163-164. See also AIDS
Homosexual relationships, first-year
college students’ opposition to, 486
Horror films, body count in, 137
Hot-air balloon, distance traveled by
ascending, 603, 611
Hotel room cost, revenue and, 288, 316
Hotel room types, 790
Hourly wage, 788
House sales prices, value appreciation,
1039
House value, inflation rate and, 425
Housework, time devoted to, 1085
Hubble Space Telescope, 404

Applications Index  xix

Human resources, federal budget
expenditures on, 380

Hurricane probability, 1080

Hurricanes and barometric air pressure,
464

Hydrogen atom, mass of, 31

I

Ice cream consumption in U.S., 487
Ice cream flavor combinations, 1062,
1066
Identical twins, distinguishing between,
791
Tllumination intensity, 402, 403
Imaginary number joke, 299
Income
highest paid TV celebrities, 106
median annual, 48, 56-57
Individual Retirement Account (IRA),
1030-1032, 1037, 1038, 1085
Inflation rate, 425
Inn’s nightly cost before the tax, 117
Inoculation costs for flu, 84
Instantaneous rate of change, 1130
of area of square with changing
side, 1136
of volume, 1131-1132, 1136, 1140
Instantaneous velocity, 1133-1134, 1136
of ball thrown straight up, 1133-1134,
1137, 1140, 1142
of baseball hit straight upward, 1136
of debris from explosions, 1136
Insulation, rate of heat lost through, 619
Insurance policy, pet, 186
Intelligence quotient (IQ) and mental/
chronological age, 402
Interest
on bank loans, 1141
compound. See Compound interest
simple, 274
Investment(s)
accumulated value of, 421-422, 424,
459-460
amounts invested per rate, 799
choosing between, 422-423, 424
compound interest, 421-422, 424,
425,426, 451, 459-460, 463, 465,
484, 486, 488, 848, 1037
dual, 19, 274, 278, 279, 288, 848
and interest rates, 19
maximizing expected returns, 842
money divided between high- and
low-risk, 833
possibility of stock changes, 1086
Island, distance from coast of, 610

J

Jeans price, 244

Job applicants, filling positions with, 1087
Job offers, 1022, 1023, 1036, 1037

Jokes about books, 1066

K

Kidney stone disintegration, 928, 961

Kinetic energy, 403

Kite, angle made with ground of flying,
603

L

Labor force by gender, 105
Labrador retrievers, color of, 55
Ladder’s reach, 118
Lake, distance across, 531, 534, 616, 700
Land, triangular piece of

cost of, 701, 767

length of sides of, 767

right triangular piece of land, 119



xx Applications Index

Landscape design, 112-113
Leaning Tower of Pisa, distance from
base to top of, 691
Leaning wall, finding height of, 692
Learning, in precalculus course, 1122
Learning rate and amount learned,
measuring, 770
Learning theory project, 471
Length
of moving starship with respect to
observer on Earth, 1115
of violin string and frequency, 399
Letter arrangements, 1065
License plates, 1058
Life expectancy, 116, 200
Life span, heart rate and, 410
Light intensity, 411
sunlight beneath ocean’s surface,
462
Light reflectance and parabolic surface,
961,997, 998
Light waves, modeling, 617
Linear speed, 507
of airplane propeller, 615
of animals on carousel, 503, 507
of wind machine propeller, 504
Line formation, 1066
Literacy and child mortality, 188, 201
Little league baseball team batting
order, 1058-1059
Living alone, number of Americans,
203,206
Living arrangements of U.S. adults, 790
Long-distance carriers/plans, 280
Lottery
number of winners sharing
winnings, 116, 118
numbers selection, 1065
probability of winning, 1056,
1072-1073, 1080, 1081, 1087
LOTTO
numbers selection, 1065
probability of winning, 1072-1073,
1081
Love over time, course of, 131-132
Luggage, volume of carry-on, 358
Lunch menus, 841, 1065

M

Mach speed of aircraft, 654

Magnitude, direction and. See also
Resultant forces

Mailing costs, 186, 286, 1123

Mall browsing time and average
amount spent, 414, 415

Mammography screening data,
1068-1069

Mandatory drug testing, probability of
accurate results, 1081

Mandelbrot set, 726, 735, 737-738

Manufacturing and testing, hours
needed for, 871

Manufacturing constraints, 838-839

Manufacturing costs. See also Cost
function
bicycles, 172
calculator, 408-409
PDAs, 822
portable satellite radio players, 411
robotic exoskeletons, 361, 374-375
wheelchair, 375

Maps, making, 532

Marching band, 791

Marijuana use by U.S. high school
seniors, 151

Markup, 117

Marriage(s)
interfaith, 132
marital status, 475, 789, 1076, 1079
Marriage age
difference within couple, 119
legal, 170-171
preferred age in a mate, 255
of wife, probability of divorce and,
148-149
Mass
attached to spring, simple harmonic
motion of, 607-608
of hydrogen atoms, 31
of oxygen molecules, 31
Mathematics department personnel,
random selection from, 1080
Mathematics exam problems, 1067
Maximum area, 311-312, 314-315, 317,
360, 407, 1141
Maximum height, 769, 998, 1089
of thrown ball, 1140
Maximum product, 314, 315, 360, 410
Maximum profit, 360, 410, 838-839, 847
Maximum scores, 842
Maximum yield, 315
Medicare costs/spending, 789
Medication dosage, adult vs. child/
infant, 680
Memory retention, 425, 439, 440, 463,
485
Merry-go-round
linear speed of horse on, 550
polar coordinates of horses on, 712
Military, gay service members
discharged from, 212-213
Minimum product, 314, 407
Miscarriages, by age, 480
Mixture problems, 787, 822
alcohol content of wines, 787
butterfat in cream, 787
candy, 787
concentration, 104
flu vaccine, 172, 780-782
gold alloys/karats, 787
raisins in granola, 787
Modernistic painting consisting of
geometric figures, 800
Moiré patterns, 947
Moon weight of person given Earth
weight, 402
Moth eggs and abdominal width, 334,
345
Motion, uniform. See Uniform motion
Motion picture industry box-office
receipts, 31
Mountain, measuring height of, 523,
532, 692-693
Mt. Rushmore sculpture, height of, 604
Movies, ranking, 1065
Movie theater, finding best viewing
angle in, 585, 599, 600
Movie ticket, average price of, 137
Multiple-choice test, 1057-1058, 1065,
1088
Multiplier effect, 1034, 1038
Music
amplitude and frequency of note’s
sine wave, 660
amusia and, 633, 635
modeling musical sounds, 607, 612
Music business, evolution to digital
marketplace, 844

N
National debt, 20, 24, 27-28
Natural disaster relief, 841

Nature
Fibonacci numbers found in, 1002
Navajo sand painting, 522
Navigation, 523. See also Bearings
Negative square roots, 299
Neurons in human vs. gorilla brain, 71
Newton’s Law of Cooling, 472-473, 480,
482,487, 1141
Norman window, area of, 281
Nutritional content, 861, 870

0

Officers for Internet marketing
consulting firm, choosing, 1060
Ohm’s law, 299
Open boxes
dimensions of sheet metal forming,
1141
lengths and widths, 277, 278, 288
with square base, surface area of,
1142
volume of, 57, 270-271, 277
Orbit(s)
of comets, 819, 929, 943, 947, 993
modeling, 984
perigee/apogee of satellite’s orbit,
932
of planets, 819, 928, 932
Oscars, films winning most, 245-246
Oxygen molecule, mass of, 31

P

Package, forces exerted on held, 748

Palindromic numbers, 1081

Panic attack, heart rate before and
during, 332

Paragraph formation, 1065

Parking lot dimensions, 118

Parthenon at Athens, as golden
rectangle, 47

Passwords formed, 1064, 1066

Path around pool, dimensions of, 117, 281

Payroll spent in town, 1086

PDA manufacturing costs and
revenues, 822

Peanuts cartoon, 47

Pen and pad, cost of, 1089

Pen choices, 1064, 1086

Pendulum swings, 1037

Per capita income and national
happiness, 201

Perceived length of time period and
age, 403

Perigee/apogee of satellite’s orbit, 932

Perimeter of rectangular floor, as
function of width of rectangle,
380, 409

Periodic rhythms, 664

Pest-eradication program, 1038

Pets
insurance policy for, 186
spending on, 1013

pH
of human mouth after eating, 379
pH scale, 464

Phone calls between cities, 394, 403

Physician visits, 186

Piano keyboard, Fibonacci numbers
on, 1002

Pier, finding length of, 692

Pitch of a musical tone, 410

Pizza choices, 1057

Plane(s)
approaching runway, vector

describing, 751

average velocity of, 787

direction angle of, given speed, 754
distance and angle of elevation of, 583
distance flown by, 534
ground speed of, 753-754
height of, 536, 550
leaving airport at same time, distance
between, 693, 697-698, 767
linear speed of propeller, 615
true bearing of, 752-753
vector describing flight of, 751
velocity vector of, 749
weight/volume constraints, 834,
835-838
wind speed and direction angle
exerted on, 752-753
Planets
elliptical orbits, 928, 932
modeling motion of, 991, 993
Play production, break-even analysis
of, 619
Poker hands, 1063-1064
Pole, angle made by rope anchoring
circus tent and, 618
Political affiliation, academic major
and, 1081
Pollutants in the air, 916
Pollution removal costs, 71
Pool, path around, 117, 118, 281
Pool dimensions, 117
Pool table, elliptical, 996
Population
Africa, 468
over age 65 (U.S.), 481
Asia, 488
bird species in danger of extinction,
479
Bulgaria, 478
California, 462, 1036
Canada, 482
Colombia, 478
elk, 488
exponential growth modeling, 478,
479
Florida, 1085
foreign-born (U.S.), 799
geometric growth in, 1025, 1026
Germany, 478, 488
gray wolf, 420-421
Hispanic, 487
Hungary, 465
India, 425, 478
Iraq, 478
Israel, 478
Japan, 478
Madagascar, 478
Mexico, 479
New Zealand, 479
Nigeria, 481
Pakistan, 478
Palestinian, 478
Philippines, 478
Russia, 478
in scientific notation, 26
single, 203, 206
Texas, 462, 1036-1037
tiger, 332
Uganda, 482
United States, 26, 244, 409, 467-468,
481, 1016-1017
percentage never married, ages
25-29, 200, 202
total tax collections and, 31
world, 138, 466, 475, 477, 479, 480,
487, 861, 1074
Population projections, 117, 478
U.S. elderly, 46-47



Precalculus course, time and percentage
of topics learned in, 1122
Price reductions, 246-247
price before, 110-111, 117, 119,
137,140
Prices of movie tickets, 137
Problem solving time, 400
Profit function, 785, 788, 822
Profits
department store branches, 244
maximizing, 360, 410, 841, 846, 847
maximum, 410
maximum daily, 838-839, 862
maximum monthly, 841
on newsprint/writing paper, 846
production and sales for gains in,
133
total monthly, 841
Projectiles, path of, 300, 409-410,
983, 998. See also Ball; Baseball;
Football; Free-falling object’s
position
Propeller
of airplane, linear speed of, 615
on wind generator, angular speed
of, 615
Pyramid volume, 410

R

Radiation intensity and distance of
radiation machine, 402
Radios
cost of, and revenue for,
manufacturing, 244
production and sales, 788
Radio show programming, 1065
Radio station
call letters, 1065
locating illegal, 691
Radio tower(s)
on coast, distance of ship from, 946
height of, 114
Radio waves, simple harmonic motion
of, 611
Raffle prizes, 1064, 1066
Railway crossing sign, length of arcs
formed by cross on, 506
Rain gutter cross-sectional area, 277, 315
Ramp
computing work of pulling box
along, 762
force and weight of box being
pulled up, 752
magnitude of force required to
keep object from sliding down,
752
vector components of force on boat
on tilted, 758, 762
wheelchair, 113-114, 611
Rate of change. See Average rate of
change; Instantaneous rate of
change
Rate of travel
airplane rate, 791
average rate and time traveled, 172
average rate on a round-trip
commute, 84
Razor blades sold, 799
Real-estate sales and prices (U.S.), 1039
Rectangle
area of, 47
dimensions of, 118, 137, 311-312,
392,790, 817-818, 820, 845,
847, 848
golden, 47
perimeter of, 47, 85, 106

Rectangular box
dimensions, 345
surface area of, 290
Rectangular carpet dimensions, 140
Rectangular field/lot
area of, as function of one
dimension, 290
cost of fencing, 1141
dimensions, 137
fencing to enclose, 277-278, 288
Rectangular garden
area of, 271-273
cost of enclosing, 278
doubling area with path around,
112-113
maximizing area within fencing
of, 1141
path/border around, dimensions
of, 118
Redwood trees, finding height of, 692
Reflections, 220
Relativity, Einstein’s special theory of,
32,44, 1115
Religious affiliation, first-year U.S.
college students claiming no,
155-156, 157, 158
Repair bill
cost of parts and labor on, 118
estimate, 133
Residential community costs, adult,
1013, 1019-1020
Restaurant tables and maximum
occupancy, 790
Resultant forces, 752, 768, 769
of two tugboats pulling ship, 752,
753
Revenue
as function of ticket price, 269-270,
271
game attendance and, 277
hotel room cost and, 288, 316
Revenue and cost functions, 315, 783,
784, 788, 822. See also Cost and
revenue functions/break-even
points
break-even points, 788, 844, 847
Reversibility of thought, 58
Roads to expressway, length of, 279
Robotic exoskeletons manufacturing
costs, 361, 374-375
Roller coasters, instantaneous velocity
of, 1134
Rolling motion, 981
Roof of A-frame cabin, finding length
of, 766
Rotating beam of light, distance from
point, 582, 583
Roulette wheel, independent events
on, 1078
Royal flush (poker hand), probability
of, 1064
Rug’s length and width, 820
Runner’s pulse, 464
Running track, area enclosed by, 278

S

Sailing angle to 10-knot wind, sailing
speed and, 712-713, 723

Salaries
anticipated earnings, 1036
average weekly, 288
choosing between pay

arrangements, 1088

after college, 284
comparing, 1021, 1022, 1023
earnings with overtime, 489

gross amount per paycheck, 118
lifetime computation, 1029-1030,
1036, 1037
salesperson’s earnings/commissions,
137,1088
in sixth year, 1085
starting, for college graduates,
107-108, 284
total, 1022, 1036, 1085, 1087
total weekly earnings, 841
weekly, 106
Sales. See also Price reductions
computer, 69
price and advertising and, 399-400,
404
real estate, 1039
selling price for paintings, 844
television, 69
theater ticket, 799
Salesperson’s earnings, 137, 1088
Satellite dish, 997
Satellite radio players, manufacturing
costs of, 411
Savings
and compound interest, 463
geometric sequencing, 1036, 1037
needed for health-care expenses
during retirement, 480
total, 1036, 1037
Scattering experiments, 946
Scheduling appearances, ways of, 1065,
1066
Seasons, 537
Seating number, 1022
Seconds in a year, 31
Semielliptical archway and truck
clearance, 929, 931, 961, 996
Sex, legal age for, 170-171
Shaded region areas, 57, 69
Shading process, 1038
Shadow, length of, 751
Ship
bearing of, 605, 611, 700-701, 1142
distance from lighthouse, 617
leaving harbor at same time,
distance between after three
hours, 700
location between two radio towers,
996
tracking system, 819
Shipping cost, 286. See also Mailing
costs
“Shortest time” problems, 981
Shot put
angle and height of, 314
throwing distance, 621, 654, 692
Sign dimensions, rectangular, 118
Simple harmonic motion, 770, 1089
modeling, 605-608, 611, 618
radio waves, 611
tuning fork, 611
Simple interest, 274
Skydiver’s fall, 396-397, 410
Sled, pulling
computing work of, 761
forces exerted, 751
Sleep
average number of awakenings
during night, by age and
gender, 151
coffee consumption and, 489
death rate and hours of, 792, 796
hours of, on typical night, 1067
Smokers
incidence of ailments among, vs.
non-smokers, 1054

Applications Index  xxi

percentage of, 104
smoking-related deaths and
disease’s incidence ratios, 379,
380
Soccer field dimension, 117
Social Security benefits/costs, 139, 789
Soft-drink can
minimizing aluminum in, 266
surface area of, 273
Soft drink consumption, 266
Sonic boom, hyperbolic shape of, 943
Sound
amplitude and frequency of, 660
from touching buttons on touch-
tone phone, 656, 662
Sound intensity, 403, 439, 449, 480, 488
Sound quality, amusia and, 633, 635
Space exploration and relativity theory,
32,44,47, 1115
Spaceguard Survey, 947
Spatial orientation, age and, 1102
Speed. See also Linear speed
angular, 503-504, 615
of blood, 29
on expressway, recommended safe
distance between cars and, 1102
Mach speed of aircraft, 654
Speed skating, winning time for women
in, 290
Spending per person, annual, 798
Sphere with changing radius, surface
area of, 1136
Spinner, probability of pointer landing
in specific way, 1076, 1080, 1086,
1088
Spring, simple harmonic motion
of object attached to, 605-606,
607-608
ball, 605-606, 643, 676, 680
distance from rest position, 609, 618
frequency of, 609
maximum displacement of, 609
phase shift of motion, 609
time required for one cycle, 609
Square
with changing side, area of, 1136
enlarged, length of side of original,
118
Stadium seats, 1022
Standbys for airline seats, 1065
Starship moving in space, length with
respect to observer on Earth, 1115
Statue of Liberty, distance of ship from
base of, 610
Stereo speaker loudness, 410
Stolen plants, 119
Stomach acid, pH of, 464
Stonehenge, raising stones of, 535
Stopping distances
for car, 381-382, 392
for motorcycles at selected speeds,
409
for trucks, 392-393
Stories, matching graphs with, 152-153
Student government elections,
1061-1062
Students. See also College students
probability of selecting specific,
1087
saying school is not drug free,
percentage of, 1142
Sun, finding angle of elevation of, 531,
534,550, 611, 616
Sunscreen, exposure time without
burning and, 2
Supply and demand, 788



xxii  Applications Index
Supply-side economics, 345
Surface area
of box with square base and top,
288
of open box with square base, 1142
of rectangular box, 290
of soft-drink can, 273
of sphere with changing radius,
1136
Surface sunlight, intensity beneath
ocean’s surface, 462
Surveying
bearings in, 604-605
to find distance between two points
on opposite banks of river,
691
Suspension bridges, parabolas formed
by, 997
Swimming pool dimensions, 117
Synthesizers, musical sounds modeled
by, 601, 607

T

Talent contest, picking winner and
runner-up in, 1066
Target, probability of hitting, 1081
Target heart rate for exercise, 18
Task mastery, 450, 485
Taxes
bills, 133
cigarette, 1011
e-filing of, 487
federal tax rate schedule for tax

owed, 186

owed by single taxpayer in 2011,
1123

rebate and multiplier effect, 1034,
1038

tax rate percentage and revenue,
345

U.S. population and total tax
collections, 31
Telephone numbers in United States,
1058, 1087
Telephone plans
cellular plans, 132,172, 178-179,
187
long-distance, 280
texting, 106, 132, 140, 267-268, 288
Telephone pole
angle between guy wire and, 535
tilted, finding length of, 692
Television
average price of, 71
manufacturing profits and
constraints, 840-841
programming of movies, 1065
sale of, 69
screen dimensions, 820
Temperature, 739
average monthly, 570, 571
body, variation in, 616-617
of cooling cup of coffee, 484
degree-days, 1023
and depth of water, 402
in enclosed vehicle, increase in, 436

Fahrenheit-Celsius
interconversions, 17, 132, 255
global warming, 141, 196-198
home temperature as function of
time, 229-230
increase in an enclosed vehicle,
480
Newton’s Law of Cooling, 472-473,
480, 482, 487, 1141
time-temperature flu scenario,
173-174
Tennis court dimensions, 117
Texting, 106, 132, 140, 267-268, 288
while driving, 290
Theater attendance, maximizing
revenue from, 841
Theater seats, 1022, 1085
Theater ticket sales, 799
Throwing distance, 621, 644, 654
angle of elevation of, 676, 680
maximum height of thrown ball, 769
shot put, 621, 654, 692
Ticket price
number of airline passengers and, 280
revenue as function of, 269, 277
U.S. film admissions and admission
charges, 31
Tides, behavior of, 508, 522, 537, 567,
570
modeling cycle of, 567
modeling water depth and, 570
Tiger population, 332
Time, involved in uniform motion,
375-376
Time traveled
average rate and, 172
as function of average velocity, 380
as function of distance, 280-281
Total economic impact of factory on
town, 1038, 1086
Touch-tone phone, sounds from
touching buttons on, 656, 662
Tower
angle of elevation between point on
ground and top of, 619
height of, finding, 114, 602, 610, 611
length of two guy wires anchoring,
701
Track-and-field records, 276
Traffic control, 862, 867-868, 870, 871,
916
Trains leaving station at same time,
distance between, 725
Transformations of an image, 882-883,
885,917
Travel. See Distance traveled; Rate of
travel
Tree, finding height of, 725
Triangle
area, 913
area of, 688, 698
oblique, 688
Triangular piece of land
cost of, 701, 767
dimensions of right, 119
length of sides of, 767

Trucks
rental costs, 132, 999
stopping distances required for,
392-393
Tugboats towing ship, resultant force of
two, 752,753
Tuning fork
eardrum vibrations from, 643
simple harmonic motion on, 611
TV. See Television

U

Unemployment and years of education,
409

Uniform motion
average velocity, 787
time involved in, 375-376

A\

Vacation condominium, number of
owners sharing, 118
Vacation lodgings, 833
Vacation plan packages, cost of, 845
Vaccine, mixture for flu, 172, 780-782
Value of an annuity, 1037, 1085
Velocity
average, 118, 210-211, 380, 409,
787,1133
instantaneous, 1133-1134, 1136,
1137, 1140, 1142
Velocity vector
of boat, 749
of plane, 749
of wind, 748, 749, 752-753
Verbal ability, age and, 1102
Vertical pole supported by wire, 140
Video games, retail sales for Call of
Duty, 465
Videos rented, number of one-day and
three-day, 762
Violin string length and frequency, 399
Vitamin content, 870
Volume(s)
average rate of change of,
1131-1132, 1140
of carry-on luggage, 358
of cone, 281, 401
of figures, 359
of gas under pressure, 1142
of given figures, 57
for given regions, 69
instantaneous rate of change of,
1131-1132, 1136, 1140
of open box, 57, 270-271, 277
of package whose front is a square,
278
Voters, by age and gender, 886

W

Wage, hourly, 788

Wage gap, 171

Wagon, computing work of pulling, 760,
762,769

Walking speed and city population, 474

Walnut tree yield, 290, 315

War, cost of, 28

Wardrobe selection, 1056-1057
Warehouse, cost of building, 278
Washington Monument, angle of
elevation to top of, 534
Water pipe diameter, number of houses
served and size of, 402
Water pressure and depth, 394
Water supply produced by snowpack,
410
Water temperature and depth, 402
Water used in a shower, 396
Water wheel, linear speed of, 507
Weight
blood volume and body, 395-396
elephant’s, age and, 464
of great white shark, cube of its
length and, 397
healthy, for height and age, 771,
822, 827-828, 832-833
and height recommendations/
calculations, 118, 402
moon weight of person given Earth
weight, 402
Weightlifting, 481
work done by, 754, 763
Wheelchair business
manufacturing costs, 375
profit function for, 785
revenue and cost functions for, 784
Wheelchair ramp
angle of elevation of, 611
vertical distance of, 113-114
Wheel rotation, centimeters moved
with, 506
Whispering gallery, 928, 932, 998
White House, rooms, bathrooms,
fireplaces and elevators in, 861
Will distribution, 119
Wind, velocity vector of, 748, 749,
752-753
Wind force, 403
Wind generator
angular speed of propeller on, 615
linear speed of propeller of, 504
Wind pressure, 403
Wine consumption, heart disease and
moderate, 201-202
Wing span of jet fighter, finding, 693
Wire length, 118,277
Witch of Agnesi, 983
Women. See also Gender
average level of happiness at
different times of day, 255
bachelor’s degree awarded to, 487
births to unmarried, 481
Work, 760-761, 762
crane lifting boulder, 762
dragging crate, 768
pulling box up ramp, 762
pulling wagon, 760, 762, 769
pushing car, 760, 762
in U.S., changing pattern of, 820
of weightlifter, 754, 763

Y
Yacht, dividing cost of, 114-115
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PREREQUISITES:
FUNDAMENTAL
CONCEPTS OF ALGEBRA

mwm@mwmwmmwmmd

the skyrocketing cost of a college education?
* my workouts?
e the effects of alcohol? 8
» the meaning of the national debt that exceeds $15 trillion?
e time dilation on a futuristic high-speed |ourneyq a nearb
¢ ethnic diversity in the United States?
* the widening imbalance between numbers of women and men on college cam
This chapter reviews fundamental concepts of algebra that are prerequisites fo

of precalculus. Throughout the chapter, you will see how the special language of
describes your world.

h?‘r
CHAPTER

HERE’S WHERE YOU’LL FIND
THESE APPLICATIONS:

College costs: Section P.1, Example 2;
Exercise Set P.1, Exercises 131-132
Workouts: Exercise Set P1, Exercises
129-130

The effects of alcohol: Blitzer Bonus on
page 15

The national debt: Section P2,
Example 6

Time dilation: Blitzer Bonus on page 44
U.S. ethnic diversity: Chapter P Review,
Exercise 23

College gender imbalance: Chapter P
Test, Exercise 32.




SECTION P.1

Evaluate algebraic
expressions.

Use mathematical
models.

Find the intersection of
two sets.

Find the union of two
sets.

Recognize subsets of
the real numbers.

Use inequality symbols.
Evaluate absolute value.

Use absolute value to
express distance.
Identify properties of
the real numbers.
Simplify algebraic
expressions.

2 Chapter P Prerequisites: Fundamental Concepts of Algebra

How would your lifestyle change if a gallon of gas cost .
$9.15? Or if the price of a staple such as milk was $15? N\
That’s how much those products would cost if their prices
had increased at the same rate college tuition has increased
since 1980. (Source: Center for College Affordability and
Productivity) In this section, you will learn how the special
language of algebra describes your world, including the
skyrocketing cost of a college education.

Algebraic Expressions

Algebra uses letters, such as x and y, to represent numbers.
If a letter is used to represent various numbers, it is called a
variable. For example, imagine that you are basking in the sun on

the beach. We can let x represent the number of minutes that you can

stay in the sun without burning with no sunscreen. With a number 6 sunscreen,
exposure time without burning is six times as long, or 6 times x. This can be
written 6 - x, but it is usually expressed as 6x. Placing a number and a letter next to
one another indicates multiplication.

Notice that 6x combines the number 6 and the variable x using the operation
of multiplication. A combination of variables and numbers using the operations of
addition, subtraction, multiplication, or division, as well as powers or roots, is called
an algebraic expression. Here are some examples of algebraic expressions:

x+6, x—6, 6, 3x+5, x>-3, Vx+1.

X
67

Many algebraic expressions involve exponents. For example, the algebraic
expression

4x% 4 341x + 3194

approximates the average cost of tuition and fees at public U.S. colleges for the
school year ending x years after 2000. The expression x*> means x - x and is read
“x to the second power” or “x squared.” The exponent, 2, indicates that the base, x,
appears as a factor two times.

Exponential Notation

If n is a counting number (1, 2, 3, and so on),

%{—J
b appears as a
factor » times.

b" is read “the nth power of b” or “b to the nth power.” Thus, the nth power
of b is defined as the product of n factors of b. The expression b" is called an
exponential expression. Furthermore, b' = b.

For example,

8 =8-8=64, 55=5-5-5=125, and 2*=2-2-2-2 = 16.



Section P.1 Algebraic Expressions, Mathematical Models, and Real Numbers 3

o Evaluate algebraic expressions. Evaluating Algebraic Expressions

Evaluating an algebraic expression means to find the value of the expression for a
given value of the variable.

Many algebraic expressions involve more than one operation. Evaluating an
algebraic expression without a calculator involves carefully applying the following
order of operations agreement:

The Order of Operations Agreement

1. Perform operations within the innermost parentheses and work outward.
If the algebraic expression involves a fraction, treat the numerator and the
denominator as if they were each enclosed in parentheses.

2. Evaluate all exponential expressions.
3. Perform multiplications and divisions as they occur, working from left to right.
4. Perform additions and subtractions as they occur, working from left to right.

EXAMPLE 1 Evaluating an Algebraic Expression
Evaluate 7 + 5(x — 4)° for x = 6.

SOLUTION
7+ 5(x — 43 =7+ 5(6 — 4)> Replace x with 6.
=7+ 502) First work inside parentheses: 6 — 4 = 2.
=7+ 5(8) Evaluate the exponential expression:
2°=2.2-2=8.
=7+ 40 Multiply: 5(8) = 40.
= 47 Add. XY

‘¢ Check Point 1 Evaluate 8 + 6(x — 3)* for x = 13.

9 Use mathematical models. Formulas and Mathematical Models

An equation is formed when an equal sign is placed between two algebraic
expressions. One aim of algebra is to provide a compact, symbolic description of the
world. These descriptions involve the use of formulas. A formula is an equation that
uses variables to express a relationship between two or more quantities.

Here are two examples of formulas related to heart rate and exercise.

Couch-Potato Exercise Working It

H = +(220 — a) H = —5(220 — a)

|~

Heart rate, in is 1 of the difference between Heart rate, in is 9 of the difference between
beats per minute, 5 220 and your age. beats per minute, 10 220 and your age.
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The process of finding formulas to describe real-world phenomena is called
mathematical modeling. Such formulas, together with the meaning assigned to the
variables, are called mathematical models. We often say that these formulas model,
or describe, the relationships among the variables.

EXAMPLE 2 Modeling the Cost of Attending a Public College

The bar graph in Figure P.1 shows the average cost of tuition and fees for public
four-year colleges, adjusted for inflation. The formula

T = 4x* + 341x + 3194

models the average cost of tuition and fees, T, for public U.S. colleges for the school
year ending x years after 2000.
a. Use the formula to find the average cost of tuition and fees at public
U.S. colleges for the school year ending in 2010.
b. By how much does the formula underestimate or overestimate the actual
cost shown in Figure P.1?

Average Cost of Tuition and Fees at Public
Four-Year United States Colleges

$7400

7020

Tuition and Fees

2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010  EFIGURE P1
Ending Year in the School Year Source: The College Board

SOLUTION

a. Because 2010 is 10 years after 2000, we substitute 10 for x in the given
formula. Then we use the order of operations to find 7, the average cost of
tuition and fees for the school year ending in 2010.

T = 4x* + 341x + 3194 This is the given mathematical model.

T = 4(10)%> + 341(10) + 3194 Replace each occurrence of x with 10.

T = 4(100) + 341(10) + 3194 Evaluate the exponential expression:
10% = 10-10 = 100.

T = 400 + 3410 + 3194 Multiply from left to right: 4(100) = 400 and
341(10) = 3410.
T = 7004 Add.

The formula indicates that for the school year ending in 2010, the average
cost of tuition and fees at public U.S. colleges was $7004.

b. Figure P.1 shows that the average cost of tuition and fees for the school year
ending in 2010 was $7020.

The cost obtained from the formula, $7004, underestimates the actual data
value by $7020 — $7004, or by $16. eoo



GREAT QUESTION!

Can I use symbols other than
braces when writing sets using the
roster method?

No. Grouping symbols such as
parentheses, ( ), and square
brackets, [ ], are not used to
represent sets in the roster method.
Furthermore, only commas are
used to separate the elements of

a set. Separators such as colons or
semicolons are not used.

) Find the intersection of two sets.

ANB

FIGURE P.2 Picturing the intersection
of two sets
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¢ Check Point 2 Assuming trends indicated by the data in Figure P.1 continue,
use the formula 7 = 4x? + 341x + 3194, described in Example 2, to project the
average cost of tuition and fees at public U.S. colleges for the school year ending
in 2015.

Sometimes a mathematical model gives an estimate that is not a good
approximation or is extended to include values of the variable that do not make
sense. In these cases, we say that model breakdown has occurred. For example, it is
not likely that the formula in Example 2 would give a good estimate of tuition and
fees in 2050 because it is too far in the future. Thus, model breakdown would occur.

Sets

Before we describe the set of real numbers, let’s be sure you are familiar with some
basic ideas about sets. A set is a collection of objects whose contents can be clearly
determined. The objects in a set are called the elements of the set. For example, the
set of numbers used for counting can be represented by

(1,2,3,4,5,... ).

The braces, { }, indicate that we are representing a set. This form of representation,
called the roster method, uses commas to separate the elements of the set. The
symbol consisting of three dots after the 5, called an ellipsis, indicates that there is
no final element and that the listing goes on forever.

A set can also be written in set-builder notation. In this notation, the elements of
the set are described but not listed. Here is an example:

{x|x is a counting number less than 6}.

The set of all x  such that X is a counting number less than 6.

The same set written using the roster method is
{1,2,3,4,5}.

If A and B are sets, we can form a new set consisting of all elements that are in
both A and B. This set is called the intersection of the two sets.

Definition of the Intersection of Sets

The intersection of sets A and B, written A N B, is the set of elements common
to both set A and set B. This definition can be expressed in set-builder notation
as follows:

A N B = {x|xis an element of A AND x is an element of B}.

Figure P.2 shows a useful way of picturing the intersection of sets A and B. The
figure indicates that A N B contains those elements that belong to both A and B at
the same time.

EXAMPLE 3 Finding the Intersection of Two Sets
Find the intersection: {7, 8, 9, 10, 11} N {6, 8, 10, 12}.

SOLUTION
The elements common to {7, 8, 9, 10, 11} and {6, 8, 10, 12} are 8 and 10. Thus,

{7,8,9,10, 11} N {6, 8,10, 12} = {8, 10}.

¢ Check Point 3 Find the intersection: {3, 4, 5,6,7} N {3,7, 8, 9}.
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) Find the union of two sets.

Y

AUB

FIGURE P.3 Picturing the union of
two sets

GREAT QUESTION!

How can I use the words union
and intersection to help me
distinguish between these two
operations?

Union, as in a marriage union,
suggests joining things, or uniting
them. Intersection, as in the
intersection of two crossing
streets, brings to mind the area
common to both, suggesting things
that overlap.

e Recognize subsets of the real
numbers.

TECHNOLOGY

A calculator with a square root
key gives a decimal approximation
for \6, not the exact value.

If aset has no elements, it is called the empty set, or the null set, and is represented
by the symbol J (the Greek letter phi). Here is an example that shows how the
empty set can result when finding the intersection of two sets:

(2,4,6} N {3,5,7} = .

These sets have no Their intersection
common elements. has no elements
and is the empty set.

Another set that we can form from sets A and B consists of elements that are in
A or B or in both sets. This set is called the union of the two sets.

Definition of the Union of Sets

The union of sets A and B, written A U B, is the set of elements that are members
of set A or of set B or of both sets. This definition can be expressed in set-builder
notation as follows:

A U B = {x|xis an element of A OR x is an element of B}.

Figure P.3 shows a useful way of picturing the union of sets A and B. The figure
indicates that A U B is formed by joining the sets together.

We can find the union of set A and set B by listing the elements of set A. Then we
include any elements of set B that have not already been listed. Enclose all elements
that are listed with braces. This shows that the union of two sets is also a set.

EXAMPLE 4 Finding the Union of Two Sets
Find the union: {7, 8,9, 10, 11} U {6, 8, 10, 12}.

SOLUTION

To find {7, 8, 9, 10, 11} U {6, 8, 10, 12}, start by listing all the elements from the first
set, namely, 7, 8, 9, 10, and 11. Now list all the elements from the second set that
are not in the first set, namely, 6 and 12. The union is the set consisting of all these
elements. Thus,

{7,8,9,10,11} U {6, 8,10, 12} = {6,7,8,9, 10, 11, 12}.

Although 8 and 10 appear in both sets, do not list 8 and 10 twice. oo

‘¢ Check Point 4 Find the union: {3, 4,5,6,7} U {3,7,8,9).

The Set of Real Numbers

The sets that make up the real numbers are summarized in Table P.1 at the top of
the next page. We refer to these sets as subsets of the real numbers, meaning that all
elements in each subset are also elements in the set of real numbers.

Notice the use of the symbol = in the examples of irrational numbers. The
symbol means “is approximately equal to.” Thus,

V2 =~ 1.414214.

We can verify that this is only an approximation by multiplying 1.414214 by itself.
The product is very close to, but not exactly, 2:

1.414214 X 1.414214 = 2.000001237796.
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Table P.1 Important Subsets of the Real Numbers

Name/Symbol
Natural numbers
N

Whole numbers
W

Integers
VA

Rational numbers
Q

Irrational numbers

I

Real numbers

Description Examples
{1,2,3,4,5,...} 2,3,5,17
These are the numbers that we use for counting.

{0,1,2,3,4,5, ...} 0,2,3,5,17

The set of whole numbers includes 0 and the natural numbers.
{...,—5,—4,-3,-2,-1,0,1,2,3,4,5,...}

The set of integers includes the negatives of the natural numbers
and the whole numbers.

-17,-5,-3,-2,0,2,3,5,17

{% ‘ a and b are integers and b # 0}

0,2,3,5,17,
[This means that b is not equal to zero.] 5

5 =04,
The set of rational numbers is the set of all numbers that can be 2 =-0.6666...=—06
expressed as a quotient of two integers, with the denominator
not 0. Rational numbers can be expressed as terminating or
repeating decimals.
The set of irrational numbers is the set of all numbers whose V2 =~ 1414214
decimal representations are neither terminating nor repeating. —\V3 = —1.73205
Irrational numbers cannot be expressed as a quotient of integers. T~ 3.142

-7 =~ —1.571

Not all square roots are irrational. For example, V25 =5 because

Rational
numbers

Irrational
numbers

Integers
Whole
numbers

Natural
numbers

52 = 5.5 = 25.Thus, V25 is a natural number, a whole number, an integer, and a
rational number (\E = %)

The set of real numbers is formed by taking the union of the sets of rational
numbers and irrational numbers. Thus, every real number is either rational or
irrational, as shown in Figure P.4.

Real Numbers

FIGURE P.4 Every real number is either

rational or irrational.

The set of real numbers is the set of numbers that are either rational or irrational:

{x|x is rational or x is irrational}.

The symbol R is used to represent the set of real numbers. Thus,

R = {x|xis rational} U {x|x is irrational}.

EXAMPLE 5 Recognizing Subsets of the Real Numbers

Consider the following set of numbers:
3 _
{—7, -0 0.6,\/5, 7,73, \/ﬁ}

List the numbers in the set that are

a. natural numbers. b. whole numbers.

c. integers.

d. rational numbers. e. irrational numbers. f. real numbers.

SOLUTION

a. Natural numbers: The natural numbers are the numbers used for counting.
The only natural number in the set {—7,—% ,0,0.6, V5, a7, 7.3, \/81} is
V81 because V81 = 9. (9 multiplied by itself, or 92, is 81.)
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GREAT QUESTION!

How did you locate V2 as a
precise point on the number line
in Figure P.6?

We used a right triangle with two
legs of length 1. The remaining
side has a length measuring V2.

3

We’ll have lots more to say about
right triangles later in the book.

b. Whole numbers: The whole numbers cgnsist of the natural numbers and
0. The elements of the set {—7, —%, 0,0.6, V5, 7.3, \/81} that are whole
numbers are 0 and V81 .

c. Integers: The integers consist of the natural numbers, 0, and the negatives
of the natural numbers. The elements of the set {—7, - %, 0,0.6, V5, m, 7.3,
\/81} that are integers are /81, 0, and —7.

Rational numbers: All numbers in the set {—7,—3,0,0.6, V/3, 7, 7.3, V81 }
that can be expressed as the quotient of integers are rational numbers. These
include —7(-7 = 7),—3,0(0 = §), and V81(V81 = {). Furthermore,
all numbers in the set that are terminating or repeating decimals are also
rational numbers. These include 0.6 and 7.3.

&

Irrational numbers: The irrational numbers in the set {—7, - %, 0, 0.6, \V/5, m,
7.3, V81 } are V5( V5 ~2236) and m(m ~ 3.14). Both V5 and 7 are
only approximately equal to 2.236 and 3.14, respectively. In decimal form,
V5 and 7 neither terminate nor have blocks of repeating digits.

€

f. Real numbers: All the numbers in the given set {—7,—%,0,0.6,
\/5,m,7.3, V81} are real numbers. coe

‘¢ Check Point 5 Consider the following set of numbers:

{—9, ~13.,0,03, g V9, \/10}.

List the numbers in the set that are

a. natural numbers. b. whole numbers. c. integers.

d. rational numbers. e. irrational numbers. f. real numbers.

The Real Number Line

The real number line is a graph used to represent the set of real numbers. An
arbitrary point, called the origin, is labeled 0. Select a point to the right of 0 and
label it 1. The distance from O to 1 is called the unit distance. Numbers to the right
of the origin are positive and numbers to the left of the origin are negative. The real
number line is shown in Figure P.5.

Negative ) ) ) ) ) ) ) ) ) ) ) ) ) ) ) Positive
direction 7 6 -5 -4 3 2 -1 0 1 2 3 4 5 6 7 direction

[N J J
Y Y

Negative numbers Positive numbers

FIGURE P.5 The real number line
Real numbers are graphed on a number line by placing a dot at the correct

location for each number. The integers are easiest to locate. In Figure P.6, we've
graphed six rational numbers and three irrational numbers on a real number line.

Rational

numbers -2 -3 0 03= b=2% Vie=4
— % e + o + o | o | o ie & | >
-2 -1 0 1 2 3 4 5
Irrational
numbers \V2~-14 V2~14 T = 3.14

FIGURE P.6 Graphing numbers on a real number line

Every real number corresponds to a point on the number line and every point
on the number line corresponds to a real number. We say that there is a one-to-one
correspondence between all the real numbers and all points on a real number line.



Use inequality symbols.

Evaluate absolute value.

5
| |

Il
W

-3=3
i

5432-1012345
FIGURE P.8 Absolute value as the
distance from 0
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Ordering the Real Numbers

On the real number line, the real numbers increase from left to right. The lesser of
two real numbers is the one farther to the left on a number line. The greater of two
real numbers is the one farther to the right on a number line.

Look at the number line in Figure P.7. The integers —4 and —1 are graphed.

4
L 2

-5 4 3 2 -1 0 1 2 3 4 5 FIGURE P.7

Observe that —4 is to the left of —1 on the number line. This means that —4 is less
than —1.

—4 is less than —1 because —4 is to
—4 < -1 the left of —1 on the number line.

In Figure P.7, we can also observe that —1 is to the right of —4 on the number line.
This means that —1 is greater than —4.

—1 is greater than —4 because —1 is to
-1 > -4 the right of —4 on the number line.

The symbols < and > are called inequality symbols. These symbols always point
to the lesser of the two real numbers when the inequality statement is true.

—4 is less than —1. 4 < The symbol points to —4, the lesser
number.
—1 is greater than —4. 1> 4 The symbol still points to —4, the

lesser number.

The symbols < and > may be combined with an equal sign, as shown in the
following table:

This inequality is true Symbols Meaning Examples  Explanation

if either the < part or P - s

the = part is true. - : = ecause 2 <
a=<b a is less than or equal to b. 9=9 Because 9 = 9

This inequality is true

if either the > part or b=a  bis greater than or equal to a. i 2 Ligemee © i 2

the = part is true. 2E2 Because 2 = 2

Absolute Value

The absolute value of a real number a, denoted by |a|, is the distance from 0 to a on
the number line. This distance is always taken to be nonnegative. For example, the
real number line in Figure P.8 shows that

|-3] =3 and |5| =5.

The absolute value of —3 is 3 because —3 is 3 units from 0 on the number line. The
absolute value of 5 is 5 because 5 is 5 units from 0 on the number line. The absolute
value of a positive real number or 0 is the number itself. The absolute value of a
negative real number, such as —3, is the number without the negative sign.
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We can define the absolute value of the real number x without referring to a
number line. The algebraic definition of the absolute value of x is given as follows:

Definition of Absolute Value

x| x ifx=0
x p—
—x ifx <0

If x is nonnegative (that is, x = 0), the absolute value of x is the number itself. For
example,

_ Zero is the only number

1 1
15| =5 |w| = ‘3‘ = g |0| = 0. whose absolute value is 0.

If x is a negative number (that is, x < 0), the absolute value of x is the opposite of x.
This makes the absolute value positive. For example,

1 1 1
Bl =—=(3)=3 |al=—(m =7 ‘—3‘ = —( 3) =3
This middle step is usually omitted.
EXAMPLE 6 Evaluating Absolute Value
Rewrite each expression without absolute value bars:
a. V31| b. |2 — c.|i—|ifx<o.

SOLUTION

a. Because \/g =~ 1.7, the number inside the absolute value bars, \/§ - 1,is
positive. The absolute value of a positive number is the number itself. Thus,

V3-1=V3-1

b. Because m =~ 3.14, the number inside the absolute value bars, 2 — 7, is
negative. The absolute value of x when x < 0 is —x. Thus,

R-7wl=-Q—-m)=7m-2.

¢. If x < 0, then |x| = —x. Thus,
x| _ —x
—=T-
x x

@ Check Point 6 Rewrite each expression without absolute value bars:

a. [1 - V2 b. |7 — 3] c.|xi|ifx>o.



DISCOVERY

Verify the triangle inequality
ifa = 4 and b = 5. Verify the
triangle inequality if a = 4 and
b =-5.

When does equality occur in
the triangle inequality and when
does inequality occur? Verify
your observation with additional
number pairs.

Use absolute value to express
distance.

| 8 1

54321012345
FIGURE P.9 The distance between —5
and 3 is 8.

Identify properties of the real
numbers.
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Listed below are several basic properties of absolute value. Each of these
properties can be derived from the definition of absolute value.

Properties of Absolute Value

For all real numbers a and b,

1. |a] =0 2. |—a| = |a| 3. a=|al
a |a]
4. |ab| = b 5. |—=| =7, b#0
jab] = Jal ] 2| -4

6. |a + b| = |a| + |b| (called the triangle inequality)

Distance between Points on a Real Number Line

Absolute value is used to find the distance between two points on a real number line.
If a and b are any real numbers, the distance between a and b is the absolute value
of their difference. For example, the distance between 4 and 10 is 6. Using absolute
value, we find this distance in one of two ways:

[10 — 4] = 16| = 6 or |4 — 10| = |-6] = 6.

The distance between 4 and 10 on the real number line is 6.

Notice that we obtain the same distance regardless of the order in which we subtract.

Distance between Two Points on the Real Number Line

If a and b are any two points on a real number line, then the distance between a
and b is given by

la —b| or |b—al.

EXAMPLE 7 Distance between Two Points on a Number Line

Find the distance between —5 and 3 on the real number line.

SOLUTION

Because the distance between a and b is given by |a — b/, the distance between
—5and3is

5 -3/ = -8 =8

Figure P.9 verifies that there are 8 units between —5 and 3 on the real number line.
We obtain the same distance if we reverse the order of the subtraction:

13— (=5 = (8] =8.
O Check Point 7 Find the distance between —4 and 5 on the real number line.

Properties of Real Numbers and Algebraic Expressions

When you use your calculator to add two real numbers, you can enter them in
any order. The fact that two real numbers can be added in any order is called the
commutative property of addition. You probably use this property, as well as other
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B%m Bonui
The Associative

Property and
the English Language

In the English language, phrases
can take on different meanings
depending on the way the words
are associated with commas.

Here are three examples.

e Woman, without her man, is
nothing.
Woman, without her, man is
nothing.

e What’s the latest dope?
What’s the latest, dope?

e Population of Amsterdam
broken down by age and sex
Population of Amsterdam,
broken down by age and sex

properties of real numbers listed in Table P.2, without giving it much thought. The
properties of the real numbers are especially useful when working with algebraic
expressions. For each property listed in Table P.2, a, b, and c represent real numbers,

variables, or algebraic expressions.

Table P.2 Properties of the Real Numbers

Name Meaning
Commutative Changing order when
Property of adding does not affect
Addition the sum.

a+b=>b+a
Commutative Changing order when
Property of multiplying does not affect
Multiplication the product.

ab = ba
Associative Changing grouping
Property of when adding does not
Addition affect the sum.

(a+b)+c=a+ (b+c)
Associative Changing grouping when
Property of multiplying does not affect
Multiplication the product.

(ab)c = a(bc)
Distributive Multiplication distributes
Property of over addition.
Multiplication
over Addition

a~(b+c)=a-b+a-c
Identity Zero can be deleted from
Property of a sum.
Addition a+0=a

0+a=a
Identity One can be deleted from a
Property of product.
Multiplication a1l=a

l-a=a

Inverse Property

of Addition

Inverse Property
of Multiplication

The sum of a real number
and its additive inverse
gives 0, the additive identity.

a+ (—a)=0
(—a) +a=20

The product of a nonzero
real number and its
multiplicative inverse gives 1,
the multiplicative identity.

1
c—=1, a#0
a

ca=1, a#0

Q=

Examples

13 +7=7+13
e 13x +7 =7+ 13x

*V2-VE =512

°x:6 = 06x

°*3+@8+x)=B+8) +x
=11 +x

e —23x) = (—2:3)x = —6x

74 +V3)=7-4+7-V3

=28 +7V3
e53x +7)=5:3x+5-7
= 15x + 35
*V3+0=1V3
°(0 + 6x = 6x
ol =
e 13x-1 = 13x
V5 + (-V35) =0

e—m7+7 =0
°6x + (=6x) =0
o (—4y) +4y =0

1
= =1
7

o7
( 1
P

3)(x—3)=1, x #3

The properties of the real numbers in Table P.2 apply to the operations of addition

and multiplication. Subtraction and division are defined in terms of addition and
multiplication.



Simplify algebraic expressions.

GREAT QUESTION!

What is the bottom line for
combining like terms?

To combine like terms mentally,
add or subtract the coefficients of
the terms. Use this result as the
coefficient of the terms’ variable
factor(s).
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Definitions of Subtraction and Division
Let a and b represent real numbers.

Subtraction: « — b = a + (—b)

We call —b the additive inverse or opposite of b.

Division: a +~ b = a-, where b # 0

We call % the multiplicative inverse or reciprocal of b. The quotient of a and

b,a = b, can be written in the form 7, where a is the numerator and b the
denominator of the fraction.

Because subtraction is defined in terms of adding an inverse, the distributive
property can be applied to subtraction:

A\
alb — ¢

A

(b—g)aZba—ca.

ab — ac

N~—
I

For example,

A\

4(2x —5) =4-2x —4-5=8x — 20.

Simplifying Algebraic Expressions

The terms of an algebraic expression are those parts that are separated by addition.
For example, consider the algebraic expression

T7x — 9y + z — 3,
which can be expressed as
7x + (=9y) + z + (=3).

This expression contains four terms, namely, 7x, —9y, z, and —3.

The numerical part of a term is called its coefficient. In the term 7x, the 7 is the
coefficient. If a term containing one or more variables is written without a coefficient,
the coefficient is understood to be 1. Thus, z means 1z. If a term is a constant, its
coefficient is that constant. Thus, the coefficient of the constant term —3 is —3.

7x + (—9y) + z + (=3)

Coefficient Coefficient Coefficient Coefficient
is 7. is —9. ist; z is —3.
means 1Z.

The parts of each term that are multiplied are called the factors of the term. The
factors of the term 7x are 7 and x.

Like terms are terms that have exactly the same variable factors. For example, 3x
and 7x are like terms. The distributive property in the form

ba + ca = (b + c)a
enables us to add or subtract like terms. For example,
3x +7x =3 + T)x = 10x
Ty =y =Ty -1yt = (7 - 1yt =67

This process is called combining like terms.
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An algebraic expression is simplified when parentheses have been removed and
like terms have been combined.

EXAMPLE 8 Simplifying an Algebraic Expression
Simplify:  6(2x% + 4x) + 10(4x* + 3x).

SOLUTION
AN
6(2x> + 4x) + 10(4x* + 3x)
=6-2x>+ 6-4x + 10-4x> + 10 - 3x  Use the distributive property to
remove the parentheses.

52x? and 54x are not like terms. = 12x2 + 24x + 40x? + 30x .
gy . Multiply.
They contain different variable ) >
factors, x% and x, and cannot = (12)( + 40x ) + (24x + 30x) Group like terms.
i — 2
be combined. = 52x° + 54x Combine like terms.

@ Check Point 8 Simplify: 7(4x> + 3x) + 2(5x> + x).

Properties of Negatives
The distributive property can be extended to cover more than two terms within
parentheses. For example,

This sign represents This sign tells us

subtraction. that the number is negative.
m

—3(4x =2y +6)=-3-4x — (-3)-2y —3-6
—12x — (—6y) — 18
—12x + 6y — 18.

The voice balloons illustrate that negative signs can appear side by side. They
can represent the operation of subtraction or the fact that a real number is negative.
Here is a list of properties of negatives and how they are applied to algebraic
expressions:

Properties of Negatives

Let a and b represent real numbers, variables, or algebraic expressions.

Property Examples

1L (-1)a=—a (—1)dxy = —4xy

2.—(—a) = a —(—=6y) = 6y

3. (—a)b = —ab (=7)4xy = —7+4xy = —28xy

4. a(—=b) = —ab S5x(=3y) = —5x-3y = —15xy

5.—(a+b)=—a—-1>b —(7x + 6y) = —=Tx — 6y

6.—(a—b)=—-a+b —(Bx —7y) =-3x + 7Ty
=b—a =7y — 3x

It is not uncommon to see algebraic expressions with parentheses preceded by
a negative sign or subtraction. Properties 5 and 6 in the box, —(a + b) = —a — b
and —(a — b) = —a + b, are related to this situation. An expression of the form
—(a + b) can be simplified as follows:

—(a+b)=~1(a+b)=(—1l)a+ (-1)b=—-a+ (=b) = —a — b.
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Do you see a fast way to obtain the simplified expression on the right in
the preceding equation? If a negative sign or a subtraction symbol appears outside
parentheses, drop the parentheses and change the sign of every term within the
parentheses. For example,

—(Bx? —Tx —4) =32 + Tx + 4.

EXAMPLE 9 Simplifying an Algebraic Expression
Simplify: 8x + 2[5 — (x — 3)].

SOLUTION
8x + 2[5 — (x — 3)]
=8x + 2[5 — x + 3] Drop parentheses and change the sign of each

term in parentheses: —(x — 3) = —x + 3.
= 8x + 2[8 — x] Simplify inside brackets: 5 + 3 = 8.
=8 + 16 — 2x Apply the distributive property:

26 —x] = 2:8—2x = 16 — 2x.

= (8x — 2x) + 16 Group like terms.,
=8 —-2x + 16 Apply the distributive property.
= 6x + 16 Simplify. XY

O Check Point 9 simplify: 6 + 4[7 — (x - 2)].

/:’Z@w Bonui Using Algebra to Measure Blood-Alcohol Concentration

The amount of alcohol in a person’s blood is known as blood- How Do I Measure My Blood-Alcohol Concentration?
alcohol concentration (BAC), measured in grams of alcohol
per deciliter of blood. A BAC of 0.08, meaning 0.08 %, indicates
that a person has 8 parts alcohol per 10,000 parts blood. In

Here’s a formula that models BAC for a person who weighs
w pounds and who has n drinks* per hour.

every state in the United States, it is illegal to drive with a BAC 600n Number of
of 0.08 or higher BAC = w(0.6n + 169) drinks
. . will.on consumed
Blood-alcohol in an hour
concentration Body
weight,
in pounds

*A drink can be a 12-ounce can of beer, a 5-ounce glass of wine, or a 1.5-ounce
shot of liquor. Each contains approximately 14 grams, or % ounce, of alcohol.

Blood-alcohol concentration can be used to quantify the meaning of “tipsy.”

BAC Effects on Behavior

0.05 Feeling of well-being; mild release of inhibitions; absence of observable effects

0.08 Feeling of relaxation; mild sedation; exaggeration of emotions and behavior; slight
impairment of motor skills; increase in reaction time

0.12 Muscle control and speech impaired; difficulty performing motor skills;
uncoordinated behavior

0.15 Euphoria; major impairment of physical and mental functions; irresponsible
behavior; some difficulty standing, walking, and talking

0.35 Surgical anesthesia; lethal dosage for a small percentage of people

0.40 Lethal dosage for 50% of people; severe circulatory and respiratory depression;

alcohol poisoning/overdose

Source: National Clearinghouse for Alcohol and Drug Information

(continues on next page)
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Keeping in mind the meaning of “tipsy,” we can use our model =~ We determined each BAC using a calculator, rounding to three
to compare blood-alcohol concentrations of a 120-pound decimal places.
person and a 200-pound person for various numbers of drinks.

Blood-Alcohol Concentrations of a 120-Pound Person

600n
BAC =
120(0.6n + 169)
n (number of drinks per hour) 1 2 3 4 5 6 7 8 9 10
BAC (blood-alcohol concentration) 0.029 0.059 0.088 0.117 0.145 0.174 0.202 0.230 0.258 0.286

- J

Illegal to drive

Blood-Alcohol Concentrations of a 200-Pound Person

600
BAC = n
200(0.6n + 169)
n (number of drinks per hour) 1 2 3 4 5 6 7 8 9 10
BAC (blood-alcohol concentration) 0.018 0.035 0.053 0.070 0.087 0.104 0.121 0.138 0.155 0.171

. J

Illegal to drive

Like all mathematical models, the formula for BAC gives in the model. These include the rate at which an individual’s
approximate rather than exact values. There are other variables  body processes alcohol, how quickly one drinks, sex, age, physical
that influence blood-alcohol concentration that are not contained ~ condition, and the amount of food eaten prior to drinking.

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. A combination of numbers, variables, and operation 9. The set of numbers in the form 7, where a and b
symbols is called an algebraic . belong to the set in Exercise 8 and b # 0, is called
2. If n is a counting number, b", read thesetof ___ numbers.
indicates that there are n factors of b. The number 10. The set of numbers whose decimal representations
b is called the and the number 7 is called are neither terminating nor repeating is called the set
the . of___ numbers.
3. An equation that expresses a relationship between 11. Every real number is eithera/an___ number or
two or more variables, such as H = 15(220 — a), alan____ number.
iscalleda/an . The process of finding such 12. The notation |x|isteadthe ______ of x. If
equations to describe real-world phenomena is called x = 0,then |x| =_. If x < 0, then |x| =___.
mathematical . Such equations, together 13. The commutative properties state thata + b =____
with the meaning assigned to the variables, are called andab = __.
mathematical ___ . 14. The associative properties state that (a + b) + ¢ =
4. The set of elements common to both set A and set B and = a(bc).
iscalledthe _____ ofsets A and B, and is 15. The distributive property states that a(b + ¢) =
symbolized by . 16. a + (—a)= __:The sum of a real number and its
5. The set of clements that are members of set A or set B additive ___is__ the additive ____ |
or of both sets is called the of sets A or B and 17. a % = 1,a # 0:The product of a nonzero real
is symbolizedby . number and its multiplicative ____is __, the
6. Theset{1,2,3,4,5,...}iscalled thesetof __ multiplicative .
numbers. 18. An algebraic expressionis___ when
7. The set {0,1,2,3,4,5, ...} is called the set of parentheses have been removed and like terms

numbers. have been combined.
8. Theset{...,—4,-3,-2,-1,0,1,2,3,4,...}is called 19. —(—a) = __.
the set of .
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In Exercises 1-16, evaluate each algebraic expression for the
given value or values of the variable(s).
1. 7 + 5x,forx = 10
2. 8 + 6x,forx =5
3. 6x — y,forx =3andy = 8
4. 8&x — y,forx =3andy =4
5. x* + 3x,forx = 8
6. x> + 5x,forx = 6
7. x% — 6x + 3,forx =7
8. x2— 7Tx + 4, forx =8
9. 4+ 5(x —7)7> forx =9
10. 6 + 5(x — 6)°, forx =8
11. x> = 3(x — y),forx =8andy = 2
12. x> — 4(x — y),forx =8andy = 3
S5(x +2)

14, ——— forx =

15.

,forx =—-2andy =4
2x +y
xy — 2x

The formula

16.

,forx =—2andy =4

5
C:§(F—32)

expresses the relationship between Fahrenheit temperature, F,
and Celsius temperature, C. In Exercises 17-18, use the formula
to convert the given Fahrenheit temperature to its equivalent
temperature on the Celsius scale.

17. 50°F 18. 86°F

A football was kicked vertically upward from a height of 4 feet
with an initial speed of 60 feet per second. The formula

h =4+ 60t — 1612

describes the ball’s height above the ground, h, in feet, t seconds
after it was kicked. Use this formula to solve Exercises 19-20.
19. What was the ball’s height 2 seconds after it was kicked?
20. What was the ball’s height 3 seconds after it was kicked?

In Exercises 21-28, find the intersection of the sets.

21. {1,2,3,4} N {2,4,5} 22. {1,3,7} N {2,3,8}
23. {s,e,t} N {t,e,s} 24. {r,e,a,l} N {le,a,r}
25. {1,3,5,7) N {2,4,6,8,10}

26. {0,1,3,5} N {=5,-3,-1}

27. {a,b,c,dy N D 28. {w,y, 2} NI

In Exercises 29-34, find the union of the sets.

29. {1,2,3,4} U {2.4,5) 30. {1,3,7,8} U {2.3,8)
31. {1,3,5,7} U {2,4,6,8, 10} 32.0,1,3,5) U {2, 4,6)
33. {a,e,i,0,u} U 34. {e,m,p,t,y} U

In Exercises 35-38, list all numbers from the given set that are
a. natural numbers, b. whole numbers, c. integers, d. rational
numbers, e. irrational numbers, £. real numbers.

35. {-9,-%,0,0.25,V/3,9.2,V100}

36. {~7.-0.6,0,V49,V50}

37. {-11,-2,0,0.75, V5,7, V64 }

38. {-5,-03,0,V2,V4}

39. Give an example of a whole number that is not a natural
number.

40. Give an example of a rational number that is not an integer.

41. Give an example of a number that is an integer, a whole
number, and a natural number.

42. Give an example of a number that is a rational number, an
integer, and a real number.

Determine whether each statement in Exercises 43-50 is true or false.

43. —13 = -2 44. —6 > 2
45. 4 = -7 46. —13 < -5
47, —7m = —7 48. -3 > —13
49. 0 = -6 50. 0 = —13

In Exercises 51-60, rewrite each expression without absolute
value bars.

51. [300| 52. |-203)
53. [12 — = 54. |7 — 7|
55. |[V2 — 5 56. |V5 — 13|
-3 =7
57. — 58. —
-3l =7l
59. [I-3] = -7 60. ||=5] — [-13]

In Exercises 61-66, evaluate each algebraic expression for x = 2
andy = —5.

61. |x + y| 62. |x — y|

63. |x| + [yl 64. |x| — [yl

65. > 66, M4 b
Iyl X

In Exercises 67-74, express the distance between the given
numbers using absolute value. Then find the distance by evaluating
the absolute value expression.

67. 2 and 17 68. 4 and 15
69. —2 and 5 70. —6 and 8
71. —19 and —4 72. —26 and —3

73. —3.6 and —1.4 74. —5.4 and —1.2

In Exercises 75-84, state the name of the property illustrated.
75. 6 + (—4) = (—-4) + 6

76. 11-(7+4)=11-7 + 11-4

77. 6 + 2 +7)=(6+2)+7

78. 6:(2-3) =6-(3-2)

79. 2+3)+@+5=l+5+2+3)

80. 7-(11-8) = (11-8)-7

81. 2(-8 + 6) = —16 + 12

82. —8(3 + 11) = —24 + (—88)



18 Chapter P Prerequisites: Fundamental Concepts of Algebra

83 (x+3)=1,x # -3

T (x+3)
4. x+4H +[-(x+4)]=0

In Exercises 85-96, simplify each algebraic expression.
85. 53x +4) — 4 86. 2(5x +4) — 3
87. 53x — 2) + 12x 88. 2(5x — 1) + 14x
89. 73y — 5) + 2(4y + 3)
90. 42y — 6) + 3(5y + 10)
91. 53y —2) — (7Ty +2)
92. 4(5y — 3) — (6y + 3)
93. 7 — 4[3 — (4y — 9)]
95. 18x% + 4 — [6(x* — 2) + 5]
96. 14x% + 5 — [7(x* — 2) + 4]

94. 6 — 5[8 — (2y — 4)]

In Exercises 97-102, write each algebraic expression without
parentheses.

97. —(—14x)

99. —(2x — 3y — 6)
101 5(3x) + [(4y) + (~4y)]

98. —(—17y)
100. —(5x — 13y — 1)
102. 1(2y) + [(—7x) + 7x]

Practice Plus

In Exercises 103-110, insert either <, >, or = in the shaded
area to make a true statement.

103. |-6| |-3| 104. |—20|  |-50]
105. E‘ 1~0.6] 106. B‘ 1-2.5]
109, s S| mo. 2| s

In Exercises 111-120, use the order of operations to simplify each
expression.

111. 82 — 16 ~22-4 -3 112. 10> — 100 = 5*-2 — 3

. — 2 - + .
113. % 114. w
[3% — (-2)] (12 = 3-2)
115. 8 — 3[-2(2 — 5) — 4(8 — 6)]
116. 8 — 3[-2(5 — 7) — 5(4 — 2)]
2(=2) — 4(=3) 6(—4) — 5(-3)
117. FE— 118. 9~ 10
(5-6)2%—-2|3-7] 12 + 3-5|2% + 3%
119. 5 120. 5
89 —3-5 7+3-6

In Exercises 121-128, write each English phrase as an algebraic
expression. Then simplify the expression. Let x represent the number.

121. A number decreased by the sum of the number and four

122. A number decreased by the difference between eight and
the number

123. Six times the product of negative five and a number

124. Ten times the product of negative four and a number

125. The difference between the product of five and a number
and twice the number

126. The difference between the product of six and a number
and negative two times the number

127. The difference between eight times a number and six more
than three times the number

128. Eight decreased by three times the sum of a number and six

Application Exercises

The maximum heart rate, in beats per minute, that you should
achieve during exercise is 220 minus your age:

220 — a.

This algebraic expression gives maximum
heart rate in terms of age, a.

The following bar graph shows the target heart rate ranges
for four types of exercise goals. The lower and upper limits of
these ranges are fractions of the maximum heart rate, 220 — a.
Exercises 129-130 are based on the information in the graph.

Target Heart Rate Ranges for Exercise Goals

S
41/_

Exercise Goal
Boost performance
as a competitive athlete

Improve cardiovascular
conditioning

41,_

Lose weight

Improve overall health and
reduce risk of heart attack

41,_

2 1 3 7 4 9
L 21

5 2 5 10 5 10
Fraction of Maximum Heart Rate, 220 — a

129. Ifyourexercise goalis toimprove cardiovascular conditioning,
the graph shows the following range for target heart rate, H,
in beats per minute:

Lower limit of range

7
H = {5(220 — a)

4
Upper limit of range H = 35(220 - a)

a. What is the lower limit of the heart range, in beats per
minute, for a 20-year-old with this exercise goal?
b. What is the upper limit of the heart range, in beats per
minute, for a 20-year-old with this exercise goal?
130. If your exercise goal is to improve overall health, the graph
shows the following range for target heart rate, H, in beats
per minute:

Lower limit of range H = %(220 —a)

3
Upper limit of range H = $(220 — a)

a. What is the lower limit of the heart range, in beats per
minute, for a 30-year-old with this exercise goal?

b. What is the upper limit of the heart range, in beats per
minute, for a 30-year-old with this exercise goal?
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The bar graph shows the average cost of tuition and fees at
private four-year colleges in the United States.

Average Cost of Tuition and Fees at Private
Four-Year United States Colleges

Tuition and Fees
(in thousands of dollars)

2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010
Ending Year in the School Year

Source: The College Board

The formula
T = 26x* + 819x + 15,527

models the average cost of tuition and fees, T, at private U.S.
colleges for the school year ending x years after 2000. Use this
information to solve Exercises 131-132.

131. a. Use the formula to find the average cost of tuition and
fees at private U.S. colleges for the school year ending in
2010.

b. By how much does the formula underestimate or
overestimate the actual cost shown by the graph for the
school year ending in 20107

c. Use the formula to project the average cost of tuition and
fees at private U.S. colleges for the school year ending in
2013.

132. a. Use the formula to find the average cost of tuition and
fees at private U.S. colleges for the school year ending in
2009.

b. By how much does the formula underestimate or
overestimate the actual cost shown by the graph for the
school year ending in 2009?

c. Use the formula to project the average cost of tuition and
fees at private U.S. colleges for the school year ending in
2012.

133. You had $10,000 to invest. You put x dollars in a safe,
government-insured certificate of deposit paying 5%
per year. You invested the remainder of the money in
noninsured corporate bonds paying 12% per year. Your
total interest earned at the end of the year is given by the
algebraic expression

0.05x + 0.12(10,000 — x).

a. Simplify the algebraic expression.

b. Use each form of the algebraic expression to determine
your total interest earned at the end of the year if you
invested $6000 in the safe, government-insured certificate
of deposit.

134. It takes you 50 minutes to get to campus. You spend
¢t minutes walking to the bus stop and the rest of the time
riding the bus. Your walking rate is 0.06 mile per minute and
the bus travels at a rate of 0.5 mile per minute. The total
distance walking and traveling by bus is given by the
algebraic expression

0.06r + 0.5(50 — 7).

a. Simplify the algebraic expression.

b. Use each form of the algebraic expression to determine
the total distance that you travel if you spend 20 minutes
walking to the bus stop.

135. Read the Blitzer Bonus beginning on page 15. Use the formula

600n

BAC = 06n + 169)

and replace w with your body weight. Using this formula
and a calculator, compute your BAC for integers from n = 1
to n = 10. Round to three decimal places. According to this
model, how many drinks can you consume in an hour without
exceeding the legal measure of drunk driving?

Writing in Mathematics

Writing about mathematics will help you learn mathematics.

For all writing exercises in this book, use complete sentences to
respond to the question. Some writing exercises can be answered
in a sentence; others require a paragraph or two. You can decide
how much you need to write as long as your writing clearly and
directly answers the question in the exercise. Standard references
such as a dictionary and a thesaurus should be helpful.

136. What is an algebraic expression? Give an example with
your explanation.

137. If n is a natural number, what does b" mean? Give an
example with your explanation.

138. What does it mean when we say that a formula models
real-world phenomena?

139. What is the intersection of sets A and B?

140. What is the union of sets A and B?

141. How do the whole numbers differ from the natural
numbers?

142. Can a real number be both rational and irrational? Explain
your answer.

143. If you are given two real numbers, explain how to determine
which is the lesser.

Critical Thinking Exercises

Make Sense? In Exercises 144-147, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

144. My mathematical model describes the data for tuition
and fees at public four-year colleges for the past ten years
extremely well, so it will serve as an accurate prediction for
the cost of public colleges in 2050.

145. A model that describes the average cost of tuition and fees
at private U.S. colleges for the school year ending x years
after 2000 cannot be used to estimate the cost of private
education for the school year ending in 2000.
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146. The humor in this cartoon is based on the fact that the

football will never be hiked.

IT To HIKE THE

BALL ON P1, AGAIN?  NoW KEEP
I GONG.

YOURS,

Foxtrot © 2003,2009 by Bill Amend/Used by permission of Universal Uclick.

All rights reserved.

147. Just as the commutative properties change groupings, the

associative properties change order.

In Exercises 148155, determine whether each statement is true

or false. If the statement is false, make the necessary change(s) to

produce a true statement.

148.
149.
150.
151.
152.
153.
154.
155.

Every rational number is an integer.
Some whole numbers are not integers.
Some rational numbers are not positive.
Irrational numbers cannot be negative.
The term x has no coefficient.

S+3x —4)=8(x—4)=8x—32
—x—x=—x+(—x)=0

x — 0.02(x + 200) = 0.98x — 4

SECTION P.2

In Exercises 156158, insert either < or > in the shaded area
between the numbers to make the statement true.

156.

158.

V2 o115

3.14 T

2 2

157. —= —3.5

Preview Exercises

Exercises 159-161 will help you prepare for the material covered
in the next section.

159.

160.

161.

In parts (a) and (b), complete each statement.

a. b*-b>=(b-b-b-b)(b-b-b) = b’

b. b°-b%> = (b-b-b-b-b)(b-b-b-b-b) = b’

c. Generalizing from parts (a) and (b), what should be
done with the exponents when multiplying exponential
expressions with the same base?

In parts (a) and (b), complete each statement.
b’ _B-B-B-b-b-b-b

L= - - 7 7 = p?
A3 BBk
bs “B-b-b-b-b-b-b
AL =b’
b? BB

¢. Generalizing from parts (a) and (b), what should be
done with the exponents when dividing exponential
expressions with the same base?

If 6.2 is multiplied by 10%, what does this multiplication do

to the decimal point in 6.2?

Exponents and Scientific Notation

Bigger than the biggest thing ever and then some. Much bigger than that in fact,

() Use properties of
exponents.

) Simplify exponential
expressions.

&) Use scientific notation.

.

really amazingly immense, a totally stunning size, real ‘wow, that’s big’, time ...
Gigantic multiplied by colossal multiplied by staggeringly huge is the sort of
concept we’re trying to get across here.

Douglas Adams, The Restaurant at the End of the Universe

Although Adams’s description may not quite apply to this $15.2 trillion national

debt, exponents can be used to explore the meaning of this “staggeringly huge’

i

number. In this section, you will learn to use exponents to provide a way of putting
large and small numbers in perspective.

o Use properties of exponents.

Properties of Exponents

The major properties of exponents are summarized in the box that follows on the

next page.



GREAT QUESTION!

Cut to the chase. What do I do
with negative exponents?

When a negative integer

appears as an exponent, switch
the position of the base (from
numerator to denominator or
from denominator to numerator)
and make the exponent positive.

GREAT QUESTION!

What’s the difference between

— —9
g and yek

These quotients represent
different numbers:

43 1 1
=43 =42 = — = —
4 4> 16
45

v £ =4 =16
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Properties of Exponents

Property Examples
The Negative-Exponent Rule
If b is any real number other than . 53— 1 1
0 and #n is a natural number, then 83125
1
bf":in. °j:T:42:16
b 4 7

The Zero-Exponent Rule
If b is any real number other than 0,

p' = 1.
Only 5 is raised to
the zero power.
The Product Rule
If b is a real number or algebraic °22.23 =223 =25 =3
expression, and m and n are integers, o x 3.xT = x3t7T = 4
b™-b" = p"mt,

When multiplying exponential expressions with the same base, add the exponents.
Use this sum as the exponent of the common base.

The Power Rule

If b is a real number or algebraic e (22)° = 223 = 26 = 64
expression, and m and n are integers,
(bm)" = pmn
When an exponential expression is raised to a power, multiply the exponents.

Place the product of the exponents on the base and remove the parentheses.

The Quotient Rule

. 1
° (x’3)4 S =
X

. 28 _

If b is a nonzero real number or O SR = 84 =2t=16

algebraic expression, and m and n are 2

: 3

integers X _ _ 1

? bm [ ] —7 = x3 7 = X %4 = —4

= pmn X X
b" ’

When dividing exponential expressions with the same nonzero base, subtract
the exponent in the denominator from the exponent in the numerator. Use this
difference as the exponent of the common base.
Products Raised to Powers
If a and b are real numbers or algebraic
expressions, and 7 is an integer, o (<2y)* = (—2)*%* = 16y*
(ab)* = a"b". o (—2xy)® = (-2)°x3y® = —8x%3
When a product is raised to a power, raise each factor to that power.
2\* 2 16
If a and b are real numbers, b # 0, or o <> - _ =
algebraic expressions,and 7 is an integer, 5 5t 625

-f (e
b) b x P x3

When a quotient is raised to a power, raise the numerator to that power and
divide by the denominator to that power.

Quotients Raised to Powers
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9 Simplify exponential expressions. ~ Simplifying Exponential Expressions
Properties of exponents are used to simplify exponential expressions. An exponential
expression is simplified when
e No parentheses appear.
e No powers are raised to powers.
e Each base occurs only once.
* No negative or zero exponents appear.

Simplifying Exponential Expressions

Example

1. If necessary, remove parentheses by using
a\" _ a"

(ab)* = a"b" or (5) = (xy)’ = X’y

2. If necessary, simplify powers to powers by using

™" = b, ()’ = x¥3 = x12

3. If necessary, be sure that each base appears
only once by using

m n _— pmtn — }m—n
b"-b" = b or — =b"" X3 = 43 = 7

4. If necessary, rewrite exponential expressions
with zero powers as 1 (b° = 1). Furthermore,
write the answer with positive exponents by
using

= _— or = p". T:x S :—3

The following example shows how to simplify exponential expressions.
Throughout the example, assume that no variable in a denominator is equal to zero.

EXAMPLE 1 Simplifying Exponential Expressions
Simplify:

a, (—3x4y5)3

b. (—=7xy*)(—2xy°)
5x8y8

(=)
y

C.
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SOLUTION
a. (—3x4y5)3 = (—3)3()64)3())5)3 Raise each factor inside the parentheses to the
third power.
= (—3)3x4l3y5'3 Multiply the exponents when raising powers to powers.
= —27x!2y15 (—3)% = (-3)(~3)(-3) = —27

b. (—=7xy*)(=2x°y%) = (=7)(=2)xxy*ys Group factors with the same base.

= 14}(1+5y4+6 When multiplying expressions with the
same base, add the exponents.

= 14x%y10 Simplify.
—35x%y* =35\(2\[ »*
C. 6 8 — = = Group factors with the same base.
5x%y 5 x° J\y
= —7x276y47(78) When dividing expressions with the same
base, subtract the exponents.
= 7y yl2 R . oy _
=—=/x"y Simplify. Notice that 4 — (=8) = 4 + & = 12.
_7y12
= 1 Write as a fraction and move the base with
X

the negative exponent, X%, to the other side
of the fraction bar and make the negative
exponent positive.

-3 -3
4\ (4x?) _ _
d. | — = Raise the numerator and the denominator to the —3 power.

y y
430307
= ——3  Raise each factor inside the parentheses to the —3 power.
y
4—3x—6
= 3 Multiply the exponents when raising a power to a power:
Y (x2) % = x¥3 = «°,
y3
=35 Move each base with a negative exponent to the other side of
4+x the fraction bar and make each negative exponent positive.
3
4 5 _ _
= 64x0 4° = 4-4-4 = 64 'y
¢ Check Point 1 Simplify:
3,604 2.5 3
a. (2x°y°) b. (—6x°y”)(3xy”)
100x'2y? d 5x \ 2
C. W -\ 7 .
y y
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Use scientific notation.

Table P.3 Names of Large

Numbers
10? hundred
10° thousand
10° million
10° billion
1012 trillion
10 quadrillion
1018 quintillion
10 sextillion
104 septillion
10%7 octillion
103 nonillion
10100 googol
1(ge0gel googolplex

GREAT QUESTION!

Simplifying exponential expressions seems to involve lots of steps. Are there common
errors I can avoid along the way?

Yes. Here’s a list. The first column has the correct simplification. The second column
contains common errors you should try to avoid.

Correct Incorrect Description of Error

p3-pt = p’ The exponents should be added, not
multiplied.

32.34 = 36 The common base should be retained,
not multiplied.

s The exponents should be subtracted,

—_ =35 2 .

54 not divided.

(40)3 = 64a° Both factors should be cubed.

pn — 1 Only the exponent should change sign.

bn
+ )yl = 1 The exponent applies to the entire
(a ) a+b expression a + b.

Scientific Notation

As of December 2011, the national debt of the United States was about $15.2 trillion.
This is the amount of money the government has had to borrow over the years,
mostly by selling bonds, because it has spent more than it has collected in taxes. A
stack of $1 bills equaling the national debt would measure more than 950,000 miles.
That’s more than two round trips from Earth to the moon. Because a trillion is 10'?
(see Table P.3), the national debt can be expressed as

152 X 10"
Because 15.2 = 1.52 X 10, the national debt can be expressed as
152 X 102 = (1.52 x 10) x 10'? = 1.52 x (10 X 10'?)
=152 x 10'"12 = 1.52 x 108

The number 1.52 X 10%3 is written in a form called scientific notation.

Scientific Notation
A number is written in scientific notation when it is expressed in the form
a X 10",

where the absolute value of a is greater than or equal to 1 and less than 10
(1 = |a| < 10), and n is an integer.

It is customary to use the multiplication symbol, X, rather than a dot, when
writing a number in scientific notation.

Converting from Scientific to Decimal Notation
Here are two examples of numbers in scientific notation:
6.4 X 10° means 640,000.
217 X 107 means 0.00217.
Do you see that the number with the positive exponent is relatively large and the
number with the negative exponent is relatively small?
We can use n, the exponent on the 10in a X 10", to change a number in scientific

notation to decimal notation. If 7 is positive, move the decimal point in a to the right
n places. If n is negative, move the decimal point in a to the left |n| places.
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EXAMPLE 2 Converting from Scientific to Decimal Notation

Write each number in decimal notation:
a. 6.2 x 107 b. —62 X 107 ¢ 2.019 X 107 d. —2.019 x 1073

SOLUTION

In each case, we use the exponent on the 10 to determine how far to move the
decimal point and in which direction. In parts (a) and (b), the exponent is positive,
so we move the decimal point to the right. In parts (c) and (d), the exponent is
negative, so we move the decimal point to the left.

a. 6.2 X 107 = 62,000,000 b. —6.2 X 107 = —62,000,000
L 7 [
n=7 Move the decimal point n=7 Move the decimal point
7 places to the right. 7 places to the right.
¢. 2.019 X 10 = 0,002019 d. —2.019 x 107* = —0,002019
O j—
n=-3 Move the decimal point n=-3 Move the decimal point

3| places, or 3 places, |-3] places, or 3 places,
to the left. to the left.

O Check Point 2 Write each number in decimal notation:
a. —2.6 X 10° b. 3.017 X 107°.

Converting from Decimal to Scientific Notation

To convert from decimal notation to scientific notation, we reverse the procedure of
Example 2.

Converting from Decimal to Scientific Notation

Write the number in the form a X 10"

e Determine a, the numerical factor. Move the decimal point in the given number
to obtain a number whose absolute value is between 1 and 10, including 1.

e Determine #n, the exponent on 10". The absolute value of 7z is the number of
places the decimal point was moved. The exponent # is positive if the decimal
point was moved to the left, negative if the decimal point was moved to the
right, and 0 if the decimal point was not moved.

EXAMPLE 3 Converting from Decimal Notation to Scientific Notation

Write each number in scientific notation:
a. 34,970,000,000,000 b. —34,970,000,000,000

¢. 0.0000000000802 d. —0.0000000000802.

SOLUTION
a. 3;1,970,000,000,000 = 3.497 x 1013
|

Move the decimal point to get The decimal point was
a number whose absolute value moved 13 places to the
is between 1 and 10. left, so n = 13.

b. —3;1,970,000,000,000 = —3.497 X 10"
|
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TECHNOLOGY
You can use your calculator’s

(enter exponent) or

key to convert from decimal to
scientific notation. Here is how it’s
done for 0.0000000000802.

Many Scientific Calculators

Keystrokes
0000000000802 [EE|[ =]
Display
8.02 — 11

Many Graphing Calculators

Use the mode setting for scientific
notation.

Keystrokes
.0000000000802 [ENTER

Display
8.02 — 11

TECHNOLOGY

(6.1 X 10°)(4 X 107)
On a Calculator:

Many Scientific Calculators

6.1 [EE]5 [x]4[EE] 9 [+-][=]

Display
244 — 03

Many Graphing Calculators

6.1 [EE] 5 [x]4 [EE| [-)] 9 [ENTER]

Display (in scientific notation
mode)

244 — 3

GREAT QUESTION!

In scientific notation, which
numbers have positive exponents
and which have negative
exponents?

¢. 0.0000000000802 = 8.02 X 107!
I

Move the decimal point to get
a number whose absolute value
is between 1 and 10.

The decimal point was
moved 11 places to the
right, so n. = —11.

If the absolute value of a number is
greater than 10, it will have a positive
exponent in scientific notation. If

the absolute value of a number is
less than 1, it will have a negative
exponent in scientific notation.

d. —0.0000000000802 = —8.02 x 101
I

@ Check Point 3 Write each number in
scientific notation:

a. 5,210,000,000 b. —0.00000006893.

EXAMPLE 4 Expressing the U.S. Population in Scientific Notation

As of December 2011, the population of the United States was approximately
312 million. Express the population in scientific notation.

SOLUTION

Because a million is 10°, the 2011 population can be expressed as

312 X 10°.

This factor is not between 1 and 10, so
the number is not in scientific notation.

The voice balloon indicates that we need to convert 312 to scientific notation.

312 X 10° = (3.12 X 10%) X 10° = 3.12 X 10" = 3.12 x 108

312 = 3.12 x 107

In scientific notation, the population is 3.12 X 10°%.

@ Check Point 4 Express 410 X 107 in scientific notation.

Computations with Scientific Notation

Properties of exponents are used to perform computations with numbers that are
expressed in scientific notation.

EXAMPLE 5 Computations with Scientific Notation
Perform the indicated computations, writing the answers in scientific notation:
1.8 x 10*

. (6.1 X 10°)(4 X 107%) . }
a. ( X ) 3% 102

SOLUTION
a. (6.1 X 10°)(4 X 107)
= (6.1 X 4) X (10° X 107)
=244 x 1007

Regroup factors.

Add the exponents on 10 and multiply
the other parts.

Simplify.
Convert 24.4 to scientific notation:
24.4 = 2,44 X 10\,

10' X 107 = 10""C% = 107°

=244 x 107
= (2.44 x 10") x 107

=244 x 1073
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1.8 X 10* (1.8> <104>
b. ———— =\|—= ) X | 7= ] Regroup factors.

3 X 1072 3 1072

= 0.6 X 1042 Subtract the exponents on 10 and divide
the other parts.

= 0.6 x 10° Simplify: 4 — (—2) = 4 + 2 = 6.

= B onvert 0.6 to scientific notation:

6 X107 x 10° ¢ 0.6 fi

0.6 =6 X107,

=6 X 10° 107" X 10% = 107'*6 = 10° cee

¢ Check Point 5 Perform the indicated computations, writing the answers in
scientific notation:

1.2 x 10°
. (7.1 X 10°)(5 x 1077 .
a ( X ) 3% 107
Applications: Putting Numbers in Perspective

Due to tax cuts and spending increases, the United States began accumulating
large deficits in the 1980s. To finance the deficit, the government had borrowed
$15.2 trillion as of December 2011. The graph in Figure P.10 shows the national debt
increasing over time.

The National Debt

—_
=)}

15.2

—_
W

—_
~

—_
(O8]

—_
[\

_ =
S =

— N W R LN 0 O

1980 1985 1990 1995 1996 1997 1998 1999 2000 2001 2002 2003 2004 2005 2006 2007 2008 2009 2010 2011
Year

FIGURE P.10
Source: Office of Management and Budget

Example 6 shows how we can use scientific notation to comprehend the meaning
of a number such as 15.2 trillion.

EXAMPLE 6 The National Debt

As of December 2011, the national debt was $15.2 trillion, or 15.2 X 102 dollars.
At that time, the U.S. population was approximately 312,000,000 (312 million), or
3.12 X 10%. If the national debt was evenly divided among every individual in the
United States, how much would each citizen have to pay?
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SOLUTION

The amount each citizen must pay is the total debt, 15.2 X 10'? dollars, divided by
the number of citizens, 3.12 X 108

152 x 102 (15.2> " <1012>
3.12 x 108 3.12 108
~ 4.87 x 101278
= 4.87 x 10*
= 48,700

Every US. citizen would have to pay approximately $48,700 to the federal
government to pay off the national debt.

O Check Point 6 As of December 2011, the United States had spent
$2.6 trillion for the wars in Iraq and Afghanistan. (Source: costsofwar.org) At
that time, the U.S. population was approximately 312 million (3.12 X 10%). If the
cost of these wars was evenly divided among every individual in the United States,
how much, to the nearest hundred dollars, would each citizen have to pay?

An Application: Black Holes in Space

The concept of a black hole, a region in space where matter appears to vanish, intrigues
scientists and nonscientists alike. Scientists theorize that when massive stars run out
of nuclear fuel, they begin to collapse under the force of their own gravity. As the star
collapses, its density increases. In turn, the force of gravity increases so tremendously
that even light cannot escape from the star. Consequently, it appears black.

A mathematical model, called the Schwarzchild formula, describes the critical
value to which the radius of a massive body must be reduced for it to become a black
hole. This model forms the basis of our next example.

EXAMPLE 7 An Application of Scientific Notation

Use the Schwarzchild formula

_2GM

C2

Ry

where

R, = Radius of the star, in meters, that would cause it to become a black hole
M = Mass of the star, in kilograms
G = A constant, called the gravitational constant

=6.7 x 1071

kg - s?
¢ = Speed of light
= 3 X 10% meters per second

to determine to what length the radius of the sun must be reduced for it to become
a black hole. The sun’s mass is approximately 2 X 10** kilograms.

SOLUTION
2GM
R, = 5 Use the given model.
Cc
_2X67X 107! x 2 x 10%° Substitute the given values:
- (3 % 108’ G=67x10",M=2x10%, and
c =3 X10°

L (2Xx67x2)x (107 x 10*)
(3 x 108

—11+30
— 26.8 X 10 Add exponents in the numerator. Raise each
32 % (108)2 factor in the denominator to the power.

Rearrange factors in the numerator.
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268 x 10"

9 x 10'°
268
9
~ 2.978 x 10°

= 2978

X 1019—16
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Multiply powers to powers:
(10%)* = 10%2 = 10"

When dividing expressions with the same
base, subtract the exponents.

Simplify.

Although the sun is not massive enough to become a black hole (its radius is
approximately 700,000 kilometers), the Schwarzchild model theoretically indicates
that if the sun’s radius were reduced to approximately 2978 meters, that is, about
2351% its present size, it would become a black hole.

O Check Point 7 The speed of blood, S, in centimeters per second, located
r centimeters from the central axis of an artery is modeled by

S = (1.76 X 10°)[(1.44 X 1072) — r?.

Find the speed of blood at the central axis of this artery.

- -

Image © photobank.kiev.ua, 2009

Confronting a national debt of $15.2 trillion starts with grasping
just how colossal $1 trillion (1 X 10'?) actually is. To help you
wrap your head around this mind-boggling number, and to put the
national debt in further perspective, consider what $1 trillion will
buy:

40,816,326 new cars based on an average sticker price of $24,500

each

5,574,136 homes based on the national median price of $179,400
for existing single-family homes

one year’s salary for 14.7 million teachers based on the average
teacher salary of $68,000 in California

the annual salaries of all 535 members of Congress for the next
10,742 years based on current salaries of $174,000 per year

the salary of basketball superstar LeBron James for 50,000 years
based on an annual salary of $20 million

e annual base pay for 59.5 million U.S. privates (that’s 100 times the total number of active-duty soldiers in the
Army) based on basic pay of $16,794 per year

e salaries to hire all 2.8 million residents of the state of Kansas in full-time minimum-wage jobs for the next
23 years based on the federal minimum wage of $7.25 per hour

Source: Kiplinger.com

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

The product rule for exponents states that
p"-pt = . When multiplying exponential

expressions with the same base, the exponents.
m

The quotient rule for exponents states that o

,b # 0.When dividing exponential expressions
with the same nonzero base, the exponents.
Ifb # 0,thenb’ = ____

The negative-exponent rule states thatb™" = ___

b # 0.

True or false: 52 = =5

10.

Negative exponents in denominators can be evaluated
using ;% = __, b # 0.

1
True or false: — = 8

A positive number is written in scientific notation
when it is expressed in the form a X 10", where a is
and n is

a/an .
True or false: 4 X 103 is written in scientific notation. ____
True or false: 40 X 10? is written in scientific

notation.
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Evaluate each exponential expression in Exercises 1-22.

1.

11.
13.
15.

17.

19.

21.

© 3 »ow

5%2.2
(-2)°
_26
(-3)°
_30
4—3
2%2.23
@’

2.
4.
6.
8.
10.
12.
14.
16.

18.

20.

22.

62:2
-2
—04
(-9)"
_90

Simplify each exponential expression in Exercises 23—64.

23.
25.
27.
29.
31.
33.

35 —

37.

39.

41.

43.
45.
47.

49.

51

53.

55.

57.

59.

61.

x_zy
x°y5
x>
5 yl0
@)’

)’

~7

(8x%)°

4\3
(-3)

(=3x%y%)

(3x4) (2x7)
(—9x°y)(—2x%y%)
8 x20

2t

25413 p*

—5a*b*

147

7 b 14

(4x%)?

24x3y°

32x7y7?

)

—154*p* \’
Sal()bf3

=

24.
26.
28.
30.
32.
34.

36.

38.

40.

42.

4.
46.
48.

50.

52.

54.

56.

58.

60.

62.

xy_3

x7y0

PRI
X 0. x12
(1Y’
(%

x30

xlO

x30

x*lO

(6x%)°

6 3
=})
(=3x*y%)°
(11x°)(9x'?)
(=5x*y)(—6xTy')
20x%4

10x°
35a'4p®
-74’b*
20610
1062
(10x2)7°

10x*y?
30x12y73

()

~30a"p%\’
< 10a'"p7 >

63.

65.
67.
69.
71.
73.
75.

3a75p \°
( 12a3b4>

3.8 X 107

6 x 107

-7.16 x 10°

7.9 x 107!
—4.15 X 1073
—6.00001 x 10

4 75b3 0
64. < L )
12a°b™
In Exercises 65-76, write each number in decimal notation
without the use of exponents.

66
68
70,
72
74
76

. 9.2 X 10?

.7 X 107

. —8.17 x 10°

. 6.8 x 107!

. —3.14 x 1073

. —7.00001 X 10

In Exercises 77-86, write each number in scientific notation.

71.
79.
81.
83.
85.

32,000
638,000,000,000,000,000
—5716

0.0027

—0.00000000504

78.
80.
82.
84.
86.

64,000
579,000,000,000,000,000
—3829

0.0083

—0.00000000405

In Exercises 87-106, perform the indicated computations. Write
the answers in scientific notation. If necessary, round the decimal
factor in your scientific notation answer to two decimal places.

87.
89.
91.
93.

95.

97.

99.

101.

103.

105.

(3 X 10%(2.1 X 10%)

(1.6 X 105)(4 x 1071h

(6.1 X 1078)(2 x 107%)

(4.3 X 108)(6.2 X 10%

8.4 x 10°

4 % 10°

3.6 x 10*

9 X 1072

4.8 X 1072

2.4 x 10°

2.4 %1072

4.8 x 107°

480,000,000,000
0.00012

0.00072 X 0.003
0.00024

Practice Plus

88.
90.
92.
9.

96.

98.

100.

102.

104.

106.

(2 X 10%(4.1 X 10%)

(1.4 x 10%)(3 x 107

(5.1 X 1078)(3 x 1074

(8.2 X 10%)(4.6 X 10%

6.9 x 10%

3 X 10°

12 x 10*

2 X 1072

7.5 X 1072

2.5 x 10°

1.5 X 1072

3x10°

282,000,000,000
0.00141

66,000 X 0.001
0.003 x 0.002

In Exercises 107-114, simplify each exponential expression.
Assume that variables represent nonzero real numbers.

107.

109.

111.

(%) °
2y
(2xyz7%)(2x) 7

< Byt >—2
By

108

(y??
Ty

110. 3x*yz7)(3x)3

4.5.6 \—4
x*y’z
2. <456>

x 'y Cz



” @2y A2ty P16y’

1 -3,,-5\2
(2xy™)
1 -3 —1\2 — -2 —3,0
14, @ Xy TRy (0% )
: 2 —4_—6\2
2xy™)

Application Exercises

The bar graph shows the total amount Americans paid in federal
taxes, in trillions of dollars, and the U.S. population, in millions,
from 2007 through 2010. Exercises 115-116 are based on the
numbers displayed by the graph.

Federal Taxes and the United States Population

[/ Federal Taxes Collected Population
$3.00 350

9 £25 2.57 303 2.52 306 308 309
L~ $250F -1300 =
E 2ol 2 £
3 T_g $2.00 - —250 E
$% $1.50F 4200 2
< £ )
E g 2
=2 $1.00[ 4150 E
o o
e\l L . o
2 $0.50 100 ~

2007 2008 2009 2010

Year

Sources: Internal Revenue Service and U.S. Census Bureau

115. a. In 2010, the United States government collected
$2.17 trillion in taxes. Express this number in scientific
notation.

b. In 2010, the population of the United States was
approximately 309 million. Express this number in
scientific notation.

c¢. Use your scientific notation answers from parts (a)
and (b) to answer this question: If the total 2010 tax
collections were evenly divided among all Americans,
how much would each citizen pay? Express the answer
in decimal notation, rounded to the nearest dollar.

116. a. In 2009, the United States government collected
$2.20 trillion in taxes. Express this number in scientific
notation.

b. In 2009, the population of the United States was
approximately 308 million. Express this number in
scientific notation.

c¢. Use your scientific notation answers from parts (a)
and (b) to answer this question: If the total 2009 tax
collections were evenly divided among all Americans,
how much would each citizen pay? Express the answer in
decimal notation, rounded to the nearest dollar.

In the dramatic arts, ours is the era of the movies. As
individuals and as a nation, we’ve grown up with them. Our
images of love, war, family, country—even of things that
terrify us—owe much to what we’ve seen on screen. The bar
graph at the top of the next column quantifies our love for
movies by showing the number of tickets sold, in millions, and
the average price per ticket for five selected years. Exercises
117-118 are based on the numbers displayed by the graph.
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United States Film Admissions
and Admission Charges

I Tickets Sold [ Price per Ticket

1600 790 ¢
= 1400 1380 1380 1340 O
23 1190 1210 e}
§% 1200 $6 =
EE 1000 $5 8
5 -2 5]
=800 $4 8
=% E
Sz 60 5 5
22 400 $2 £
E 200 $1 4

1990 1995 2000 2005 2010
Year

Source: Motion Picture Association of America

117. Use scientific notation to compute the amount of money that
the motion picture industry made from box-office receipts
in 2010. Express the answer in scientific notation.

118. Use scientific notation to compute the amount of money that
the motion picture industry made from box office receipts in
2005. Express the answer in scientific notation.

119. The mass of one oxygen molecule is 5.3 X 10723 gram. Find
the mass of 20,000 molecules of oxygen. Express the answer
in scientific notation.

120. The mass of one hydrogen atom is 1.67 X 1072* gram. Find
the mass of 80,000 hydrogen atoms. Express the answer in
scientific notation.

121. There are approximately 3.2 X 107 seconds in a year.
According to the United States Department of Agriculture,
Americans consume 127 chickens per second. How many
chickens are eaten per year in the United States? Express
the answer in scientific notation.

122. Convert 365 days (one year) to hours, to minutes, and, finally,
to seconds, to determine how many seconds there are in a
year. Express the answer in scientific notation.

Writing in Mathematics

123. Describe what it means to raise a number to a power. In
your description, include a discussion of the difference
between —5% and (—5)>.

124. Explain the product rule for exponents. Use 23+ 2° in your
explanation.

125. Explain the power rule for exponents. Use (32)4 in your

explanation.
8

126. Explain the quotient rule for exponents. Use — in your
explanation.

127. Why is (—3x%)(2x7>) not simplified? What must be done to
simplify the expression?

128. How do you know if a number is written in scientific notation?

129. Explain how to convert from scientific to decimal notation
and give an example.

130. Explain how to convert from decimal to scientific notation
and give an example.

131. Refer to the Blitzer Bonus on page 29. Use scientific notation
to verify any three of the bulleted items on ways to spend
$1 trillion.
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Critical Thinking Exercises
Make Sense? In Exercises 132—135, determine whether each

statement makes sense or does not make sense, and explain your

reasoning.

132. There are many exponential expressions that are equal

to 36x'2, such as (6x°)7, (6x°)(6x°), 36(x)’, and 62(x?)°.

133. If 572 is raised to the third power, the result is a number

between 0 and 1.
134. The population of Colorado is approximately 4.6 X 10'2.

135. Ijust finished reading a book that contained approximately

1.04 X 10° words.

Group Exercise

147.

Putting Numbers into Perspective. A large number can
be put into perspective by comparing it with another
number. For example, we put the $15.2 trillion national debt
(Example 12) and the $2.17 trillion the government collected
in taxes (Exercise 115) by comparing these numbers to the
number of U.S. citizens.

For this project, each group member should consult an
almanac, a newspaper, or the Internet to find a number
greater than one million. Explain to other members of the
group the context in which the large number is used. Express
the number in scientific notation. Then put the number into

. . . perspective by comparing it with another number.
In Exercises 136—143, determine whether each statement is true

or false. If the statement is false, make the necessary change(s) to

produce a true statement. . .
Preview Exercises

-2 -3 -2 -5
136. 4 j 4 4 137. 52 >_22 s s Exercises 148-150 will help you prepare for the material covered
138. (-2)" =2 139. 5°-5 ; 2.2 in the next section.
8 X 10 .
140. 534.7 = 5347 x 10° ML =2 % 107 148. a. Find V16- V4.
4 %10 b. Find \/16-4.

5 -3y — 2
142, (7 X10°) + (2 X 107) = 9 X 10 c. Based on your answers to parts (a) and (b), what can you

143. (4 X 10°) + (3 X 10%) = 4.3 x 10° conclude?

144. The mad Dr. Frankenstein has gathered enough bits and 149. a. Use a calculator to approximate V300 to two decimal
pieces (so to speak) for 27! + 272 of his creature-to-be. places.
Write a fraction that represents the amount of his creature b. Use a calculator to approximate 10V/3 to two decimal
that must still be obtained. places.

145. If b* = MN,b" = M,and b” = N, what s the relationship ¢. Based on your answers to parts (a) and (b), what can you

among A, C, and D?

146. Our hearts beat approximately 70 times per minute. Express 150
in scientific notation how many times the heart beats over )
a lifetime of 80 years. Round the decimal factor in your b.
scientific notation answer to two decimal places.

conclude?

o

. Simplify: 21x + 10x.
Simplify: 21V?2 + 10V/2.

SECTION P.3

Radicals and Rational Exponents

This photograph shows

mathematical models used by

Albert Einstein at a lecture on

relativity. Notice the radicals that
appear in many of the formulas.
Among these models, there is one
describing how an astronaut in a
moving spaceship ages more slowly
than friends who remain on Earth.
No description of your world can
be complete without roots and

Evaluate square roots.
Simplify expressions of
the form \/a2.

Use the product rule to
simplify square roots.

Use the quotient rule to
simplify square roots.

© 0 6 0 © 00

Add and subtract square
roots.

Rationalize denominators.
Evaluate and perform

operations with higher roots.

Understand and use
rational exponents.

y,

radicals. In this section, in addition
to reviewing the basics of radical
expressions and the use of rational
exponents to indicate radicals, you
will see how radicals model time
dilation for a futuristic high-
speed trip to a nearby star.
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Evaluate square roots. Square Roots
From our earlier work with exponents, we are aware that the square of both 5 and
—5is25:
52=125 and (-5)® =25.

The reverse operation of squaring a number is finding the square root of the number.
For example,

 One square root of 25 is 5 because 5° = 25.

 Another square root of 25 is —5 because (—5)? = 25.

In general, if b*=a,thenbisa square root of a.
The symbol V' is used to denote the nonnegative or principal square root of a
number. For example,

e /25 = 5because 5> = 25 and 5 is positive.
e V100 = 10 because 10> = 100 and 10 is positive.

The symbol V' that we use to denote the principal square root is called a radical
sign. The number under the radical sign is called the radicand. Together we refer to
the radical sign and its radicand as a radical expression.

Radical sign \a Radicand

Radical expression

Definition of the Principal Square Root

If a is a nonnegative real number, the nonnegative number b such that b*> = a,
denoted by b = Va, is the principal square root of a.

The symbol —V/ is used to denote the negative square root of a number. For
example,

e —\V/25 = —5because (—5)> = 25 and —5 is negative.
e —\V/100 = —10 because (—10)?> = 100 and —10 is negative.

EXAMPLE 1 Evaluating Square Roots

Evaluate:
1
wVoE b VB e[ 4 Vo6 e VO Vie
SOLUTION
. a. \/674 =38 The principal square root of 64 is 8. Check: 8% = 64.
GREAT QUESTION! b. —V49 = -7 The negative square root of 49 is —7. Check: (—7)% = 49.
Is\/a+bequalt0\/t;+\/l;? 1 1 o o N2 1
No. In Example 1, parts (d) and C. 12 The principal square root of 7 is 3. Check: (5) =z
E;Z)l;;)lbtscf%thj—t \/1976%132212?;1, d. V9 + 16 = V25 First simplify the expression under the radical sign.
\/m -~ \/g + \/l; =5 Then take the principal square root of 25, which is 5.
and e. V9+V16=3+4 9 =3because3 = 9. V16 = 4 because 4% = 16.

Va—-b# Va-\b.

=7
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@ Check Point 1 Evaluate:
a. \V/81 b. —\/9 e L
d. V36 + 64 e. V36 + Vo4,

A number that is the square of a rational number is called a perfect square. All
the radicands in Example 1 and Check Point 1 are perfect squares.

* 641is a perfect square because 64 = 8% Thus, V64 = 8.
1 1

1. 1_ (1Y \F _
4 isa perfect square because 1= < 2) . Thus, 1" 7

Let’s see what happens to the radical expression Vx if x is a negative number. Is
the square root of a negative number a real number? For example, consider V—25.
Is there a real number whose square is —25? No. Thus, V—25 is not a real number. In
general, a square root of a negative number is not a real number.

If a number a is nonnegative (a = 0), then (Va)> = a. For example,

(V2)2 =2, (V3)?=3, (V4)’=4, and (V5)*=5.

Simplify expressions of the form Simplifying Expressions of the Form \Va?

2 . . . .
Va?. You may think that Va® = a. However, this is not necessarily true. Consider the
following examples:

\/4> =V16 =4 The result is not —4, but rather
A /(_4)2 — A /16 =4 the absolute value of —4, or 4.

Here is a rule for simplifying expressions of the form Va2

Simplifying Va2
For any real number a,

Va? = |al.

In words, the principal square root of a? is the absolute value of a.

For example, V6> = |6] = 6 and V/(=6)2 = |—6| = 6.

Use the product rule to simplify The Product Rule for Square Roots
square roots. A rule for multiplying square roots can be generalized by comparing \V/25- V4 and
\/25 - 4. Notice that

V25 -\V4=5-2=10 and V25-4 = V100 = 10.

Because we obtain 10 in both situations, the original radical expressions must be

equal. That is,
V25- V4 = V254

This result is a special case of the product rule for square roots that can be generalized
as follows:

The Product Rule for Square Roots

If @ and b represent nonnegative real numbers, then

Vab =Va-Vb and Va-Vb = Vab.
/ A

The square root of a product The product of two square

is the product of the square roots is the square root
roofs. of the product of the radicands.
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A square root is simplified when its radicand has no factors other than 1 that are
perfect squares. For example, V' 500 is not simplified because it can be expressed as

100+ 5 and 100 is a perfect square. Example 2 shows how the product rule is used
to remove from the square root any perfect squares that occur as factors.

EXAMPLE 2 Using the Product Rule to Simplify Square Roots

Simplify:
a. V/500 b. Véx-V3x.
SOLUTION

a. V500 = V100-5 Factor 500. 100 is the greatest perfect square factor.
=V 100\@ Use the product rule: Vab = Va- Vb.

= 10\/5 Write V100 as 10. We read 10\V/5 as “ten times the square
root of 5.”

b. We can simplify Véx - \V3x using the product rule only if 6x and 3x
represent nonnegative real numbers. Thus, x = 0.

\/67(' \/:g = Vobx-3x Use the product rule: VaVb = Vab.

= \V18x? Multiply in the radicand.
= \Vox?-2 Factor18. 9 is the greatest perfect square factor.

= \V9x? \/i Use the product rule: Vab = Va- \Vb.
= \[9\/)? \/2 Use the product rule to write V 9% as the

product of two square roots.

=3x\V2 \/)?:\x\:xbecausexzo. eoo

GREAT QUESTION!

When simplifying square roots, what happens if I use a perfect square factor that isn’t the
greatest perfect square factor possible?

You’ll need to simplify even further. For example, consider the following factorization:

V500 = V25 - 20 = V2520 = 5V/20.

25 is a perfect square factor of 500, but not the greatest perfect square factor.

Because 20 contains a perfect square factor, 4, the simplification is not complete.
5V20 = 5V4-5 = 5V4V5 = 5:2V/5 = 10V/5

Although the result checks with our simplification using V500 = V100 -5, more work is
required when the greatest perfect square factor is not used.

@ Check Point 2 Simplify:
a. V75 b. V5x+-V10x.

o Use the quotient rule to simplify The Quotient Rule for Square Roots

square roots. Another property for square roots involves division.

The Quotient Rule for Square Roots

If a and b represent nonnegative real numbers and b # 0, then

a _Va Va a
— = — and = /.

b, b Vb, b
/ i

The quotient of two square
roots is the square root
of the quotient of the radicands.

The square root of a quotient
is the quotient of the
square roots.
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EXAMPLE 3 Using the Quotient Rule to Simplify Square Roots

Simplify:
100 48x3
a ./ — b. .
9 Vx
SOLUTION
100 _ Vioo _ 10
9 V9 3

b. We can simplify the quotient of V' 48x> and Véx using the quotient rule only
if 48x> and 6x represent nonnegative real numbers and 6x # 0. Thus, x > 0.

\/M 483 5 2 _ 2 _
e =\ e = V8x = Vax'\V2 = V4AVV2 = 2xV2

V% = |x| = x because x > 0.
[ X N J

@ Check Point 3 Simplify:

W B b, Y 150x°
V16 C Vo
e Add and subtract square roots. Adding and Subtracting Square Roots

Two or more square roots can be combined using the distributive property provided
GREAT QUESTION! that they have the same radicand. Such radicals are called like radicals. For example,
Should like radical ind
ot ke termer L romname V11 + 6V11 = (7 + 6)V11 = 13V11.
Yes'. Adqing O_r SUbtraCtipg like 7 square roots of 11 plus 6 square roots of 11 result in 13 square roots of 11.
radicals is similar to adding or
subtracting like terms:

Tx + 6x = 13x EXAMPLE 4 Adding and Subtracting Like Radicals
and Add or subtract as indicated:
V11 + 6V11 = 13V1L a. 7V2 +5V2 b. V/5x — 7V/5x.
SOLUTION
a. 7\/2 + 5\6 = (7 + 5)\/2 Apply the distributive property.
=12V2 Simplify.

b. \/57)6 - 7\/57)6 = 1\/57)6 — 7\/57)6 Write VBx as 1V/Bx.

= (1 - 7)\/5; Apply the distributive property.
= _6\/5736 Simplify. X

@ Check Point 4 Add or subtract as indicated:

a. 8V13 + 913 b. V17x — 20\V/17x.

In some cases, radicals can be combined once they have been simplified. For
example, to add /2 and \/g, we can write \/8 as V42 because 4 is a perfect
square factor of 8.

V2+V8=V2+ Va2=1V2+2V2=(1+2V2=3V2
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FIGURE P.11 The calculator screen
shows approximate values for

1 V3
——and —.

V3 3
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EXAMPLE 5 Combining Radicals That First Require Simplification

Add or subtract as indicated:

a. 7V3 + V12 b. 4V50x — 6\V/32x.

SOLUTION
a. 7V3 + V12

=7V3+ V43 Split 12 into two factors such that oneis a
perfect square.

=7V3 +2\V3 V43 = Va3 = 213

=(7+ 2)\@ Apply the distributive property. You will find that
this step is usually done mentally.

=9V3 Simplify.

b. 4V50x — 6V 32x

= 4V25-2x — 6\V16+2x  25is the greatest perfect square factor of 50x and
16 is the greatest perfect square factor of 32x.
=4:5V2x — 6-4V2x  V/25-2x = V25V2x = 5\/2x and
16-2x = V16V2x = 4V/2x.

= 20\/27)6 - 24\/27)6 Multiply: 4-5 = 20 and 6 -4 = 24.
= (20 — 24)\/27)6 Apply the distributive property.
= —4\/27)6 Simplify. XY

O Check Point 5 Add or subtract as indicated:

a. 5\V27 + V12 b. 6\V18x — 4\/8x.

Rationalizing Denominators

- . 1 3
The calculator screen in Figure P.11 shows approximate values for V3 and R The
two approximations are the same. This is not a coincidence:

1 _ 1 V3 V3 V3
V3ooVE V3 Ve 3

Any number divided by itself is 1.
Multiplication by 1 does not change

the value of —.

V3

This process involves rewriting a radical expression as an equivalent expression
in which the denominator no longer contains any radicals. The process is called
rationalizing the denominator. If the denominator consists of the square root
of a natural number that is not a perfect square, multiply the numerator and the
denominator by the smallest number that produces the square root of a perfect
square in the denominator.

EXAMPLE 6 Rationalizing Denominators

Rationalize the denominator:

12
b. —.

15
Vo6 Vs

a.
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GREAT QUESTION!

What exactly does rationalizing a
denominator do to an irrational
number in the denominator?

Rationalizing a numerical
denominator makes that
denominator a rational number.

SOLUTION 15
a. If we multiply the numerator and the denominator of —— by \/8, the

6
denominator becomes V6 V6 = /36 = 6. Therefore, we multiply by 1,

6
choosing —— for 1.

V6
15 Ve _15Ve _15Ve _ 5Ve

15
Ve Ve Ve o V36 6 2
Multiply by 1. Simplify: ¥ = 55 =

Nl

b. The smallest number that will produce the square root of a perfect square

12
in the denominator of A is V2 , because V8-V2 = V16 = 4. We
8

2
multiply by 1, choosing i for 1.

V2
2 12 \/5_12\/2_12\6:3\/2

Ve VB V2 Vie o 4
@ Check Point 6 Rationalize the denominator:

5 6
a —— b. ——.

V3 V12

Radical expressions that involve the sum and difference of the same two terms
are called conjugates. Thus,

\/5-1—\/[; and \f—\/l;

are conjugates. Conjugates are used to rationalize denominators because the product
of such a pair contains no radicals:

Multiply each term of \/a— /b
by each term of Va + Vb.
(Va +Vb)(Va —Vb)

~ Va(Va - VB) + Vb(Va - VB)

Distribute \Va_ Distribute \/b_

over Va—Vb. over Va—Vb.
—\Va-Va—-a-VB+\b-Va- Vb
= (Va)’ = Vab + Vab — (Vb)’

—Vab+Vab=0
= (Va)’ = (Vb)’

a — b.

Multiplying Conjugates
(Va+Vb)(Va-Vb) = (Va)y - (VbR =a-b
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How can we rationalize a denominator if the denominator contains two terms
with one or more square roots? Multiply the numerator and the denominator by the
conjugate of the denominator. Here are three examples of such expressions:

7 8 h
* ——— e ——— L
5+V3 3V2 — 4 Vx+h—Vx
The conjugate of the The conjugate of the The conjugate of the
denominator is 5 — V3. denominator is 3\/2+ 4. denominator is VX + A + Vx.

The product of the denominator and its conjugate is found using the formula
(Va+ Vb)(Va—Vb)=(Va)? - (Vb)?=a-b

The simplified product will not contain a radical.

EXAMPLE 7 Rationalizing a Denominator Containing Two Terms

Rationalize the denominator: #
5+V3
SOLUTION

The conjugate of the denominator is 5 — V3. 1f we multiply the numerator and
denominator by 5 — \/3 the simplified denominator will not contain a radical.

5-
Therefore, we multiply by 1, choosing ——— for 1.

5-V3
77 5=V3 ( V3) 765 -V3)
54V3 5+V3 5-V3 - (Vap 25 -3

Multiply by 1. (Va+Vb)(Va-Vb)
=(Vaf - (Vbf

75-V3) 35-7V3

22 22

In either form of the answer, there
is no radical in the denominator.

@ Check Point 7 Rationalize the denominator:

_8

4+ V5

Evaluate and perform operations Other Kinds of Roots

with higher roots. We define the principal nth root of a real number a, symbolized by Va, as follows:

Definition of the Principal nth Root of a Real Number
\Va = b means that " = a.

If n, the index, is even, then a is nonnegative (¢ = 0) and b is also nonnegative
(b = 0). If nis odd, a and b can be any real numbers.

For example,
V64 = 4because 4 = 64 and V/—32 = —2 because (—2)° = -32.

The same vocabulary that we learned for square roots applies to nth roots. The
symbol V' is called a radical and the expression under the radical is called the radicand.
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GREAT QUESTION!

Should I know the higher roots 3 33
of certain numbers by heart? V8=V2=21n general, one

Some higher roots occur so root of a perfect nth power:

frequently that you might want to

A number that is the nth power of a rational number is called a perfect nth
power. For example, 8 is a perfect third power, or perfect cube, because 8 = 23, Thus,

of the following rules can be used to find the nth

memorize them.

Finding nth Roots of Perfect nth Powers
If n is odd, \'7; = a.

Cube Root . n
Hhe oot If n is even, Va" = |al.
vi=1 vi25=5
V8 =2 V216 = 6 For example,
V27 =3 V1000 = 10 ; 4
-2y =2 d —2) =2 =2
o -2) and  V(2)' = |2
Fourth Roots Fifth Roots Absolute v{alue is not ne?ded with odd
roots, but is necessary with even roots.
T =1 vVi=1
5 _ .
V16 = 2 V32 =2 The Product and Quotient Rules for Other Roots
V8l =3 V243 =3 The product and quotient rules apply to cube roots, fourth roots, and all higher roots.
/256 = 4
V625 = 5 The Product and Quotient Rules for nth Roots

For all real numbers a and b, where the indicated roots represent real numbers,

Vab=Va-\/b  and Va-Vb=Vab
A A

The 7th root of a product The product of two 72t roots

is the product of the n2th roots. is the 72th root of the product
of the radicands.

nl a \n/Zl \n/Zl (z/;
- = ,b#0 and — =./7,b#0.
b (\\”/[} b (\ b

The nth root of a quotient
is the quotient of the 7th roots.

The quotient of two 72th roots
is the 7th root of the quotient
of the radicands.

EXAMPLE 8 Simplifying, Multiplying, and Dividing Higher Roots
b. /8 - /4 e 5

SOLUTION
a. V24 = V/8-3 Find the greatest perfect cube that is a factor of 24. 2% = 8, s0
& is a perfect cube and is the greatest perfect cube factor of 24.

= V8- V3 Vab=a Vb
=2V3 Ve =2

Simplify: a. V24

b. V8- V4 = V84 Va- /b= Vab
= \4/:5 Find the greatest perfect fourth power that is a factor
of 32.

= V16-2

2* =16,5016is a perfect fourth power and is the
greatest perfect fourth power that is a factor of 32.

V6V Vab = Var Vs
=2V2 V16 =2
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c 4&_ 481 néi\”/;
"N16 T Wi VE o U

3 , ,
= 5 \"l/a = 3 because 3* = &1 and \4/15 = 2 because 2* = 16. oo o

¢Check Point 8 Simplify:
a. % b. \S/EE\S/E; e o 125

27"

We have seen that adding and subtracting square roots often involves simplifying
terms. The same idea applies to adding and subtracting higher roots.

EXAMPLE 9 Combining Cube Roots
Subtract: 5V/16 — 11V/2.

SOLUTION
5V16 — 11V/2

= 5V8:2 — 11V2  Factor16. & is the greatest perfect cube factor:
2° = Band Vo = 2.

=5.2V2 - 11V2 Va-2=VaV2=2V2
=10V2 - 11V2  Multiply:5-2 = 10.
= (10 — 11)\3/2 Apply the distributive property.

= _1%01' _\3/2 Simplify. XY
¢Check Point 9 Subtract: 3V/81 — 4V/3.

0 Understand and use rational Rational Exponents

exponents. We define rational exponents so that their properties are the same as the properties

for integer exponents. For example, we know that exponents are multiplied when an
exponential expression is raised to a power. For this to be true,

() =722 =7 =7

We also know that
(V7)2=V7-V7=V49 =7.
1
Can you see that the square of both 72 and \/7is 7? It is reasonable to conclude that
1
72 means V7.
1
We can generalize the fact that 7> means /7 with the following definition:
1
The Definition of a"
If Va represents a real number, where n = 2 is an integer, then

1 n

The denominator of the rational
exponent is the radical’s index.

Furthermore,
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EXAMPLE 10 Using the Definition of a

Simplify:1 . . .
a. 642 b. 125 ¢ —16* d. (-27)} e. 64
SOLUT |1o N
a. 647 = V64 =8
1
b. 1259 = V/125 = 5
The denominator is the index.
1
¢ —16% = —(V16) = 2
The base is 16 and the negative sign is not affected by the exponent.
1
d. (273 = V=27 = -3
Parentheses show that the base is —27 and that the negative sign is affected by the exponent.
_1
ot _ 1 1
643 \3/674 4
1 1
d. (-8)° e. 273

@ Check Point 10 Simplify: 1
a. 25 b. & c. —817

In Example 10 and Check Point 10, each rational exponent had a numerator of 1.

If the numerator is some other integer, we still want to multiply exponents when

raising a power to a power. For this reason,
32 3 2
3 and a? = (a°)3.

2
This means (%)z. This means \3/1/17.

Thus,
Z 3\ _ N2
a’ = ( \/L;) = Va“.
Do you see that the denominator, 3, of the rational exponent is the same as the index

of the radical? The numerator, 2, of the rational exponent serves as an exponent in
each of the two radical forms. We generalize these ideas with the following definition:

m
The Definition of a"
If \/a represents a real number and o isa positive rational number,n = 2, then

Also,
m
a” = \Va™.
m
. -n .
Furthermore,if @ ~ is a nonzero real number, then
-1
a = -m.
a n
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Here are the calculator keystroke

sequences for 81"
Many Scientific Calculators
81 [y[(3[*1][=]4D][=]

Many Graphing Calculators

81 [2][([@]s[+ ]4D] [ENTER].
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m

The first form of the definition of a”, shown again below, involves taking the root
first. This form is often preferable because smaller numbers are involved. Notice that
the rational exponent consists of two parts,indicated by the following voice balloons:

The numerator is the exponent.

o,
a” = (Vay".

The denominator is the radical’s index.

EXAMPLE 11 Using the Definition of a'

implify:
Slmply2 X

2 3
a. 27° b. 9° e 81°°
SOLUTION
a273=(\f)2—32—9
b. 0 — (V9)? = 27

3

C.81Z=%=71 =1=1 eoe
gt (Vs 327
‘¢ Check Point 11 Simplify:
a. 27% b. 4% c. 327%.

Properties of exponents can be applied to expressions containing rational
exponents.

EXAMPLE 12 Simplifying Expressions with Rational Exponents

Simplify using properties of exponents:
5

3 3
a. <5xl2)(7x4) b. 32x )
16x

EN[ON)

SOLUTION
(52) (7,1) 2.
a. \Sx?/\7x*) = 5-7x%-x* Group numerical factors and group variable factors
with the same base.

1,3
_ 24 - . .
35x When multiplying expressions with the same base,
5 add the exponents.
— 4 1 3 _ 2 3 _5
= 35x 2ta2=42+1t2=2
5 S
32x° 32\ x°
3 E 3 Group numerical factors and group variable factors
16x* x* with the same base.
53
= 2)(3 4 When dividing expressions with the same base,
1 subtract the exponents.
= 2yl 5_3_2 _ 9 _1

3 4~ 12 12 T 12 eee

‘¢ Check Point 12 Simplify using properties of exponents:

4 8 4
a. (2x§)(5x§) b. 20); .
5x?
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Rational exponents are sometimes useful for simplifying radicals by reducing
the index.

EXAMPLE 13 Reducing the Index of a Radical
Simplify: V3.

SOLUTION

3 1
9 5 3 3
x3=x9=x3=\/); oo

@ Check Point 13 Simplify: Vx3.

B%% Bonud || A Radical Idea: Time Is Relative

The Persistence of Memory (1931), Salvador
Dali:. © 2011 MOMA/ARS.

What does travel in space have to do with
radicals? Imagine that in the future we will
be able to travel at velocities approaching
the speed of light (approximately 186,000
miles per second). According to Einstein’s
theory of special relativity, time would
pass more quickly on Earth than it would
in the moving spaceship. The special-
relativity equation

gives the aging rate of an astronaut, R,, relative to the aging rate of a friend, Ry, on Earth. In this formula, v is
the astronaut’s speed and c is the speed of light. As the astronaut’s speed approaches the speed of light, we can

substitute ¢ for v.
v \2
R, = Rp 1 — <* ) Einstein’s equation gives the aging rate of an astronaut, R,, relative
c

to the aging rate of a friend, R;, on Earth.

2
/ c
R, = Rf 1 - (;) The velocity, v, is approaching the speed of light, ¢, so let v = c.

2
=RNV1 -1 <5> = =1-1=1

c

= Rf\/6 Simplify the radicand: 1 — 1 = O.
= R0 Vo=o
=0 Multiply: R;+ 0 = O.

Close to the speed of light, the astronaut’s aging rate, R,, relative to a friend, Ry, on Earth is nearly 0. What does
this mean? As we age here on Earth, the space traveler would barely get older. The space traveler would return
to an unknown futuristic world in which friends and loved ones would be long gone.



CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. The symbol V' is used to denote the nonnegative,

or ____ square root of a number.
2. V64 = 8 because __ = 64.
3Val=_

4. The product rule for square roots states that if 2 and b
are nonnegative, then Vab =
5. The quotient rule for square roots states that if a and b

. a
are nonnegative and b # 0, then b

6. 8V3 + 10V3 =

N3+ VIS5 =V3+ V25 3=V3+_V3=_
8. The conjugate of 7 + V3is .

|

Evaluate each expression in Exercises 1-12, or indicate that the
root is not a real number.

1. V36 2. V25

3. —\V36 4. —\/25

5. V=36 6. V=25

7. V25 — 16 8. V144 + 25
9. V25 - V16 10. V144 + V25
11. V(-13)? 12. V(-17)?

Use the product rule to simplify the expressions in Exercises 13-22.
In Exercises 17-22, assume that variables represent nonnegative
real numbers.

13. \V/50 14. V27

15. \/45x2 16. \V125x2

17. V2x-Véx 18. V10x-V/8x
19. Vx? 20. V)3

21. V22 Vx 22. Vé6x-\V/3x2

Use the quotient rule to simplify the expressions in Exercises 23-32.
Assume that x > 0.

1 1
23. 31 24. 1/@
49 121
25. . [— 26. | ——
S 16 6 9
” 48x3 28 72x3
\V3x V8x
2 V150x* 30 24x*
TV T V3x
V200x3 V/500x3
31 32
T V10x! " V10x!

In Exercises 33—-44, add or subtract terms whenever possible.

33. 7V3 + 6\V3 34. 8\V/5 + 11V5
35. 6\V17x — 8\V/17x 36. 4\/13x — 6V 13x
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9. We rationalize the denominator of by

5

V0 - V2
multiplying the numerator and denominator
by .

10. In the expression V/64, the number 3 is called
the and the number 64 is called the

11. V=32 = —2 because = -32.

12. Ifnisodd, Va" = __.
Ifln iseven, Va" = ___.

13. a" =
3
14. 164 = (V16)* = (_)p =
37. V8 +3V2 38. V20 + 6V5

39. V/50x — V8x 40. \V63x — V28«
41. 3\V18 + 5V/50 42. 4\V/12 - 2\V75
43. 3V8 — V32 +3V72 - V75

44. 3\/54 — 2\/24 — V96 + 463

In Exercises 45-54, rationalize the denominator.

1 2
45, — 46. ——
V7 V10
o Y2 w Y7
Vs V3
13 3
49, — 50, ———
3+ V11 3+ V7
7 5
51— 52, —>
V5 -2 V3 -1
6 11
53— 54, ——
V5 + V3 V71-V3

Evaluate each expression in Exercises 55-606, or indicate that the
root is not a real number.

55. V125 56. /8 57. V-8
58. V/-125 59. V/~16 60. \/-81
61. V(-3)* 62. V(-2)* 63. V(-3)
64. V(-2) 65. \/—% 66. \/&

Simplify the radical expressions in Exercises 67—74 if possible.

67. /32 68. V150

69. Vx* 70. Vi

71. V9-Ve6 72. V12- V4
5 6 4 5

7. 64x 4. 162x

@
N
=
£
N
=
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In Exercises 75-82, add or subtract terms whenever possible.
75. 4V/2 + 3V/2 76. 6V/3 +2V/3
77. 5V/16 + V54 78. 3V/24 + V81
79. V/54xy® — yV/128x
80. V24xy® — yV/8lx
81. V2 + V8 82. V3 + V15

In Exercises 83-90, evaluate each expression without using a
calculator.

1 1
83. 362 84. 1212
1 1
85. 8 86. 273
2 2
87. 1253 88. &
_4 3
89. 325 90. 16 2

In Exercises 91-100, simplify using properties of exponents.

91. (7x%) (Zx%) 92. (3x%) (4x%)

1 3
2 4
03, 2 o4, 72C
5x* 9x 3
2 s
9s. ()’ 96. (x3)°

1 1
97. (25x*y%)2 98. (125x%y%)3

13 L\4
(3 ) (2y 5)
99. 1 100. 3
y12 yl0
In Exercises 101-108, simplify by reducing the index of the radical.
101. /52 102. V7
103. VxS 104, VP
105, Vx* 106. V/x0
107. V/x6y3 108. \/x4y8

Practice Plus

In Exercises 109-110, evaluate each expression.

109. V' V16 + V625
110V V169 + Vo + V1000 + V216

In Exercises 111-114, simplify each expression. Assume that all
variables represent positive numbers.

o [Felirel
)

by Bill Amend
Vo-l1=13-5-10-2-15-18-13-23-B=11-17 -11-12-22- V- 12:19
key:
_umase
Az ISV ERS [E] L
B: 5 s %‘% Sz (5x1u2)+3
el X 2 -2 T =Ny
C=sing K_]q ; i3 U = =3cosT
D:51+3 L2Gee®)edx | o
£ = Visos Mz (ge1)-(r0) __Z(s-n
Foi(4(50) : "“\‘00 %652
RN i IR A ]
3 . Y
Ho4es-hse Q= fq,ad, z:

Foxtrot © 2003, 2009 by Bill Amend/Used by permission of Universal
Uclick. All rights reserved.

trigonometry.

116.

Solve problems A through Z in the left panel. Then decode
Jason Fox’s message involving his opinion about the
mathematical abilities of his sister Paige shown on the first
line.

Hints: Here is the solution for problem C and partial
solutions for problems Q and U.

These

are _ . z . o __

- C = sin 5 = sin 90° =
2 2

Q=f9x2dx=3x3 =3-2-3-00°=___
0 0

T:us is U = —3cosm = —3cos 180° = —3(—1) =

rom

calculus.

Note: The comic strip FoxTrot is now printed in more
than one thousand newspapers. What made cartoonist Bill
Amend, a college physics major, put math in the comic? “I
always try to use math in the strip to make the joke accessible
to anyone,” he said. “But if you understand math, hopefully
you'll like it that much more!” We highly recommend the
math humor in Amend’s FoxTrot collection Math, Science,
and Unix Underpants (Andrews McMeel Publishing, 2009).

America is getting older. The graph shows the projected
elderly U.S. population for ages 65-84 and for ages 85 and
older.

Projected Elderly United States Population

Ages 65-84 [ Ages 85+

80

70 61.9 64.7 65.8
60

1ol L5 1y6
111 (49x72y%) 2(xyz) 112. (8x76y3)3(x6y 3)
51\ 1 _7\ 4
T4,3 X2y 4
1. |1 1, |2
_3 5
X 4 y 4

Application Exercises

115. The popular comic strip Fox Trot follows the off-the-wall lives
of the Fox family. Youngest son Jason is forever obsessed
by his love of math. In the math-themed strip shown at the
top of the next column, Jason shares his opinion in a coded
message about the mathematical abilities of his sister Paige.

30 473

401341

20.9
20 - 15.4
10 i 6.1 7.3 9.6 l l
m m Ul
2010 2020 2030 2040 2050
Year

Projected Population (millions)

Source: U.S. Census Bureau



117.

The formula E = 5Vx + 34.1 models the projected
number of elderly Americans ages 65-84, E, in millions,
x years after 2010.

a. Use the formula to find the projected increase in the
number of Americans ages 65-84, in millions, from 2020
to 2050. Express this difference in simplified radical
form.

b. Use a calculator and write your answer in part (a) to the
nearest tenth. Does this rounded decimal overestimate or
underestimate the difference in the projected data shown
by the bar graph on the previous page? By how much?

The early Greeks believed that the most pleasing of all
rectangles were golden rectangles, whose ratio of width to
height is

w 2

h \Vs-1
The Parthenon at Athens fits into a golden rectangle once
the triangular pediment is reconstructed.

118.

Rationalize the denominator of the golden ratio. Then use
a calculator and find the ratio of width to height, correct to
the nearest hundredth, in golden rectangles.

Use Einstein’s special-relativity equation

2
R, = Rp/1 - (E)

described in the Blitzer Bonus on page 44, to solve this
exercise. You are moving at 90% of the speed of light.
Substitute 0.9¢ for v, your velocity, in the equation. What is
your aging rate, correct to two decimal places, relative to a
friend on Earth? If you are gone for 44 weeks, approximately
how many weeks have passed for your friend?

The perimeter, P, of a rectangle with length | and width w is
given by the formula P = 21 + 2w. The area, A, is given by the
formula A = lw. In Exercises 119-120, use these formulas to
find the perimeter and area of each rectangle. Express answers in
simplified radical form. Remember that perimeter is measured in
linear units, such as feet or meters, and area is measured in square

units, such as square feet, ft*, or square meters, m>.

119.

|

.

2

120.

4V20 feet
u | L]

V125 feet

V80 feet

2V20 feet L1 [

-

Writing in Mathematics

121.
122.

Explain how to simplify /10 V/5.
Explain how to add V3 + V12,

123.

124.

125.
126.
127.

128.

Section P.3 Radicals and Rational Exponents 47

Describe what it means to rationalize a denominator. Use
1
both —=an

1
di
Vs 5+\Vs
What difference is there in simplifying V/(-5)° and
Vi(=5)%
What does a” mean?

in your explanation.

Describe the kinds of numbers that have rational fifth roots.

Why must a and b represent nonnegative numbers when
we write Va-Vb = Vab? Is it necessary to use this
restriction in the case of Va+ Vb = Vab? Explain.

Read the Blitzer Bonus on page 44. The future is now: You
have the opportunity to explore the cosmos in a starship
traveling near the speed of light. The experience will enable
you to understand the mysteries of the universe in deeply
personal ways, transporting you to unimagined levels of
knowing and being. The downside: You return from your
two-year journey to a futuristic world in which friends and
loved ones are long gone. Do you explore space or stay here
on Earth? What are the reasons for your choice?

Critical Thinking Exercises

Make Sense? In Exercises 129-132, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

129.

The joke in this Peanuts cartoon would be more effective if
Woodstock had rationalized the denominator correctly in
the last frame.

130.

131.

132.

YOURE LUCKY, PO YOU YOU DON'T HAVE TO KNOW

KNOW THAT BIRP7YOU'RE | |ABOUT RATIONALIZING THE

LUCKY BECAUSE oU DON'T | | PENOMINATOR AND DUMB
THINGS LIKE THAT

HAVE TO STUDY MATH !

=

Peanuts © 1978 Peanuts Worldwide LLC. Used by permission
of Universal Uclick. All rights reserved.

Using my calculator, I determined that 6’ = 279,936, so 6
must be a seventh root of 279,936.

I simplified the terms of 2V20 + 4\/775, and then I was
able to add the like radicals.

m
When I use the definition for a”, I usually prefer to first
raise a to the m power because smaller numbers are
involved.

In Exercises 133—136, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

133.

11
7272 = 49

134. 8

W=

=2
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135.
136.

The cube root of —8 is not a real number.

Vi _Vio

4

In Exercises 137-138, fill in each box to make the statement true.

137.
138.

139.

140.

141.

SECTION P4

5+V )5-V )=22

= 5x7

without
3+ \/
Place the correct symbol, > or <, in the shaded area
between the given numbers. Do not use a calculator. Then
check your result with a calculator.

1 1
a 32 3 b. V7 + V18 V7 + 18

a. A mathematics professor recently purchased a birthday

Find the exact value of \/ 13 + \/ 24+ ——-
the use of a calculator.

b. The birthday boy, excited by the inscription on the cake,
tried to wolf down the whole thing. Professor Mom,
concerned about the possible metamorphosis of her son
into a blimp, exclaimed, “Hold on! It is your birthday, so why

4
83 +27
3

not take of the cake? I'll eat half of what’s left

16 4+ 2!
over.” How much of the cake did the professor eat?

Exercises 142—144 will help you prepare for the material covered
in the next section.

142. Multiply: (2x3y?)(5x*y7).
143. Use the distributive property to multiply:

cake for her son with the inscription

3

5 3 1
Happy(22-24 + 24)th Birthday.

How old is the son?

Understand the vocabulary
of polynomials.

Add and subtract
polynomials.

Multiply polynomials.
Use FOIL in polynomial
multiplication.

Use special products in
polynomial multiplication.

Perform operations with
polynomials in several
variables.

Understand the vocabulary of
polynomials.

2x*(8x* + 3x).
144. Simplify and express the answer in descending powers of x:

2x(x? + 4x + 5) + 3(x* + 4x + 5).

Can that be Axl, your author’s yellow lab, sharing a special
moment with a baby chick? And if it is (it is), what
possible relevance can this have to polynomials?

An answer is promised before you reach the
Exercise Set. For now, we open the section by
defining and describing polynomials.

How We Define Polynomials

More education results in a higher income.
The mathematical models

Old Dog...New Chicks

M = 0.6x° + 285x% — 2256x + 15,112
and W = —1.2x> + 367x> — 4900x + 26,561

describe the median, or middlemost, annual income for men, M, and women, W, who
have completed x years of education. We’ll be working with these models and the
data upon which they are based in the Exercise Set.

The algebraic expressions that appear on the right sides of the models are
examples of polynomials. A polynomial is a single term or the sum of two or
more terms containing variables with whole-number exponents. The polynomials
above each contain four terms. Equations containing polynomials are used in such
diverse areas as science, business, medicine, psychology, and sociology. In this section,
we review basic ideas about polynomials and their operations.

How We Describe Polynomials

Consider the polynomial

3 9x? + 13x — 6.



GREAT QUESTION!

Why doesn’t the constant 0 have a
degree?

We can express 0 in many ways,
including Ox, 0x?, and 0x>. It

is impossible to assign a single
exponent on the variable. This is
why 0 has no defined degree.

Section P.4 Polynomials 49

We can express 7x° — 9x> + 13x — 6 as
7x3 + (=9x%) + 13x + (—6).

The polynomial contains four terms. It is customary to write the terms in the order of
descending powers of the variable. This is the standard form of a polynomial.

Some polynomials contain only one variable. Each term of such a polynomial in x is of
the form ax". If a # 0, the degree of ax" is n. For example, the degree of the term 7x% is 3.

The Degree of ax”

If a # 0, the degree of ax" is n. The degree of a nonzero constant is 0. The
constant 0 has no defined degree.

Here is an example of a polynomial and the degree of each of its four terms:
6x* — 3x + 2x — 5.

degree 4  degree 3 degree 1 degree of nonzero constant: 0

Notice that the exponent on x for the term 2x, meaning 2x', is understood to be 1.
For this reason, the degree of 2x is 1. You can think of —5 as —5xY thus, its degree is 0.

A polynomial is simplified when it contains no grouping symbols and no like
terms. A simplified polynomial that has exactly one term is called a monomial. A
binomial is a simplified polynomial that has two terms. A trinomial is a simplified
polynomial with three terms. Simplified polynomials with four or more terms have
no special names.

The degree of a polynomial is the greatest degree of all the terms of the
polynomial. For example, 4x*> + 3x is a binomial of degree 2 because the degree of
the first term is 2, and the degree of the other term is less than 2. Also, x> — 2x* + 4
is a trinomial of degree 5 because the degree of the first term is 5, and the degrees of
the other terms are less than 5.

Up to now, we have used x to represent the variable in a polynomial. However,
any letter can be used. For example,

o 7x° —3x*+38 is a polynomial (in x) of degree 5. Because there are
three terms, the polynomial is a trinomial.

e 6y° +4y> — y + 3 isapolynomial (in y) of degree 3. Because there are four
terms, the polynomial has no special name.

e 77 +V2 is a polynomial (in z) of degree 7. Because there are two
terms, the polynomial is a binomial.

We can tie together the threads of our discussion with the formal definition of
a polynomial in one variable. In this definition, the coefficients of the terms are
represented by a, (read “a sub n”), a,_; (read “a sub n minus 1), a,,_,, and so
on. The small letters to the lower right of each a are called subscripts and are not
exponents. Subscripts are used to distinguish one constant from another when a
large and undetermined number of such constants are needed.

Definition of a Polynomial in x
A polynomial in x is an algebraic expression of the form
ax" + a, X"+ a, x"?+ - 4+ ax + a,

where a,,a, 1,d,-2,... ,a;, and agare real numbers, a, # 0, and n is a
nonnegative integer. The polynomial is of degree n, a,, is the leading coefficient,
and a is the constant term.
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Add and subtract polynomials.

GREAT QUESTION!

Can I use a vertical format to add

and subtract polynomials?

Yes. Arrange like terms in

columns and combine vertically:
Tx3— 8%+ 9x — 6

23+ 6x>+ 3x— 9

5x¢3 —2x% + 12x — 15

The like terms can be combined

by adding their coefficients and
keeping the same variable factor.

Multiply polynomials.
GREAT QUESTION!

Because monomials with the same
base and different exponents can
be multiplied, can they also be
added?

No. Don’t confuse adding and
multiplying monomials.

Addition:
5xt 4 6xt = 11x*

Multiplication:
(5x)(6x%) = (5-6)(x*+x*)
— 30x4+4
= 30x*

Only like terms can be added or
subtracted, but unlike terms may
be multiplied.

Addition:

5x* + 3x? cannot be simplified.

Multiplication:
(5xH(3x?) = (5-3)(x*-x?)
= 15x**2
= 15x°

Adding and Subtracting Polynomials

Polynomials are added and subtracted by combining like terms. For example, we can
combine the monomials —9x* and 13x* using addition as follows:

—9x* + 13x° = (=9 + 13)x° = 4x°.
Add coefficients

and keep the same
variable factor, x>,

These like terms both
contain x to the
third power.

EXAMPLE 1
Perform the indicated operations and simplify:
a. (—9x° + 7x* — 5x + 3) + (13x° + 2x* — 8x — 6)
b. (7x* — 8x* + 9x — 6) — (2x° — 6x* — 3x + 9).

Adding and Subtracting Polynomials

SOLUTION
a. (—9x° + 7x? — 5x + 3) + (13x° + 2x% — 8x — 6)
= (9% + 13x%) + (7x* + 2x%) + (—5x — 8x) + (3 — 6)Group like terms.
= 4x> + 9x? + (—13x) + (-3)
=4x° + 9% — 13x — 3
b. (7x° — 8x* + 9x — 6) — (2x> — 6x> — 3x + 9)

Combine like terms.
Simplify.
Rewrite subtraction

as addition of the

Change the sign of each coefficient. additive inverse.

= (7> — 8x*> + 9x — 6) + (—2x° + 6x* + 3x — 9)
= (7x° — 2x%) + (8% + 6x?) + (9x + 3x) + (—6—9) Group like terms.
= 5% + (—2x%) + 12x + (-15)
= 5% — 2x* + 12x — 15

Combine like terms.
Simplify.
(@ Check Point 1 Perform the indicated operations and simplify:

a. (=17 + 4x* — 11x — 5) + (16x> — 3x> + 3x — 15)

b. (13x* — 9x* — 7x + 1) — (=7x> + 2x*> — 5x + 9).

Multiplying Polynomials
The product of two monomials is obtained by using properties of exponents. For example,
(—8x%)(5x%) = —8 - 5x°%3 = —40x°.
Multiply coefficients and add exponents.

Furthermore, we can use the distributive property to multiply a monomial and a
polynomial that is not a monomial. For example,

3x4(2x* — Tx +3) = 3x* - 2xF — 3t Tx 4+ 3x% -3 = 6x7 — 2107 + 9xt.

Monomial
Trinomial

How do we multiply two polynomials if neither is a monomial? For example, consider

(2x + 3)(x2 + 4x +3).

Binomial Trinomial



o Use FOIL in polynomial
multiplication.
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One way to perform (2x + 3)(x? + 4x + 5)is to distribute 2x throughout the trinomial
2x(x? + 4x + 5)

and 3 throughout the trinomial
3(x* + 4x + 5).

Then combine the like terms that result.

Multiplying Polynomials When Neither Is a Monomial

Multiply each term of one polynomial by each term of the other polynomial.
Then combine like terms.

EXAMPLE 2 Multiplying a Binomial and a Trinomial
Multiply:  (2x + 3)(x* + 4x + 5).

SOLUTION

(2x + 3)(x* + 4x + 5)
= 2x(x? 4+ 4x + 5) + 3(x* + 4x + 5) Multiply the trinomial by each
term of the binomial.
=2x+x*+ 2x+4x + 2x+5 + 3x®> + 3-4x + 3-5 Use the distributive property.
= 2x> + 8* + 10x + 3x> + 12x + 15 Multiply monomials: Multiply
coefficients and add
exponents.
=2x + 11x% + 22x + 15 Combine like terms:
8x2 + 3x%2 = 11x% and
10x + 12x = 22x. eeoe

Another method for performing the multiplication is to use a vertical format
similar to that used for multiplying whole numbers.

X +4x+ 5
2x + 3
2 A o 3(x? + 4x + 5)
Write like terms in th 3x” +12x + 15
rice like ter 1 e
2% + 8x% + 10x 2x(x? + 4x + 5)

same column. 5 5
Combine like terms. 2x° + 11x° + 22x + 15

@ Check Point 2 Multiply: (5x — 2)(3x? — 5x + 4).

The Product of Two Binomials: FOIL

Frequently, we need to find the product of two binomials. One way to perform this
multiplication is to distribute each term in the first binomial through the second
binomial. For example, we can find the product of the binomials 3x + 2 and 4x + 5
as follows:

(Bx + 2)(4x +5) =3x(4x +5) + 2(4x +5)
= 3x(4x) + 3x(5) + 2(4x) + 2(5)

Distribute 3x Distribute 2 _ 5
over 4x + 5. over 4x + 5. = 12x° + 15x + 8x + 10.

We'll combine these like terms later.
For now, our interest is in how to obtain
each of these four terms.

We can also find the product of 3x + 2 and 4x + 5 using a method called FOIL,
which is based on our preceding work. Any two binomials can be quickly multiplied
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by using the FOIL method, in which F represents the product of the first terms
in each binomial, O represents the product of the outside terms, I represents the
product of the inside terms, and L represents the product of the last, or second, terms
in each binomial. For example, we can use the FOIL method to find the product of
the binomials 3x + 2 and 4x + 5 as follows:

. last
first

1]

(3x + 2)(4x + 5) = 12x* + 15x + 8x + 10

F 0 | L

1
inside Product Product Product Product
outside of of of of
First Outside Inside Last
terms terms terms terms
=12x% + 23x + 10 Combine like terms.

In general, here’s how to use the FOIL method to find the product of ax + b and
cx + d:

Using the FOIL Method to Multiply Binomials

last

ral 066

(ax + b)(cx +d) =ax-cx +ax-d+b-cx +b-d

()
inside Product Product Product

outside i 4 g

Product

of
Last
terms

First Outside Inside
terms terms terms

EXAMPLE 3 Using the FOIL Method
Multiply: (3x + 4)(5x — 3).

SOLUTION

first last

l—ﬂ—l F 0 | L

(B3x +4)(5x — 3) = 3x-5x + 3x(-3) + 4-5x + 4(-3)

- =15x* — 9x + 20x — 12
inside
Sutside =152+ 11x — 12 Combine like terms.

(@) Check Point 3 Multiply: (7x — 5)(4x — 3).



Use special products in
polynomial multiplication.

GREAT QUESTION!

Do I have to memorize the special
products shown in the table on the
right?

Not necessarily. Although it’s
convenient to memorize these
forms, the FOIL method can be
used on all five examples in the
box.To cube x + 4, you can first
square x + 4 using FOIL and
then multiply this result by x + 4.
We suggest memorizing these
special forms because they let you
multiply far more rapidly than
using the FOIL method.

Perform operations with

polynomials in several variables.
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Special Products

There are several products that occur so frequently that it’s convenient to memorize
the form, or pattern, of these formulas.

Special Products

Let A and B represent real numbers, variables, or algebraic expressions.

Special Product Example

Sum and Difference of Two Terms

(A+ B)(A-B)=A—- B?

(2x + 3)(2x — 3) = (2x)* — 3?
=4x* -9

Squaring a Binomial

(A + B)> = A> + 2AB + B?

y+52=y>+2-y:5+ 5

=y2 + 10y + 25
(A — B> = A> — 2AB + B? (Bx — 4)?
= (3x)? —2:3x-4 + 4
= 9x? — 24x + 16
Cubing a Binomial
(A + B = A® + 34’°B + 3AB* + B® (x + 4)}

= x° + 3x°(4) + 3x(4)* + &
= x>+ 12x% + 48x + 64

(x -2y
=x* - 3x%}2) + 3x(2)? - 2°
=x’—6x>+12x — 8

(A — B = A — 34’°B + 3AB* — B®

Polynomials in Several Variables

A polynomial in two variables, x and y, contains the sum of one or more monomials
in the form ax"y™. The constant, a, is the coefficient. The exponents, n and m,
represent whole numbers. The degree of the monomial ax"y” is n + m.

Here is an example of a polynomial in two variables:

The coefficients are 7, —17, 1, —6, and 9.
Xy — 17X+ xy  —  6yr  + 0.

Degree of
monomial (9x°y°):
0+0=0

Degree of
monomial (—6x°y2):
0+2=2

Degree of Degree of Degree of
ial: ial: monomial (1x'y"):

4+2=6 1+1=2

2+3=5

The degree of a polynomial in two variables is the highest degree of all its terms.
For the preceding polynomial, the degree is 6.

Polynomials containing two or more variables can be added, subtracted, and
multiplied just like polynomials that contain only one variable. For example, we can
add the monomials —7xy? and 13xy? as follows:

—Txy? + 13xy? = (=7 + 13)x)? = 6x)°.

These like terms both contain

Add coefficients and keep the
the variable factors x and y2.

same variable factors, xy%.
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EXAMPLE 4 Multiplying Polynomials in Two Variables
Multiply:  a. (x + 4y)(3x — 5y) b. (5x + 3y)>

SOLUTION

We will perform the multiplication in part (a) using the FOIL method. We will
multiply in part (b) using the formula for the square of a binomial sum, (A + B)>.

a. (x +4y)(3x — 5y) Multiply these binomials using the FOIL method.

F 0 | L

= (0)(3x) + (x)(=5y) + (4y)(3x) + (4y)(-5y)
= 3x? — 5xy + 12xy — 20y?
= 3x% + 7xy — 20y? Combine like terms.

[A+B? = A* + 2 - A - B + B?

b. (5x + 3y)? = (5x)* + 2(5x)(3y) + (3y)*
= 25x% + 30xy + 9)? eoe

@ Check Point 4 Multiply:
a. (7x — 6y)(3x — y) b. (2x + 4y)*.

Special products can sometimes be used to find the products of certain trinomials,
as illustrated in Example 5.

EXAMPLE 5 Using the Special Products
Multiply: a. (7x +5 + 4y)(7x + 5 — 4y) b. 3x +y + 1)~

SOLUTION

a. By grouping the first two terms within each of the parentheses, we can find
the product using the form for the sum and difference of two terms.

(A + B - (A - B = A* - Bt

[(7x +5) + 4y]-[(7x + 5) — 4y] = (7x + 5)* = (4y)*
= (Tx)* +2+7x-5 + 5% — (4y)*
= 49x* + 70x + 25 — 16y°

b. We can group the terms of (3x + y + 1)? so that the formula for the square
of a binomial can be applied.

A + B! = A* + 2 - A - B + B

[(Bx+y)+ 17 =CBx+y) > +2-Bx+y)-1+1°
=0x? +6xy +y>+6x+2y+1 eoo

(@ Check Point 5 Multiply:
a. 3x +2 + 5y)3x +2 — 5y) b. 2x + y + 3)%
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EZ@% Bonud || Labrador Retrievers and Polynomial Multiplication

™ The color of a Labrador retriever is determined by its pair of genes. A single gene is inherited at

random from each parent. The black-fur gene, B,is dominant. The yellow-fur gene, Y, is recessive.
This means that labs with at least one black-fur gene (BB or BY) have black coats. Only labs
with two yellow-fur genes (YY) have yellow coats.

Axl, your author’s yellow lab, inherited his genetic makeup from two black BY parents.

Second BY parent, a black lab
with a recessive yellow-fur gene

B Y
. The table shows the four possible
wrtll:s: E:s::vlf":f“j,:_l::r Ii:e B | BB | BY combinations of color genes that BY
y g Y| BY | YY parents can pass to their offspring.

Because YY is one of four possible outcomes, the probability that a yellow lab like AxI will be the offspring of
these black parents is .
The probabilities suggested by the table can be modeled by the expression (%B + %Y)z.

o 37) = (o) + an)av) + )

1 1 1
= BB + SBY LYY
The probability of a The probability of a The probability of a
black lab with two black lab with a yellow lab with two
dominant black genes is % recessive yellow gene is % recessive yellow genes is %

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. A polynomial is a single term or the sum of two or 10. When using the FOIL method to find (x + 7)(3x + 5),
more terms containing variables with exponents that the product of the first terms is , the product of
are numbers. the outside terms is , the product of the inside

2. Itis customary to write the terms of a polynomial in terms is ,and the product of the last terms
the order of descending powers of the variable. This is is .
calledthe _ form of a polynomial. 11. (A + B)(A - B)= .The product of the

3. A simplified polynomial that has exactly one term is sum and difference of the same two terms is the square
calleda/an . of the first term the square of the second term.

4. A simplified polynomial that has two terms is called 12. (A + B)*= . The square of a
alan____ . binomial sum is the firstterm ___ plus 2 times

5. A simplified polynomial that has three terms is called the plus the lastterm ___ .
alan____ . 13. (A - B’ = . The square of a binomial

6. Ifa # 0,the degree of ax"is . difference is the first term squared 2 times

7. Polynomials are added by combining terms. the the last term squared.

8. To multiply 7x3(4x> — 8x? + 6), use the .

property to multiply each term of the plus or minus?
trinomial by the monomial . 14. Ifa # 0, the degree of ax"y™ is

9. To multiply (5x + 3)(x*> + 8x + 7), begin by
multiplying each term of x> + 8x + 7 by .Then
multiply each term of x> + 8x + 7by ___.Then
combine terms.
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In Exercises 1-4, is the algebraic expression a polynomial? If it is,
write the polynomial in standard form.

1. 2x + 3% -5 2.2x +3x 1 =5
2x + 3
3.x7 4. X2 —x*+x*-5
X

In Exercises 5-8, find the degree of the polynomial.

5.3 - 5x +4 6. —4x° + 7x* — 11
7.0x0% — 4 + 9x — 12x* + 63 8 x* — 8% + 15x* + 91
In Exercises 9—14, perform the indicated operations. Write the
resulting polynomial in standard form and indicate its degree.
9. (—6x% + 5x% — 8x + 9) + (17x° + 2x% — 4x — 13)

10. (=7x% + 6x% — 11x + 13) + (19x° — 112 + 7x — 17)
1. (17x3 — 5x% + 4x — 3) — (5x® — 9x? — 8x + 11)

12. (18x* —2x3 = Tx +8) — (%x* — 6x> — 5x + 7)

13. 5x> = 7x —8) + (2 —3x + 7) — (x* — 4x — 3)
14. (8x* + 7x — 5) — (3x% — 4x) — (—6x> — 5x% + 3)

In Exercises 15-82, find each product.

15. (x + D2 —x + 1) 16. (x + 5)(x* — 5x + 25)
17. 2x — 3)(x®> — 3x + 5) 18. (2x — 1)(x® — 4x + 3)
19. (x + 7)(x + 3) 20. (x + 8)(x +5)

21. (x — 5)(x + 3) 22, (x — 1)(x +2)

23. (3x + 5)2x + 1) 24. (7x + 4)(3x + 1)

25. (2x — 3)(5x + 3) 26. 2x — 5)(7x + 2)

27. (5x* = 4H(Bx* - 7) 28. (7x%* — 2)(3x* — 5)
29. (8x3 + 3)(x* — 5) 30. (7x° + 5)(x* - 2)

3. (x + 3)(x — 3) 32. (x +5)(x —5)

33. 3x +2)(3x — 2) 34. 2x +5)(2x — 5)

35. (5 — 7x)(5 + 7Tx) 36. (4 — 3x)(4 + 3x)

37. (4x% + 5x)(4x? — 5x) 38. (3x% + 4x)(3x% — 4x)
39. (1= y)(1 +y)) 40. 2 - )2 +y)

41. (x + 2)° 2. (x + 57

43. (2x + 3)? 44, (3x + 2)?

45. (x — 3)? 46. (x — 4)°

47. (42 - 1) 48. (512 — 3)°

49. (7 — 2x)? 50. (9 — 5x)?

51 (x + 1)° 52. (x +2)°

53. (2x + 3)° 54. (3x + 4)°

55. (x — 3)° 56. (x — 1)°

57. (3x — 4)° 58. (2x — 3)°

59. (x + 5y)(7x + 3y) 60. (x + 9y)(6x + 7y)

61. (x — 3y)(2x + 7y) 62. (3x — y)(2x + 5y)

63. (3xy — 1)(S5xy + 2) 64. (7x%y + 1)(2x%y — 3)
65. (7x + Sy)? 66. (9x + 7y)?

67. (x2y% — 3) 68. (x2y? —5)°

69. (x — y)(** + xy +y?) 70. (x + y)(x* — xy +y?)
71. (3x + Sy)(3x — Sy) 72. (7x + 3y)(7x — 3y)

73. (x +y +3)(x +y —3)
74. (x + y +5)(x +y —5)
75. 3x +7 — 5y)(3x + 7 + 5y)
76. (5x + 7y —2)(5x + Ty +2)

77. [5y — 2x + 3)][5y + (2x + 3)]
78. [8y + (7 — 3x)][8y — (7 — 3x)]
79. (x +y + 1)

80. (x +y + 2)°

8. 2x +y + 1)

82. (5x + 1 + 6y)?

Practice Plus

In Exercises 83-90, perform the indicated operation or operations.

83. (3x + 4y)> — (3x — 4y)?

84. (5x + 2y)? — (5x — 2y)?

85. (5x — 7)(3x — 2) — (4x — 5)(6x — 1)

86. B3x +5)2x —9) — (7x — 2)(x — 1)

87. (2x + 5)(2x — 5)(4x? + 25)

88. (3x + 4)(3x — 4)(9x% + 16)
2x - 7)°

89. ——— 90
2x = 7)°

(5x — 3)°
T (5x - 3)*
Application Exercises

As you complete more years of education, you can count on a
greater income. The bar graph shows the median, or middlemost,
annual income for Americans, by level of education, in 2009.

Median Annual Income, by Level of Education, 2009
Men Women

$90 -
$80 |-
$70 |-
$60 |-
$50 |-
$40 -
$30 -
$20 -
$10 -

89,845

69,825
65,587

19,720
42,163
27,027
54,001
50,576

12,278

30,303
18,340

36,693

16,473
23,107

(thousands of dollars)
10,516

Median Annual Income

35,972

8 10 12 13 14 16 18 20
Years of School Completed

Source: Bureau of the Census

Here are polynomial models that describe the median annual
income for men, M, and for women, W, who have completed x
years of education:

M = 312x* — 2615x + 16,615

W = 316x> — 4224x + 23,730

M = 0.6x° + 285x% — 2256x + 15,112
W = —1.2x + 367x% — 4900x + 26,561

Exercises 91-92 are based on these models and the data displayed
by the graph above.

91. a. Use the equation defined by a polynomial of degree 2 to
find the median annual income for a man with 16 years of
education. Does this underestimate or overestimate the
median income shown by the bar graph? By how much?

b. Use the equations defined by polynomials of degree 3 to
find a mathematical model for M — W.



¢. According to the model in part (b), what is the difference,
rounded to the nearest dollar, in the median annual income
between men and women with 14 years of education?

d. According to the data displayed by the graph, what is the
actual difference in the median annual income between
men and women with 14 years of education? Did the result
of part (c) underestimate or overestimate this difference?
By how much?

92. a. Use the equation defined by a polynomial of degree 2 to
find the median annual income for a woman with 18 years
of education. Does this underestimate or overestimate
the median income shown by the bar graph? By how
much?

b. Use the equations defined by polynomials of degree 3 to
find a mathematical model for M — W.

¢. According to the model in part (b), what is the difference,
rounded to the nearest dollar, in the median annual income
between men and women with 16 years of education?

d. According to the data displayed by the graph, what is the
actual difference in the median annual income between
men and women with 16 years of education? Did the result
of part (c¢) underestimate or overestimate this difference?
By how much?

The volume, V, of a rectangular solid with length [, width w, and
height h is given by the formula V- = Iwh. In Exercises 93-94, use
this formula to write a polynomial in standard form that models,
or represents, the volume of the open box.

93. \

X
8 —2x
10 —2x
94, Q
X
8 —2x
5-2x

In Exercises 95-96, write a polynomial in standard form that
models, or represents, the area of the shaded region.

95. I x+9 |
g L]
| x+5 |
x+3 x+1|:'| ||:|
Y [ [
96. __I<—X+4—>|
| x+2 .
H L]
x+3| k+1
1 []
Yy [ [

Writing in Mathematics
97. What is a polynomial in x?
98. Explain how to subtract polynomials.
99. Explain how to multiply two binomials using the FOIL
method. Give an example with your explanation.
100. Explain how to find the product of the sum and difference
of two terms. Give an example with your explanation.
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101. Explain how to square a binomial difference. Give an
example with your explanation.

102. Explain how to find the degree of a polynomial in two variables.

Critical Thinking Exercises

Make Sense? [n Exercises 103—106, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

103. Knowing the difference between factors and terms is
important: In (3x2y)2, I can distribute the exponent 2 on
each factor, but in (3x% + y)z, I cannot do the same thing
on each term.

104. I used the FOIL method to find the product of x + 5 and
x4+ 2x + 1.

105. Many English words have prefixes with meanings similar
to those used to describe polynomials, such as monologue,
binocular, and tricuspid.

106. Special-product formulas have patterns that make their
multiplications quicker than using the FOIL method.

107. Express the area of the plane figure shown as a polynomial
in standard form.

x+3

In Exercises 108-109, represent the volume of each figure as a
polynomial in standard form.

108.

X

109.

x+5

2x+1

110. Simplify: (" + 2)(y" — 2) — (y" — 3)%

Preview Exercises

Exercises 111-113 will help you prepare for the material covered
in the next section. In each exercise, replace the boxed question
mark with an integer that results in the given product. Some trial
and error may be necessary.

L (x +3)(x + [2]) =22+ 7x + 12
112. (x — )(x —12) = x* — 14x + 24
13, (4x + 1)2x — [?]) = 82 — 10x — 3
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SECTION P.5

®© O 06 O 000

&)

Factor out the greatest
common factor of a
polynomial.

Factor by grouping.
Factor trinomials.

Factor the difference of
squares.

Factor perfect square
trinomials.

Factor the sum or
difference of two cubes.

Use a general strategy for
factoring polynomials.

Factor algebraic
expressions containing
fractional and negative
exponents.

o Factor out the greatest common
factor of a polynomial.

Factoring Polynomials

A two-year-old boy is asked, “Do you have a brother?”
He answers, “Yes.” “What is your brother’s name?”
“Tom.” Asked if Tom has a brother, the two-year-old
replies, “No.” The child can go in the direction from
self to brother, but he cannot reverse this direction
and move from brother back to self.

As our intellects develop, we learn to reverse
the direction of our thinking. Reversibility
of thought is found throughout algebra. For
example, we can multiply polynomials and
show that

5x(2x + 3) = 10x* + 15x.

We can also reverse this process and express
the resulting polynomial as

10x% + 15x = 5x(2x + 3).

Factoring a polynomial expressed as the sum of monomials means finding an
equivalent expression that is a product.

Factoring 10x? + 15x

Equivalent expression

Sum of monomials that is a product

10x? + 15x = 5x(2x + 3)

The factors of 10x2 + 15x
are 5x and 2x + 3.

In this section, we will be factoring over the set of integers, meaning that the
coefficients in the factors are integers. Polynomials that cannot be factored using
integer coefficients are called irreducible over the integers, or prime.

The goal in factoring a polynomial is to use one or more factoring techniques
until each of the polynomial’s factors, except possibly for a monomial factor, is prime
or irreducible. In this situation, the polynomial is said to be factored completely.

We will now discuss basic techniques for factoring polynomials.

Common Factors

In any factoring problem, the first step is to look for the greatest common factor. The
greatest common factor, abbreviated GCF, is an expression of the highest degree
that divides each term of the polynomial. The distributive property in the reverse
direction

ab + ac = a(b + ¢)

can be used to factor out the greatest common factor.

EXAMPLE 1

Factor:
a. 18x° + 2712

Factoring Out the Greatest Common Factor

b. X*(x + 3) + 5(x + 3).



GREAT QUESTION!

Is there a rule that can help me
determine the greatest common
factor?

Yes. The variable part of the
greatest common factor always
contains the smallest power of a
variable or algebraic expression
that appears in all terms of the
polynomial.

9 Factor by grouping.

DISCOVERY

In Example 2, group the terms as
follows:

(3 + 3x) + (4% + 12).

Factor out the greatest common
factor from each group and
complete the factoring process.
Describe what happens. What can
you conclude?
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SOLUTION
a. First, determine the greatest common factor.

9 is the greatest integer that divides 18 and 27.

18x3 + 27x2

x? i the greatest expression that divides x> and x2.

The GCF of the two terms of the polynomial is 9x?.

18x° + 27x7
= 9x%(2x) + 9x*(3) Express each term as the product
of the GCF and its other factor.

= 9x’(2x + 3) Factor out the GCF.

b. In this situation, the greatest common factor is the common binomial factor
(x + 3). We factor out this common factor as follows:

x¥(x + 3) + 5(x +3) = (x + 3)(x*> + 5). Factor out the common binomial factor.

@ Check Point 1 Factor:

a. 10x° — 4x? b. 2x(x — 7) + 3(x — 7).

Factoring by Grouping

Some polynomials have only a greatest common factor of 1. However, by a suitable
grouping of the terms, it still may be possible to factor. This process, called factoring
by grouping, is illustrated in Example 2.

EXAMPLE 2 Factoring by Grouping

Factor: x° + 4x* + 3x + 12.

SOLUTION

There is no factor other than 1 common to all terms. However, we can group terms
that have a common factor:

O 44| + [3x+ 12|

Common factor Common factor
is x2. is 3.

We now factor the given polynomial as follows:

X+ 4+ 3x + 12

= (x> + 4x*) + (3x + 12) Group terms with common factors.
=x}(x +4) +3(x +4) Factor out the greatest common factor
from the grouped terms. The remaining two
terms have x + 4 as a common binomial
factor.

= (x + 4)(x* + 3). Factor out the GCF, x + 4.

Thus, x° + 4x*> + 3x + 12 = (x + 4)(x*> + 3). Check the factorization by
multiplying the right side of the equation using the FOIL method. Because the
factorization is correct, you should obtain the original polynomial. ooe

¢ Check Point 2 Factor: x> + 5x* — 2x — 10.
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Factor trinomials.

GREAT QUESTION!

Should I feel discouraged if it
takes me a while to get the correct
factorization?

The error part of the factoring
strategy plays an important role in
the process. If you do not get the
correct factorization the first time,
this is not a bad thing. This error is
often helpful in leading you to the
correct factorization.

Factoring Trinomials

To factor a trinomial of the form ax? + bx + c, a little trial and error may be necessary.

A Strategy for Factoring ax?> + bx + ¢

Assume, for the moment, that there is no greatest common factor.

1. Find two First terms whose product is ax?:

@Ox + )Ox + ) =ax*+ bx + c.

!

2. Find two Last terms whose product is c:

(Ox + O)@Ox + O) = ax® + bx + c.
l ! )

3. By trial and error, perform steps 1 and 2 until the sum of the Qutside
product and Inside product is bx:
(Ox + O)Ox + 0O) = ax?> + bx + c.

I
@)

Sumof O + 1

If no such combination exists, the polynomial is prime.

EXAMPLE 3 Factoring a Trinomial Whose Leading Coefficient Is 1
Factor: x* + 6x + 8.

SOLUTION
Step 1 Find two First terms whose product is x°.
¥+ 6x+8=(x )(x )
Step 2 Find two Last terms whose product is 8.
Factors of 8 8,1 4,2 —-8,—-1 —4,-2

Step 3 Try various combinations of these factors. The correct factorization of
x?> + 6x + 8 is the one in which the sum of the Outside and Inside products is
equal to 6x. Here is a list of the possible factorizations:

Possible Factorizations Sum of Outside and Inside

ofx> + 6x + 8 Products (Should Equal 6x)

(x + 8)(x + 1) X+ 8x=09x This is the required
(x +4)(x +2) 2x + 4x = 6x middle term.
(x =8)(x — 1) —x — 8x = 9x

(x —4)(x —2) —2x — 4x = —6x

Thus,x*> + 6x + 8 = (x + 4)(x + 2) or (x + 2)(x + 4).

In factoring a trinomial of the form x> + bx + ¢, you can speed things up by listing
the factors of ¢ and then finding their sums. We are interested in a sum of b. For example,
in factoring x> + 6x + 8, we are interested in the factors of 8 whose sum is 6.

Factors of 8 8,1 4,2 -8 -1 —-4,-2
Sum of Factors 9 6 -9 —6

This is the desired sum.

Thus, x*> + 6x + 8 = (x + 4)(x + 2).
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@ Check Point 3 Factor: x* + 13x + 40.

EXAMPLE 4 Factoring a Trinomial Whose Leading Coefficient Is 1
Factor: x* + 3x — 18.

SOLUTION
Step 1 Find two First terms whose product is x°.

x>+ 3x — 18 = (x )x )

To find the second term of each factor, we must find two integers whose product is
—18 and whose sum is 3.

Step 2 Find two Last terms whose product is —18.
Factors of —18  18,-1 —18,1 9, =2 -9,2 ©, =3 —6,3

Step 3 Try various combinations of these factors. We are looking for the pair of
factors whose sum is 3.

Factorsof —18 18,—-1 —-18,1 9,2 —-9,2 6,3 —6,3
Sum of Factors 17 —17 7 =7 3 =3

This is the desired sum.

Thus, x*> + 3x — 18 = (x + 6)(x — 3) or (x — 3)(x + 6).

GREAT QUESTION!

Is there a way to eliminate some of the combinations of factors for a trinomial whose
leading coefficient is 1?

Yes. To factor x> + bx + ¢ when c is positive, find two numbers with the same sign as the
middle term.

¥+ 6x +8=(x+4)(x+2) ¥ =5Sx+6=(x—-3)(x—-2)

Same signs Same signs

To factor x*> + bx + ¢ when c is negative, find two numbers with opposite signs whose
sum is the coefficient of the middle term.

¥+ 3x — 18 = (x + 6)(x — 3) ¥ —2x—99 = (x + 9)(x — 11)

Negative Opposite signs Negative Opposite signs

@ Check Point 4 Factor: x*> — 5x — 14.

EXAMPLE 5 Factoring a Trinomial Whose Leading Coefficient Is
Not 1

Factor: 8x*> — 10x — 3.
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GREAT QUESTION!

When factoring trinomials, must
I list every possible factorization
before getting the correct one?

With practice, you will find

that it is not necessary to list
every possible factorization of

the trinomial. As you practice
factoring, you will be able to
narrow down the list of possible
factors to just a few. When it
comes to factoring, practice makes
perfect.

These four factorizations use

(8x

with 1(—3) and —1(3) as
factorizations of —3.

These four factorizations use

(4x

with 1(—3) and —1(3) as
factorizations of —3.

GREAT QUESTION!

I zone out reading your long lists
of possible factorizations. Are
there any rules for shortening
these lists?

Here are some suggestions for
reducing the list of possible
factorizations for ax®> + bx + c:

1. If b is relatively small, avoid
the larger factors of a.

2. If ¢ is positive, the signs in
both binomial factors must
match the sign of b.

3. If the trinomial has no common
factor, no binomial factor can
have a common factor.

4. Reversing the signs in the
binomial factors changes the
sign of bx, the middle term.

SOLUTION

Step 1 Find two First terms whose product is 8x%.
8 —10x —3 £ (& Hx )
82 —10x —3 £ (4« H2x )

Step 2 Find two Last terms whose product is — 3. The possible factorizations are
1(=3) and —1(3).

Step 3 Try various combinations of these factors. The correct factorization of
8x> — 10x — 3 is the one in which the sum of the Outside and Inside products is
equal to —10x. Here is a list of the possible factorizations:

Possible Factorizations Sum of Outside and Inside

of 8x* — 10x — 3 Products (Should Equal —10x)
[ 8x+ 1)(x —3) —24x + x = —23x
) ) (8x = 3)(x +1) 8x — 3x = 5x
(8x — 1)(x + 3) 24x — x = 23x
g (8x +3)(x — 1) —8x + 3x = —5x
(4x + 1)(2x — 3) —12x 4+ 2x = —10x middle term.
) (4x — 3)(2x + 1) 4x — 6x = 2x
(4x — 1)(2x + 3) 12x — 2x = 10x
(4x +3)(2x — 1) —4x + 6x = 2x

Thus, 8x> — 10x — 3 = (4x + 1)(2x — 3) or (2x — 3)(4x + 1).

Use FOIL multiplication to check either of these factorizations.

@ Check Point 5 Factor: 6x + 19x — 7.

EXAMPLE 6
Factor: 2x*> — 7xy + 3y°.

Factoring a Trinomial in Two Variables

SOLUTION
Step 1 Find two First terms whose product is 2x”.

2% — Txy + 3y* = (2x )(x )

Step 2 Find two Last terms whose product is 3y The possible factorizations are
(»)@3y) and (=y)(=3y).

Step 3 Try various combinations of these factors. The correct factorization of
2x* — 7Txy + 3y?is the one in which the sum of the Outside and Inside products is
equal to —7xy. Here is a list of possible factorizations:

Possible Factorizations Sum of Outside and Inside

of 2 — Txy + 3y°

Products (Should Equal —7xy)
2xy + 3xy = S5xy
6xy + xy = Txy
—2xy — 3xy = —Sxy

—6xy — xy = —Txy This is the required

middle term.



0 Factor the difference of
squares.

GREAT QUESTION!

Why isn’t factoring x* — 81 as

@ + 9)(x* — 9) a complete
factorization?

The second factor, x> — 9, is itself
a difference of two squares and
can be factored.
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Thus,
2% — Txy + 3y = (2x — y)(x — 3y) or (x — 3y)2x — y).

Use FOIL multiplication to check either of these factorizations. eoo

¢ Check Point 6 Factor: 3x* — 13xy + 4y

Factoring the Difference of Two Squares

A method for factoring the difference of two squares is obtained by reversing the
special product for the sum and difference of two terms.

The Difference of Two Squares
If A and B are real numbers, variables, or algebraic expressions, then
A’ - B>= (A + B)(A - B).

In words: The difference of the squares of two terms factors as the product of a
sum and a difference of those terms.

EXAMPLE 7 Factoring the Difference of Two Squares
Factor: a. x* — 4 b. 81x* — 49.

SOLUTION

We must express each term as the square of some monomial. Then we use the
formula for factoring A> — B2,

a. ¥ —d=x - 22 = (x+2)(x—2)
A2 - B2 = (A + B) [A - B)
b. 81x*> — 49 = (9x)> — 7> = (9x + 7)(9x — 7) veo

¢ Check Point 7 Factor:

a. x> — 81 b. 36x> — 25.

We have seen that a polynomial is factored completely when it is written as the

product of prime polynomials. To be sure that you have factored completely, check
to see whether any factors with more than one term in the factored polynomial can
be factored further. If so, continue factoring.

EXAMPLE 8 A Repeated Factorization

Factor completely: x* — 81.

SOLUTION
2
¥t =81 = ()" -9 Express as the difference of two squares.
= ()C2 + 9)(x2 -9 The factors are the sum and the difference of the
expressions being squared.
= (x* 4+ 9)(? - 3% The factor x? — 9 is the difference of two

squares and can be factored.

= (x* + 9)(x + 3)(x — 3) The factors of x> — 9 are the sum and the
difference of the expressions being squared. e e e
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@ Check Point 8 Factor completely: 81x* — 16.

Factor perfect square trinomials. Factoring Perfect Square Trinomials

Our next factoring technique is obtained by reversing the special products for
squaring binomials. The trinomials that are factored using this technique are called

perfect square trinomials.

Factoring Perfect Square Trinomials

Let A and B be real numbers, variables, or algebraic expressions.

1. > +2AB+ B>= (A + B)? 2. A>—-2AB + B>= (A — B)?

~. “ ~.

Same sign Same sign

The two items in the box show that perfect square trinomials, A% + 2AB + B?
and A> — 2AB + B?, come in two forms: one in which the coefficient of the middle
term is positive and one in which the coefficient of the middle term is negative.
Here’s how to recognize a perfect square trinomial:

1. The first and last terms are squares of monomials or integers.

2. The middle term is twice the product of the expressions being squared in the

first and last terms.

EXAMPLE 9 Factoring Perfect Square Trinomials

Factor: a. x> + 6x + 9 b. 25x* — 60x + 36.
SOLUTION
a x> +6x+9=x>+2-x-3 +3=(x+3)? The middle term has a
positive sign.
A* + 2AB + B* = (A + B)?

b. We suspect that 25x> — 60x + 36 is a perfect square trinomial because
25x?> = (5x)? and 36 = 6°. The middle term can be expressed as twice the

product of 5x and 6.

25x% — 60x + 36 = (5x)2 = 2-5x-6 + 6 = (5x — 6)?

A* - 24B + B? = (A - B)?

@ Check Point 9 Factor:
a. x>+ 14x + 49 b. 16x2 — 56x + 49.



Factor the sum or difference
of two cubes.

GREAT QUESTION!
A Cube of SOAP

The formulas for factoring

A + B*and A® — B are
difficult to remember and easy to
confuse. Can you help me out?

When factoring sums or
differences of cubes, observe the
sign patterns shown by the voice
balloons in the box. The word
SOAP is a way to remember these
patterns:

S O A P

Same Opposite Always
signs signs Positive

Use a general strategy for
factoring polynomials.
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Factoring the Sum or Difference of Two Cubes

We can use the following formulas to factor the sum or the difference of two cubes:

Factoring the Sum or Difference of Two Cubes
1. Factoring the Sum of Two Cubes

A*+ B*= (A + B)(A? — AB + B?)

N NS \
@ﬂ@ @ﬁe signs} [Always posifive]

2. Factoring the Difference of Two Cubes

A’ — B = (A - B)(A’+ AB + B?
NN

Same signs | | Opposite signs] [Always posifivej

EXAMPLE 10 Factoring Sums and Differences of Two Cubes
b. 64x> — 125.

He

Factor: a. x> + 8

SOLUTION

a. To factor x> + 8, we must express each term as the cube of some monomial.
Then we use the formula for factoring A°> + B>.

F¥+8=x+2=(x+2)(®—x:2+2})=(x+2)(x*—2x +4)

A* + B® = (A + B) (A® - AB + B}

b. To factor 64x® — 125, we must express each term as the cube of some
monomial. Then we use the formula for factoring A> — B°.

64x> — 125 = (4x)* — 5° = (4x — 5)[(4x)? + (4x)(5) + 5]
A® — B* = (A - B) (A* + AB + B}

= (4x — 5)(16x% + 20x + 25)

@ Check Point 10 Factor:

a x>+ 1 b. 125x° — 8.

A Strategy for Factoring Polynomials

It is important to practice factoring a wide variety of polynomials so that you can
quickly select the appropriate technique. The polynomial is factored completely
when all its polynomial factors, except possibly for monomial factors, are prime.
Because of the commutative property, the order of the factors does not matter.
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A Strategy for Factoring a Polynomial

1. If there is a common factor, factor out the GCF.

2. Determine the number of terms in the polynomial and try factoring as
follows:

a. If there are two terms, can the binomial be factored by using one of the
following special forms?

Difference of two squares: A% — B2 = (A + B)(A — B)
Sum of two cubes: A3+ B> = (A + B)(A? — AB + B?)
Difference of two cubes: ~ A®> — B> = (A — B)(A> + AB + B?)

b. If there are three terms, is the trinomial a perfect square trinomial? If so,
factor by using one of the following special forms:
A’ + 2AB + B?> = (A + B)?
A? —2AB + B> = (A — B)~
If the trinomial is not a perfect square trinomial, try factoring by trial and
error.
c. If there are four or more terms, try factoring by grouping.

3. Check to see if any factors with more than one term in the factored
polynomial can be factored further. If so, factor completely.

EXAMPLE 11 Factoring a Polynomial

Factor: 2x> + 8x% + 8x.

SOLUTION

Step 1 If there is a common factor, factor out the GCE. Because 2x is common to
all terms, we factor it out.

2x% + 8x? + 8x = 2x(x* + 4x + 4) Factor out the GCF.

Step 2 Determine the number of terms and factor accordingly. The factor
x%> + 4x + 4 has three terms and is a perfect square trinomial. We factor using
A’ + 2AB + B> = (A + B)~

2x% + 8x% + 8x = 2x(x? + 4x + 4)
=2x(x* +2-x-2+ 2%
A* + 2AB + B?

= 2x(x + 2)? A2+ 2AB + B2 = (A + B)?

Step 3 Check to see if factors can be factored further. In this problem, they
cannot. Thus,

2 + 8x% + 8x = 2x(x + 2)%

@ Check Point 11 Factor: 3x> — 30x> + 75x.

EXAMPLE 12 Factoring a Polynomial
Factor: x*> — 254> + 8x + 16.



0 Factor algebraic expressions
containing fractional and
negative exponents.
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SOLUTION

Step 1 If there is a common factor, factor out the GCE. Other than 1 or —1, there
is no common factor.

Step 2 Determine the number of terms and factor accordingly. There are four
terms. We try factoring by grouping. It can be shown that grouping into two groups
of two terms does not result in a common binomial factor. Let’s try grouping as a
difference of squares.

x> — 254° + 8x + 16
= (x> + 8 + 16) — 254° Rearrange terms and group as a perfect
square trinomial minus 254” to obtain a
difference of squares.
= (x + 4)? — (5a)° Factor the perfect square trinomial.
= (x + 4 + S5a)(x + 4 — Sa) Factor the difference of squares. The

factors are the sum and difference of the
expressions being squared.

Step 3 Check to see if factors can be factored further. In this case, they cannot, so
we have factored completely. eoo

¢ Check Point 12 Factor: x? — 36a4% + 20x + 100.

Factoring Algebraic Expressions Containing Fractional

and Negative Exponents

Although expressions containing fractional and negative exponents are not
polynomials, they can be simplified using factoring techniques.

EXAMPLE 13 Factoring Involving Fractional and Negative
Exponents

3 1
Factor and simplify: x(x + 1) * + (x + 1)%

SOLUTION ; .
The greatest common factor of x(x + 1) 4 + (x + 1)*is x + 1 with the smaller
3
exponent in the two terms. Thus, the greatest common factor is (x + 1) “.
3 1
x(x+ 1) 4+ (x + 1)*
3 3 4
=@x+1) %+ x+1) *x+1* Express each term as the product
of the greatest common factor

and its other factor. Note that
3 4 3. 4 1
(x+1)*x+1)r=(x+1)5"3 = (x + 1)

=(x + 1)%)( + (x + 1)%(x +1)  simplify: (x + 1)F = (x + 1).

3
=(x+1) Yx+ (x+ 1) Factor out the greatest common factor.
2x + 1 - 1
— 3 p "= E (X X
(x + 1)?

¢ Check Point 13 Factor and simplify: x(x — 1)’% + (x — 1)%
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CONCEPT AND VOCABULARY CHECK

Here is a list of the factoring techniques that we have
discussed.
Factoring out the GCF
Factoring by grouping
Factoring trinomials by trial and error
Factoring the difference of two squares
A>— B?= (A + B)(A — B)
e. Factoring perfect square trinomials
A’ + 2AB + B> = (A + B)?
A’ —2AB + B> = (A — B)?
f. Factoring the sum of two cubes

A+ B> = (A + B)(A®> — AB + B?)

R

g. Factoring the difference of two cubes
A’ — B3 = (A — B)(A> + AB + B?)

In Exercises 1-10, factor out the greatest common factor.

1. 18x + 27 2. 16x — 24

3. 3x% + 6x 4. 4x* — 8x

5. 9x* — 18x% + 2747 6. 6x* — 18x% + 1247

7. x(x +5) +3(x +5) 8 x2x + 1) +4(2x + 1)

9. x*(x —3) + 12(x — 3)  10. ¥*(2x + 5) +17(2x + 5)

In Exercises 11-16, factor by grouping.
11 3 —2x% + 5x — 10
13, X —x* +2x -2 14. X+ 6x7 — 2x — 12
15. 3x° — 2x* — 6x + 4 16. x> —x* = 5x + 5

In Exercises 17-38, factor each trinomial, or state that the
trinomial is prime.

12. 3 — 332 + 4x — 12

17. x> + 5x + 6 18. x> + 8 + 15
19. x> —2x — 15 20. x> —4x — 5
21. x> — 8x + 15 22. x> — 14x + 45
23. 3> —x -2 24, 2x*> + 5x — 3
25. 3x% — 25x — 28 26. 3x*> —2x — 5
27. 6x> — 11x + 4 28. 6x% — 17x + 12
29. 4x* + 16x + 15 30. 8x* + 33x + 4
31 9% —9x +2 32. 9x% + 5x — 4
33. 20x* + 27x — 8 34. 15x> — 19x + 6
35. 22 + 3xy + )2 36. 3x% + 4xy + y?
37. 6x* — 5xy — 6)? 38. 6x% — Txy — 5y%
In Exercises 39-48, factor the difference of two squares.
39. x> — 100 40. x> — 144

41. 36x> — 49 42. 64x> — 81

43. 9x% — 25y° 44. 36x% — 49y?

Fill in each blank by writing the letter of the technique

(a through g) for factoring the polynomial.

1. 16x* — 25

27x% — 1
X2+ Tx +xy+ Ty
4> + 8x + 3
9x? + 24x + 16
5x2 + 10x
x> + 1000

® NN R WD

be factored using

11 3
The algebraic expression (x + 1)z — g(x + 1)2 can

as the greatest common

factor.
45. x* — 16 46. x* — 1
47. 16x* — 81 48. 81x* — 1
In Exercises 49-56, factor each perfect square trinomial.
49, x> +2x + 1 50, x>+ 4x + 4
51. x% — 14x + 49 52. x> — 10x + 25
53. 4x* + 4x + 1 54. 25x* + 10x + 1
55. 9x% — 6x + 1 56. 64x* — 16x + 1

In Exercises 57-64, factor using the formula for the sum or

difference of two cubes.

57. X3 + 27 58. x* + 64

59. x° — 64 60. x* — 27

61 8x° — 1 62. 27x° — 1

63. 64x° + 27 64. 8x> + 125

In Exercises 65-92, factor completely, or state that the polynomial
is prime.

65. 3x° — 3x 66. 5x3 — 45x

67. 4x* — 4x — 24 68. 6x> — 18x — 60

69. 2x* — 162 70. 7x* — 7

71 x> + 2x*> — 9x — 18 72. x4+ 3x% —25x — 75
73. 2x* — 2x — 112 74. 6x> — 6x — 12

75. x° — 4x 76. 9x> — 9x

77. x* + 64 78. x* + 36

79. x° 4+ 2x% — 4x — 8 80. x* +2x° —x —2
81. y° — 8ly 82. y° — 16y

83. 20y* — 45)? 84. 48y* — 3y?

85. x* — 12x + 36 — 49y>  86. x> — 10x + 25 — 36y°

87. 9b%x — 16y — 16x + 9b%y

88. 16a°x — 25y — 25x + 164’y



89. x%y — 16y + 32 — 2x?
91. 2x3 — 8a’x + 24x* + T2x
92. 2x° — 98a%x + 28x% + 98x

In Exercises 93—102, factor and simplify each algebraic expression.

3 1 3 1
93. x2 — x2 94, x4 — x4

2 1 3 1
95. 4x 3 + 8x3 96. 12x 4 + 6x*

1 3 3 7
97. (x + 3)2 — (x + 3)2 98. (x" + 4)2 + (x2 + 4)?
1

90. 12x%y — 27y — 4x*> + 9

Y]

99. (x +5)2— (x+5)2
) 2 s
100. (x" +3) 3 + (x* + 3) 3

1 3
101, (4x — 1) — 3(dx — 1)?
102. —8(4x + 3)2 + 10(5x + 1)(4x + 3)7!

Practice Plus

In Exercises 103-114, factor completely.
103. 10x%(x + 1) — 7x(x + 1) — 6(x + 1)
104. 12x%(x — 1) — 4x(x — 1) = 5(x — 1)

105. 6x* + 35x* — 6 106. 7x* + 34x> — 5

107. y7 +y 108. (y + 1)° +1

109. x* — 5x2y? + 4y* 110. x* — 10x%y? + 9y*

11 (x — y)* — 4(x — y)? 112. (x + y)* — 100(x + y)?
3. 2x? — 7xy® + 3y* 114. 3x% + 5x° + 2y*

Application Exercises

115. Your computer store is having an incredible sale. The price
on one model is reduced by 40%. Then the sale price is
reduced by another 40%. If x is the computer’s original
price, the sale price can be modeled by

(x — 0.4x) — 0.4(x — 0.4x).

a. Factor out (x — 0.4x) from each term. Then simplify the
resulting expression.

b. Use the simplified expression from part (a) to answer
these questions. With a 40% reduction followed by a 40%
reduction, is the computer selling at 20% of its original
price? If not, at what percentage of the original price is it
selling?

116. Your local electronics store is having an end-of-the-year
sale. The price on a plasma television had been reduced
by 30%. Now the sale price is reduced by another 30%.
If x is the television’s original price, the sale price can be
modeled by

(x — 0.3x) — 0.3(x — 0.3x).

a. Factor out (x — 0.3x) from each term. Then simplify the
resulting expression.

b. Use the simplified expression from part (a) to answer
these questions. With a 30% reduction followed by a 30%
reduction, is the television selling at 40% of its original
price? If not, at what percentage of the original price is it
selling?
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In Exercises 117-120,

a. Write an expression for the area of the shaded region.
b. Write the expression in factored form.

117. 1 L] 118. [T O7
2 2 3 3
2 12 3 - 3
3x 7x
2 4 L 2 3 U 13
2 2 3 3
1] Oy u [
! 3x ! | Tx |
119. — Y 120. X
X X
X X
y y
xX+y |:| y
y
F X 1

In Exercises 121-122, find the formula for the volume of the
region outside the smaller rectangular solid and inside the larger
rectangular solid. Then express the volume in factored form.

121.

4a

122.

3a

Writing in Mathematics
123. Using an example, explain how to factor out the greatest
common factor of a polynomial.

124. Suppose that a polynomial contains four terms. Explain how
to use factoring by grouping to factor the polynomial.

125. Explain how to factor 3x* + 10x + 8.

126. Explain how to factor the difference of two squares. Provide
an example with your explanation.

127. What is a perfect square trinomial and how is it factored?
128. Explain how to factor x* + 1.
129. What does it mean to factor completely?
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Critical Thinking Exercises

Make Sense? In Exercises 130133, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

130. Although 20x® appears in both 20x* + 8x? and 20x> + 10x,
I'll need to factor 20x> in different ways to obtain each
polynomial’s factorization.

131. You grouped the polynomial’s terms using different groupings
than I did, yet we both obtained the same factorization.

132. T factored 4x? — 100
(2x + 10)(2x — 10).

133. First factoring out the greatest common factor makes it
easier for me to determine how to factor the remaining
factor, assuming that it is not prime.

completely and obtained

In Exercises 134-137, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

134. x* — 16 is factored completely as (x> + 4)(x*> — 4).
135. The trinomial x> — 4x — 4 is a prime polynomial.
136. x> + 36 = (x + 6)?

137. x° — 64 = (x + 4)(x* + 4x — 16)

CHAPTER P

WHAT YOU KNOW: We defined the real numbers [{x|x is
rational} U {x|x is irrational}] and graphed them as points
on a number line. We reviewed the basic rules of algebra,
using these properties to simplify algebraic expressions.
We expanded our knowledge of exponents to include
exponents other than natural numbers:

11 1
0:1. -n _— . — pn. no__ .
W=l = o= b X/ b;
i n n = 1
b" = (V)" =" b = =
bn

We used properties of exponents to simplify exponential
expressions and properties of radicals to simplify radical
expressions. We performed operations with polynomials.
We used a number of fast methods for finding products
of polynomials, including the FOIL method for
multiplying binomials, a special-product formula for
the product of the sum and difference of two terms
[(A + B)(A — B) = A’ — B?],andspecial-productformulas
for squaring binomials [(A + B)?> = A> + 2AB + B
(A — B)> = A2 — 2AB + B?]. We reversed the direction
of these formulas and reviewed how to factor polynomials.
We used a general strategy, summarized in the box on
page 66, for factoring a wide variety of polynomials.
In Exercises 1-27, simplify the given expression or perform the
indicated operation (and simplify, if possible), whichever is appropriate.
1. Bx +5)(4x —17) 2. B3x +5)—(4x—17)

3. V6 +9V6 4.3\V12 - V27

In Exercises 138-141, factor completely.

138. X" + 6x" + 8
140. x* — y* — 2%y + 2x)°

139. —x% — 4x + 5

141. (x — 5)’%(;; + 5)’% - (x + 5)%(x - 5)’%

In Exercises 142—143, find all integers b so that the trinomial can
be factored.

142. x> + bx + 15 143. X2+ 4x + b

Exercises 144—146 will help you prepare for the material covered
in the next section.

144. Factor the numerator and the denominator. Then simplify
by dividing out the common factor in the numerator and the
denominator.

x>+ 6x+5
xr =25
In Exercises 145—146, perform the indicated operation. Where
possible, reduce the answer to its lowest terms.

5 8 1 2
L e Lo+
145 415 146 > T3

5. 7x + 3[9 — (2x — 6)] 6. (8x — 3)?
1 1\6 0 2
7. (3y72) 8. (%) — 325
9. 2x —5) — (x> = 3x + 1)
10. 2x — 5)(x*> — 3x + 1)
1. 3+ 33— 303
12. (9a — 10b)(2a + b)
13. {a,c,d, e} U {c, d, f, h}
14. {a,c,d, e} N {c, d, f, h}
15. (3x%y° — xy + 4y%) — (—=2x%y° — 3xy + 5y7)

24x%y" 1 54 =2 =il
16. oy 17. (gx y )(18x y )
18. \/x*

19. [4y — (Bx + 2)][4y + (Bx + 2)]
20. (x — 2y — 1)?

24 X 10°
21. ——— (Express the answer in scientific notation.)
2 X 10
V32
22. 23. (* +2)(x* -2
e (@ + )0 - 2)
24. (2 +2)° 25. \V/50- V6
11 11
26. ——— 27, —
7-V3 V3

In Exercises 28-34, factor completely, or state that the polynomial
is prime.

28. 7x* — 22x + 3

30. x3 + 5x% +3x + 15

29. x> —2x + 4
31 3x% — dxy — 7y?



32. 64y — y*
33. 50x° + 20x% + 2x
34. x> — 6x + 9 — 49y?

In Exercises 35-36, factor and simplify each algebraic expression.

_3 1 1
35. x 2 —2x 2+ x2

1 1
36. (x* + 1)2 — 10(x* + 1)2

37. List all the rational numbers in this set:

{—11, —%, 0,0.45, \/23,\/25 }
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Average Price of a TV

935

Average TV Price

In Exercises 38-39, rewrite each expression without absolute value bars. 2007 2008 2009 2010 2011 2012

38. [2 — V13| Year

39. x2|x| if x<O0 Source: Consumer Electronics Association

40. If the population of the United States is approximately Here are two mathematical models for the data shown by the
3.0 X 10® and each person produces about 4.6 pounds of graph. In each formula, P represents the average price of a
garbage per day, express the total number of pounds of TV x years after 2007.
garbage produced in the United States in one day in scientific
notation. P = —86x + 890

41. A human brain contains 3 X 10'° neurons and a gorilla brain P = 18x* — 175x + 950

contains 7.5 X 10° neurons. How many times as many neurons

are in the brain of a human as in the brain of a gorilla? a. Which model better describes the data for 2007?

42. TVs keep getting fancier and bigger, but prices do not. The b. Does the polynomial model of degree 2 underestimate
bar graph at the top of the next column shows the average or overestimate the average TV price for 2012? By how
price of a TV in the United States from 2007 through 2012. much?

SECTION P.6

(D Specify numbers that
must be excluded from
the domain of a rational
expression.

Simplify rational
expressions.

Multiply rational
expressions.

Divide rational
expressions.

Add and subtract
rational expressions.
Simplify complex
rational expressions.
Simplify fractional
expressions that occur
in calculus.

() Rationalize numerators.

© © ®6 0 6 0

Rational Expressions

How do we describe the costs of reducing environmental
pollution? We often use algebraic expressions involving
quotients of polynomials. For example, the algebraic
expression

250x
100 — x
describes the cost, in millions of dollars, to remove
x percent of the pollutants that are discharged
into a river. Removing a modest percentage of
pollutants, say 40%, is far less costly than removing
a substantially greater percentage, such as 95%. We

see this by evaluating the algebraic expression for
x =40 and x = 95.

250,
Evaluating ﬁ for

x = 40: X = 95: kﬂa

Costis 220 _ 17 Costis 22 _ 4750
OB 00 —40 T P00 —0s T T

The cost increases from approximately $167 million to a possibly prohibitive
$4750 million, or $4.75 billion. Costs spiral upward as the percentage of removed
pollutants increases.
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Specify numbers that must be
excluded from the domain of a
rational expression.

4
x —2

This denominator would
equal zero if x = 2.

Many algebraic expressions that describe costs of environmental projects are
examples of rational expressions. First we will define rational expressions. Then we
will review how to perform operations with such expressions.

Rational Expressions

A rational expression is the quotient of two polynomials. Some examples are

x—2 4 X ¥ +1
, y 5 , and —S—————.
4 x—2 x -1 x*+2x—3
The set of real numbers for which an algebraic expression is defined is the domain
of the expression. Because rational expressions indicate division and division by
zero is undefined, we must exclude numbers from a rational expression’s domain

that make the denominator zero.

EXAMPLE 1 Excluding Numbers from the Domain

Find all the numbers that must be excluded from the domain of each rational

expression:
a 4 b. —— c S
x -2 -1 T2+ 3x — 18
SOLUTION

To determine the numbers that must be excluded from each domain, examine the
denominators.

by X c 9x _ 9x
-1 (x+1Dx-1) "X+ 3x—18  (x +6)(x — 3)

This factor would This factor would This factor would This factor would
equal zero if x = —1. equal zero if x = 1. equal zero if x = —6. equal zero if x = 3.

For the rational expression in part (a), we must exclude 2 from the domain. For
the rational expression in part (b), we must exclude both —1 and 1 from the
domain. For the rational expression in part (c), we must exclude both —6 and
3 from the domain. These excluded numbers are often written to the right of a
rational expression:

9
R R T 25 I —
x —2 x-—1 x4+ 3x— 18

x # —6,x # 3.

@ Check Point 1 Find all the numbers that must be excluded from the domain

Simplify rational expressions.

of each rational expression:
7 b Tx

b, % L
X+5 2 — 36 “ 2 _s5c—14

a.

Simplifying Rational Expressions

A rational expression is simplified if its numerator and denominator have no
common factors other than 1 or —1. The following procedure can be used to simplify
rational expressions:

Simplifying Rational Expressions

1. Factor the numerator and the denominator completely.
2. Divide both the numerator and the denominator by any common factors.
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EXAMPLE 2 Simplifying Rational Expressions

Simplify:
X+ x? x>+ 6x+5
x+1 Cox2-25
SOLUTION

B+ P+
= Factor the numerator. Because the denominator

x+1 x+1 isx +1,x # —1.
1
¥ +1) ;
= — Divide out the common factor, x + 1.
X/{‘/f
= x2, x # —1 Denominators of 1 need not be written because

a
1= a.

P+ 6x+5 (x + 5)(x + 1) Factor the numerator and denominator.
3 s = T s 5 Because the denominator is
X = (x )(x ) (x + B)(x — B),x # —5and x # B.

1

(x5 (x + 1)
= ———————_ Divide out the common factor, x + 5.
(x/ll/S)(x -5)
+1
:x ,X#—S,X#S (X X
x—5

¢ Check Point 2 Simplify:

¥+ 3x? -1
x+3 T2+
0 Multiply rational expressions. Multiplying Rational Expressions

The product of two rational expressions is the product of their numerators divided by
the product of their denominators. Here is a step-by-step procedure for multiplying
rational expressions:

Multiplying Rational Expressions

1. Factor all numerators and denominators completely.
2. Divide numerators and denominators by common factors.

3. Multiply the remaining factors in the numerators and multiply the
remaining factors in the denominators.

EXAMPLE 3 Multiplying Rational Expressions
x—7 x*—1

Multiply: ﬁ . m
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O Divide rational expressions.

SOLUTION

x—7.x2—1
x—1 3x—-21

x—7.(x+1)(x—1)
x—1 3(x —7)

x/-lﬂ.(x+1)(x\i\1\)

e
+
=x31,x7& 1,x # 7

These excluded numbers from the
domain must also be excluded from

the simplified expression's domain.

‘¢ Check Point 3 Multiply:

x+3 xX—x—-6
-4 xX*+6x+9

Dividing Rational Expressions

The quotient of two rational expressions is

This is the given multiplication problem.

Factor as many numerators and
denominators as possible. Because the
denominators have factors of x — 1 and
x—7,x #landx # 7.

Divide numerators and denominators by
common factors.

Multiply the remaining factors in the
numerators and denominators.

the product of the first expression and

the multiplicative inverse, or reciprocal, of the second expression. The reciprocal
is found by interchanging the numerator and the denominator. Thus, we find the
quotient of two rational expressions by inverting the divisor and multiplying.

EXAMPLE 4 Dividing Rational Expressions

x2—2x—8;x—4

Divide: Z-9 i a
SOLUTION
x2—2x—8;x—4
=9 "x+3

X —2x—8 x+3
x?=9 x —4
(= Hx+2) x+3
(x+3)(x—3) x—4

G +2) )
3= 6D

_x+2

,x # 3. x #3,x #4
x—3

This is the given division problem.

Invert the divisor and multiply.

Factor as many numerators and
denominators as possible. For nonzero
denominators, x # —3,x # 3, and x # 4.

Divide numerators and denominators by
common factors.

Multiply the remaining factors in the
numerators and in the denominators. eee



e Add and subtract rational
expressions.

GREAT QUESTION!

When subtracting a numerator

containing more than one term, do

I have to insert parentheses like
you did in Example 5?

Yes. When a numerator is being
subtracted, we must subtract
every term in that expression.
Parentheses indicate that every
term inside is being subtracted.

‘¢ Check Point 5 Subtract:
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B Check Point 4 Divide:

-2+ 1 x*+x-—2
X+ x C 32+ 3

Adding and Subtracting Rational Expressions
with the Same Denominator

We add or subtract rational expressions with the same denominator by (1) adding
or subtracting the numerators, (2) placing this result over the common denominator,
and (3) simplifying, if possible.

EXAMPLE 5 Subtracting Rational Expressions with the Same
Denominator

S+ 1 4x -2

-9 x*-9

Subtract:

SOLUTION

Subtract numerators and include
parentheses to indicate that
both terms are subtracted. Place
this difference over the common
denominator.

Don't forget the parentheses.

S5x+1  4x—2  Sx+1- (4x—-2)
x> =9 x> =9 x> =9

Sx +1 —4x +2 Remove parentheses and then

- 2—-9 change the signh of each term in
parentheses.
x+3
=5 Combine like terms.
x*=9
1
r3 Fact: d simplify (x # —3 and
= T o A actor and simplify (x # —3 an
W(" 3) x # 3).
= ,x # —3,x #3 eceo
x—3

X _3x+2
x +1 x+1°

Adding and Subtracting Rational Expressions
with Different Denominators

Rational expressions that have no common factors in their denominators can be
added or subtracted using one of the following properties:

_admbe L 0d o

ad + bc c
d bd

c a
J’_f - —
d bd b

a
b
The denominator, bd, is the product of the factors in the two denominators. Because

we are considering rational expressions that have no common factors in their
denominators, the product bd gives the least common denominator.
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EXAMPLE 6 Subtracting Rational Expressions Having No Common
Factors in Their Denominators

x+2 4

2x—3 x+3

Subtract:

SOLUTION

We need to find the least common denominator. This is the product of the distinct
factors in each denominator, namely (2x — 3)(x + 3). We can therefore use the
subtraction property given previously as follows:

a _ ¢ _ ad-be
b d bd
x + 2 4 (x +2)(x +3) — (2x — 3)4 Observe that
2x—3  x+3 (2x = 3)(x + 3) a=x+2b=2x—3c=4,

andd = x + 3.
x2 4+ 50 +6— (8x — 12)
(2x = 3)(x + 3)

Multiply in the humerator.

X2 +5c+6— 8+ 12 Remove parentheses and
then change the sign of each
(2x — 3)(x + 3) ;
term in parentheses.

_ x> —3x + 18 3 Combine like terms in the
- (2x — 3)(x + 3)’x 7 E’x # =3 numerator. oo

3 5
+ .
x+1 x-—-1

@ Check Point 6 Add:

The least common denominator, or LCD, of several rational expressions is a
polynomial consisting of the product of all prime factors in the denominators, with
each factor raised to the greatest power of its occurrence in any denominator. When
adding and subtracting rational expressions that have different denominators with
one or more common factors in the denominators, it is efficient to find the least
common denominator first.

Finding the Least Common Denominator

1. Factor each denominator completely.
2. List the factors of the first denominator.

3. Add to the list in step 2 any factors of the second denominator that do not
appear in the list.

4. Form the product of the factors from the list in step 3. This product is the
least common denominator.

EXAMPLE 7 Finding the Least Common Denominator
Find the least common denominator of

7 9
S5x= + 15x x“+ 6x +9
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SOLUTION
Step1 Factor each denominator completely.
5x? + 15x = 5x(x + 3)
2+6x+9=(x+3?% or (x+3)(x+3)
Factors are 7 9 Factors are
5, x, and x + 3. 5x2 + 15x 2 +6x+9 X+3and x +3.

Step 2 List the factors of the first denominator.

5x,x +3

Step 3 Add any unlisted factors from the second denominator. One factor of
x% + 6x + 9 is already in our list. That factor is x + 3. However, the other factor
of x + 3 is not listed in step 2. We add a second factor of x + 3 to the list. We have

5,x,x +3,x + 3.

Step 4 The least common denominator is the product of all factors in the final
list. Thus,

Sx(x + 3)(x +3) or Sx(x + 3)°

is the least common denominator.

O Check Point 7 Find the least common denominator of

3
x> —6x+9 x2=9

Finding the least common denominator for two (or more) rational expressions is
the first step needed to add or subtract the expressions.

Adding and Subtracting Rational Expressions That Have Different
Denominators

1. Find the LCD of the rational expressions.

2. Rewrite each rational expression as an equivalent expression whose
denominator is the LCD. To do so, multiply the numerator and the
denominator of each rational expression by any factor(s) needed to
convert the denominator into the LCD.

3. Add or subtract numerators, placing the resulting expression over the LCD.
4. If possible, simplify the resulting rational expression.

EXAMPLE 8 Adding Rational Expressions with Different
Denominators

x+3 N 2
2+x-2 x-1

Add:

SOLUTION
Step 1 Find the least common denominator. Start by factoring the denominators.
+x—-2=@x+2)(x-1)
-1=Gx+Dx-1)

The factors of the first denominator are x + 2 and x — 1. The only factor from the
second denominator that is not listed is x + 1. Thus, the least common denominator is

(x+2)(x = D(x +1).
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Step 2 Write equivalent expressions with the LCD as denominators. We must
rewrite each rational expression with a denominator of (x + 2)(x — 1)(x + 1). We
do so by multiplying both the numerator and the denominator of each rational
expression by any factor(s) needed to convert the expression’s denominator into

the LCD.
x+3 x+1 (x +3)(x +1) 2 x+2 2(x +2)
(x+2)(x—1) x+1 (x+2)(x-1Dx+1) (x+D(x—-1) x+2 (x+2)(x—-1(x+1)
Multiply the numerator and denominator by Multiply the numerator and denominator by
X + 1 to get (x + 2)(x —1)(x +1), the LCD. X + 2 to get (x +2)(x —1)(x + 1), the LCD.
x+1 x + 2

Because T 1and = 1, we are not changing the value of either rational
X

x + 2
expression, only its appearance.
Now we are ready to perform the indicated addition.
x+3 2
2 T3
x+x—-2 x -1
x+3 2 Factor the denominators.

= + .
+2 -1 +1 -1 The LCD is
(x )(x ) (x )(x ) (x + 2)(x — N(x + 1.

This is the given problem.

B (x+3)(x+1) 2(x +2) Rewrite equivalent
= (x " 2)(x — 1)(}( T 1) (x n 2)()6 _ 1)(X T 1) expressions with the LCD.

Step 3 Add numerators, putting this sum over the LCD.
(3 + 1) +2(x +2)
O (x+2)x- D+ 1)

x2 +4r +3+2x + 4 Perform the multiplications in
= th tor.
(x n 2)(x — 1)(x I 1) e humerator.
X2 +6x +7 Combine like terms in the

= (x +2)(x — D)(x + 1),)6 # =2,x # L,x # =1 pumerator: 4x + 2x = 6x
and3 + 4 =17.

Step 4 1If necessary, simplify. Because the numerator is prime, no further
simplification is possible.

X x—4

7 int 8 Subtract: - :
0 Check Point 8 Subtrac 2 —10x +25 2x—10

Simplify complex rational Complex Rational Expressions

EXpressions. Complex rational expressions, also called complex fractions, have numerators or

denominators containing one or more rational expressions. Here are two examples
of such expressions:

Separate rational

1 1 1 expressions oceur
1+ — Separate rational - — in the numerator.
X expressions oceur x+h x
in the numerator
1 - — and the denominator.

=
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One method for simplifying a complex rational expression is to combine its
numerator into a single expression and combine its denominator into a single

expression. Then perform the division by inverting the denominator and multiplying.

EXAMPLE 9 Simplifying a Complex Rational Expression

142
Simplify:
1 - —
X
SOLUTION

Step1 Add to get a single rational expression in the numerator.

1+ —=—+—= + - ==+ —=
X 1 X 1-x X X X

1 1 1 1-x 1 X 1 x+1
X

The LCD is 1 - x, or x.

Step 2 Subtract to get a single rational expression in the denominator.

1 1 1 1-x 1 1 x—1

1 2= = - = ==~ _ — = _

X
X 1 X 1-x X X

X X
The LCD is 1 - x, or x.

Step 3 Perform the division indicated by the main fraction bar: Invert and
multiply. If possible, simplify.

1 x +1
1+ — 1
X X x +1 X x +1 X x +1
1 x—1 X x —1 X x—1 x —1
1- - 1
X X

Invert and multiply.

==
I
N | W

@ Check Point 9 Simplify:

=
+
BWw

A second method for simplifying a complex rational expression is to find the
least common denominator of all the rational expressions in its numerator and
denominator. Then multiply each term in its numerator and denominator by this least
common denominator. Because we are multiplying by a form of 1, we will obtain an
equivalent expression that does not contain fractions in its numerator or denominator.
Here we use this method to simplify the complex rational expression in Example 9.

1 1 The least common denominator of all the rational
1+ ; 1+ ; ¥ expressions is x. Multiply the numerator and
— e X
1 1 X denominator by x. Because — = 1, we are not changing
1-- (1-- *
X ( X the complex fraction (x # O).
1
lex +—-x
X
= —1 Use the distributive property. Be sure to distribute x to
lex — —-x every term.
X
x+1 Multiply. The complex rational expression is now
= x #F0,x #1 ’ ’ ’

x—1 simplified.
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o Simplify fractional expressions
that occur in calculus.

EXAMPLE 10 Simplifying a Complex Rational Expression

1
+
Simplify: xh—x
h
SOLUTION
1 1
We will use the method of multiplying each of the three terms, R and &, by

the least common denominator. The least common denominator is x(x + h).

1
x+h x
h
1 1
T — = |x(x + h) Multiply the numerator and denominator by
i i x(x + h),h # O,x # 0,x # —h.
hx(x + h)
(x+ h) = 2ox(x + )
*x(x — —x(x
x+h X .
= Use the distributive property in the numerator.
hx(x + h)
x—xth) Simpli 1 x+h d
= implify: * X = x an
hx(x + h) 1 PiFy ( )
;‘)é(x-ﬁ— h) = x + h.
xX—x—h
= ﬁ Subtract in the numerator. Remove parentheses
x(x * ) and change the sign of each term in parentheses.
1
_% Simplify h h
= —— implify: x — x — h = —h,
Hx(x + h) P
1
=————— h #0,x # 0,x # —h Divide the numerator and denominator by h.
x(x + h) e

¢ Check Point 10 Simplify: !

Fractional Expressions in Calculus

Fractional expressions containing radicals occur frequently in calculus. Because of
the radicals, these expressions are not rational expressions. However, they can often
be simplified using the procedure for simplifying complex rational expressions.

EXAMPLE 11 Simplifying a Fractional Expression
Containing Radicals

2
VO - e

9 — x2
9 — x? ’

Simplify:
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SOLUTION
2 x
9 —x* + NS The least common denominator is
Vo x Vo - 2.
9 —x
2 x
9 x4+ —7— Multiply th t d th
— — ply the humerator an e
= 9 - x . 9 — x denominator by V9 — .

2
X
m 9 —x*+ —=V9 — ¥ Use the distributive property in the

A/0 _ 2
— 9 X numerator.

(9 — x%) + x? In the denominator:
= — 3 . —
(9 — x?)? _
. 9 Because the original expression was
o /(9 — x2)3 in radical form, write the denominator
in radical form.
1
Vx + oV
. . . X
@ Check Point 11 Simplify: :
Rationalize numerators. Another fractional expression that you will encounter in calculus is
Vx +h— Vx
h .

Can you see that this expression is not defined if # = 0? However, in calculus, you
will ask the following question:

What happens to the expression as & takes on values that get closer and closer
to0,suchash = 0.1, 2~ = 0.01, 4~ = 0.001, &~ = 0.0001, and so on?

The question is answered by first rationalizing the numerator. This process involves
rewriting the fractional expression as an equivalent expression in which the
numerator no longer contains any radicals. To rationalize a numerator, multiply
by 1 to eliminate the radicals in the numerator. Multiply the numerator and the
denominator by the conjugate of the numerator.

EXAMPLE 12 Rationalizing a Numerator
Rationalize the numerator:
Vx+h—Vx
—

SOLUTION

The conjugate of the numerator is Vx + & + Vx. If we multiply the numerator
and denominator by Vx + & + VX, the simplified numerator will not contain a

Vx + h+
radical. Therefore, we multiply by 1, choosing H for 1.
X X
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/:’li%,w Bonui

Calculus Preview

In calculus, you will summarize the
discussion on the right using the
special notation

Vx+h—-Vx 1
2Vx'
This is read “the limit of
Vx+h— Vx

h
0 equals

Jim, h

as h approaches

”

1
.7 Limits are
2Vx
discussed in Chapter 11, where we
present an introduction to calculus.

@ Check Point 12 Rationalize the numerator:

Vx + —\/}:\/x+ —\/);'\/x-i-h-i-\/;c

h h Vi + b+ Vax
(Vi + h)? = (Vx)?

Multiply by 1.

(Va - Vb)(Va+ Vb) =

N h(\/x+h+\/§) (\/;)2,(\/[7)2
= xX+th-—x (\/x+h)2=x+h
h(Vx + h + Vx) and (Vx)2 = x.
h i ify: x —x=
S Vit h e vE) Simplify: x + h h,
1

h#0

Divide both the numerator and

S Vath Vi

denominator by h.

Vx+h—Vx
What happens to o
we showed that

as h gets closer and closer to 0? In Example 12,

Vx + —\/)?2 1
h Vx+h+ Vx

As h gets closer to 0, the expression on the right gets closer to

1
Vx+0+ Vx
1 1 . . Vx+h—-Vx
Vit Vo or XV Thus, the fractional expression —
1
2Vx

approaches

as h gets closer to 0.

Vx +3 - Vx

3
CONCEPT AND VOCABULARY CHECK
Fill in each blank so that the resulting statement is true.
1. A rational expression is the quotientoftwo . 9. A rational expression whose numerator or

2. The set of real numbers for which a rational

expression is defined is the

denominator or both contain rational expressions

of the expression. is called a/an rational expression or

We must exclude all numbers from this set that make a/an fraction.
the denominator of the rational expression __. 1 1 1 1
3. We simplify a rational expressionby ____ the 13 x x(x + 3) <x+3 - x) —( )
numerator and the denominator completely. Then 10. 3 = N 3 = ‘3 3
we divide the numerator and the denominator by x(x +3) x(x + 3)
any B o
XX _ X X _ 3x(x + 3)
4' T = e _ < T — # O
53 I R
2
— 4 =
a%—x3 -
7. Consider the following subtraction problem: 1. We can simplify 1
x—1 x—2 Vx + 7
_ ] P
¥+x—6 x*+4x+3 —

The factors of the first denominator are .
The factors of the second denominatorare | by

The LCD is

. . 3x
8. An equivalent expression for

denominator of (3x + 4)(x — 5) can be obtained by by

by multiplying the numerator and the denominator

+ J—
+2 12. We can rationalize the numerator of —\/xi v
with a 7
5 by multiplying the numerator and the denominator

multiplying the numerator and denominator by
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x> = 2x x>+ x

35.
In Exercises 1-6, find all numbers that must be excluded from the X +3x X+ 3x
domain of each rational expression. 36 x? — 4x 4x — 4
7 13 "x-x-6 xX-x-6
L3 2 o 4 -10 x—4 243 3—x
37— — 38. —
3 x+5 4 x +7 x =2 x =2 3x—6 3x-—6
T Xt -25 T X2 — 49 X2+ 3x - 12
39. -
_x-1 _x=3 Crx—12 P+x-12
T x? 4+ 1lx + 10 T x4 dx - 45 a0, S % x—6
In Exercises 7-14, simplify each rational expression. Find all F-x—6 xX-x-—6
numbers that must be excluded from the domain of the simplified M 3 n 6 20 8 4 2
rational expression. ‘x+4 x+5 "x—-2 x-3
- - 3 3 4 3
7. M 8. M 43. - — 44, — —
¥ —6x+9 xr—4x + 4 x+1x x x+3
X = 12x + 36 X = 8x + 16 45, 2 x T2 4, X _x*4
% T —oa 0. — x+2 x-2 x-3 x+2
+ - + -
Y +Ty - 18 o g 22 x00 a8, 113 100
n —————— 12. V(77— x—=5 x+5 x—3 x+3
y- =3y +2 y-+5y+4 3 ) 5 .
2 2 _ 49. + 50. +
3, P12 36 g, SRS 2w+ 4 w46 2w+ 8 v+ 12
- ©ow 51 r Y MR
In Exercises 15-32, multiply or divide as indicated. "2 4+6x+9 x+3 " Sx 4+ 2 25x2 — 4
15 = 2 2x+6 16. 6x +9 x-5 53, 3x B 2x
3x+9 2x — 4 3x — 15 4x + 6 X2 +3%x—-10 x2+x-6
2 _ 2 _ 2_4 2x — 4 X X
17. % 9 x 3x 18. X 2 54, -
X X +x—-12 X —dx+4 x+2 X =2x =24 xX*—Tx+6
2 _ 2 _ +3 +2 +5 +1
19, * S5x +6 x 1 55, x2 X 56. x2 X
—2x—-3 x> -4 -1 x-1 P-4 x-2
Z+50c+6  xP-— 24 x -
20. x2 X . 2x 9 57, 4)26 x—6  3x n 5
X“+x—6 x"—x—06 x*+3x+2 x+1 x+2
3 2
x’—8 x+2 x*+6x+9 1 6x2 + 17x — 40 3 Sx
21. T4 3k 22. h 27 xt3 58. — — +— -
X X x4+ x—-20 x—4 x+5
x+1 3x+3 x+5 4x+20
23. 3 T 7 24. 7 7 9 In Exercises 59-72, simplify each complex rational expression.
P-4 +2 P-4 +2 * r
25 52 2.~ 371 21
X x —2 x—2 4x-8 59, 60.
7 4x* +10  6x2 + 15 x—3 x —4
. _ - 2
o3 x o9 1+- g+ 1
A S 61. s 62. ad
-4 xX*+5%+6 3_1 4_1
x* =25  x*+10x +25 * X
29. + 1 1 1
2x — 2 ¥ +4x =5 -+ = - =
o, Vo4 @St 63— 64 —=
T2 +3x—10 X2+ 8+ 15 * yx Y
2 _ 2 _
31.x2+x 12_x2+5x+6+2x+3 XT3 ‘-3
X +x—-30 x**-2x—-3 x*+7x+6 65’? 66. )
3 x3725x. %% — 2 ;x2+5x YT
’ 4x? P—6x+5 Tx+7 3 4 B
- +1
In Exercises 33-58, add or subtract as indicated. 67 x—2 x+2 68 x—2
+ + + + ) 7 3
334)6 1+8x 9 3 3x 2+3x 6 i

“6x+5 6x+5 "3x+4 3x+4 x> —4 x2—4
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- 2 x+h  x
(x +h)? x? - x+h+1 x+1
e . W

Exercises 73-78 contain fractional expressions that occur
frequently in calculus. Simplify each expression.

71

1 1
Vx - Vx -
gy 3V Y
) Vax ) Vx
2 2
X 2 2
——— - Vx*+2 5—xt+
Vx2+2 5 — x?
75. 5 76.
X 5
1 1 1

_x2
IR
Vi +3 Vx

78.
3

Vx +h Vx
77'#

In Exercises 79-82, rationalize the numerator.
Vx+35-Vx Vx+7-Vx
79 —— 80, —————
5 7
Vx + Vy Vx — Vy

81 x2 _ y2 x2 _ yZ

82

Practice Plus

In Exercises 83-90, perform the indicated operations. Simplify the
result, if possible.
2x+3 x> +4x -5 2
83. . -
x+1 2x2+x -3 x+2

1 1 1
4. - -
8 X2>—-2x-38 (x—4 x+2>
6 3
L2 - +
s (2 )i )
3 5
.4 - +
s (4= )15

T+ T +2)!
g7 ) (y +5) ag. 2 (y+2)
5 2
s9< 1 .ac+ad—bc—bd>_ c—d
"\ -3 1 a?® + ab + b?
90 ab ac—ad—bc+bd;a3—b3
a4 ab + b? ac —ad + bc — bd = 4% + b3

Application Exercises
91. The rational expression

130x
100 — x
describes the cost, in millions of dollars, to inoculate x percent
of the population against a particular strain of flu.

a. Evaluate the expression for x = 40, x = 80, and x = 90.
Describe the meaning of each evaluation in terms of
percentage inoculated and cost.

b. For what value of x is the expression undefined?
c. What happens to the cost as x approaches 100%? How
can you interpret this observation?
92. The average rate on a round-trip commute having a one-way
distance d is given by the complex rational expression

2d

in which r; and r, are the average rates on the outgoing and
return trips, respectively. Simplify the expression. Then find
your average rate if you drive to campus averaging 40 miles per
hour and return home on the same route averaging 30 miles
per hour. Explain why the answer is not 35 miles per hour.

93. The bar graph shows the estimated number of calories per day
needed to maintain energy balance for various gender and age
groups for moderately active lifestyles. (Moderately active means
a lifestyle that includes physical activity equivalent to walking 1.5
to 3 miles per day at 3 to 4 miles per hour, in addition to the light
physical activity associated with typical day-to-day life.)

Calories Needed to Maintain Energy
Balance for Moderately Active Lifestyles

3200 Group3 ~ Group 4 Group 5
B Women Group 6
2800 M roup
€M Group 2 o =
L. 2400 g Q S
S Group 1 ° S S
. 20001 o B S =) &
2, Nz B IS S o
» 1600 S Ky Q Q S
2 = < 8
< 1200 - s
“ 800 [
400
4-8 9-13 14-18  19-30  31-50 51+
Age Range

Source: US.D.A.

a. The mathematical model
W = —66x% + 526x + 1030

describes the number of calories needed per day, W, by
women in age group x with moderately active lifestyles.
According to the model, how many calories per day
are needed by women between the ages of 19 and 30,
inclusive, with this lifestyle? Does this underestimate or
overestimate the number shown by the graph? By how
much?

b. The mathematical model
M = —120x% + 998x + 590

describes the number of calories needed per day, M, by
men in age group x with moderately active lifestyles.
According to the model, how many calories per day
are needed by men between the ages of 19 and 30,
inclusive, with this lifestyle? Does this underestimate or
overestimate the number shown by the graph? By how
much?



c. Write a simplified rational expression that describes the
ratio of the number of calories needed per day by women
in age group x to the number of calories needed per day
by men in age group x for people with moderately active
lifestyles.

94. If three resistors with resistances R, R,, and Rj3 are
connected in parallel, their combined resistance is given by
the expression

v Ry
1 1 1° WA

Ry R, R; R,
NNV

R;
WA

Simplify the complex rational expression. Then find the
combined resistance when R; is 4 ohms, R, is 8 ohms, and
R is 12 ohms.

In Exercises 95-96, express the perimeter of each rectangle as a
single rational expression.

95. X 96. X
x+3 x+5

] L] ] L]

1 T[] u| [

Writing in Mathematics

97. What is a rational expression?

98. Explain how to determine which numbers must be excluded
from the domain of a rational expression.

99. Explain how to simplify a rational expression.
100. Explain how to multiply rational expressions.
101. Explain how to divide rational expressions.

102. Explain how to add or subtract rational expressions with the
same denominators.

103. Explain how to add rational expressions having no common

factors in their denominators. Use
explanation.

in your

+
x+5 x+2

104. Explain how to find the least common denominator for
denominators of x> — 100 and x> — 20x + 100.
32
— + —
X 2
105. Describe two ways to simplify 1

2

z.
X X

Explain the error in Exercises 106—-108. Then rewrite the right side
of the equation to correct the error that now exists.

1 1 1 1 1
106. — + — = 107. —+7 =
06a b a+b 0 X 7 x+7

a a a
108. — + — =

x b x+b

Critical Thinking Exercises

Make Sense? In Exercises 109-112, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

3x—3
109. I evaluated m

for x = 1 and obtained 0.
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110. The rational expressions

7 and
14x 14 + x

can both be simplified by dividing each numerator and each
denominator by 7.

111. When performing the division

Tx .(x+3)2
x+3  x-5"

I began by dividing the numerator and the denominator by
the common factor, x + 3.

112. Isubtracted :?__ 15 from i : i and obtained a constant.

In Exercises 113-116, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

2 _
mw =B s
x—=5
) i .
114. The expression yT simplifies to the consecutive
integer that follows —4.
2x—1 3x-1 5x-2
115. - =0
x =17 x =17 x =7
1
116. 6 + — = !
X  x

In Exercises 117-119, perform the indicated operations.

1 1 1
117. — -5
xt =1

x"=1 x"+1

118. (1_%)(1_xi1)(1_x3-2)(1_xi3)

119. (x —y) '+ (x — y)?2
120. In one short sentence, five words or less, explain what

111
x ¥ X
111
X4 XS XG

does to each number x.

Exercises 121-123 will help you prepare for the material covered
in the next section.

121. If 6 is substituted for x in the equation
2(x —3) — 17 =13 — 3(x + 2),

is the resulting statement true or false?
x+2 x-— 1)
4 3 )

122. Multiply and simplify: 12(
123. Evaluate

-b — Vb® - 4ac
2a
fora =2,b =9,andc = 5.
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SECTION P.7
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Solve linear equations in
one variable.

Solve linear equations
containing fractions.

Solve rational equations
with variables in the
denominators.

Solve a formula for a
variable.

Solve equations involving
absolute value.

Solve quadratic equations
by factoring.

Solve quadratic equations
by the square root
property.

Solve quadratic equations
by completing the square.

Solve quadratic equations
using the quadratic
formula.

Use the discriminant to
determine the number
and type of solutions of
quadratic equations.

Determine the most
efficient method to use
when solving a quadratic
equation.

Solve radical equations.

Equations

I'm very well acquainted, too, with matters mathematical,
1 understand equations, both simple and quadratical.
About binomial theorem I'm teeming with a lot of news,
With many cheerful facts about the square of the
hypotenuse.

—Gilbert and Sullivan,
The Pirates of Penzance

T

2‘_

Equations quadratical? Cheerful news about the square of the hypotenuse? You've
come to the right place. In this section, we will review how to solve a variety of
equations, including linear equations, quadratic equations, and radical equations.
(Yes, it’s quadratic and not quadratical,despite the latter’s rhyme with mathematical.)
In the next section, we will look at applications of quadratic equations, introducing
(cheerfully, of course) the Pythagorean Theorem and the square of the hypotenuse.

Solving Linear Equations in One Variable

We begin with a general definition of a linear equation in one variable.

Definition of a Linear Equation

A linear equation in one variable x is an equation that can be written in the form
ax + b =0,

where a and b are real numbers, and a # 0.

An example of a linear equation in one variable is
4x + 12 = 0.

Solving an equation in x involves determining all values of x that result in a true
statement when substituted into the equation. Such values are solutions, or roots, of
the equation. For example, substitute —3 for x in 4x + 12 = 0. We obtain

4-3)+12=0, or —12+ 12 =0.

This simplifies to the true statement 0 = 0. Thus, —3 is a solution of the equation
4x + 12 = 0. We also say that —3 satisfies the equation 4x + 12 = 0, because
when we substitute —3 for x, a true statement results. The set of all such solutions
is called the equation’s solution set. For example, the solution set of the equation
4x + 12 = 0is {—3} because —3 is the equation’s only solution.

Two or more equations that have the same solution set are called equivalent
equations. For example, the equations

4x +12 =0 and 4x =-12 and x = -3

are equivalent equations because the solution set for each is {—3}. To solve a linear
equation in x, we transform the equation into an equivalent equation one or more
times. Our final equivalent equation should be of the form

x = anumber.

The solution set of this equation is the set consisting of the number.



Solve linear equations in one
variable.
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To generate equivalent equations, we will use the following principles:

Generating Equivalent Equations

An equation can be transformed into an equivalent equation by one or more of

the following operations:

Operation

Example

1. Simplify an expression by
removing grouping symbols and

combining like terms. ¢ 3(x = 6) =6x —x
3x — 18 = 5x
2. Add (or subtract) the same real o 3x — 18 = 5x
number or variable expression Subtract 3x f
on both sides of the equation. J ! b:fhr:icdes)zf r;;,r:
3x — 18 — 3x = 5x — 3x equation.
—18 = 2x
3. Multiply (or divide) by the same o —18 = 2x
nonzero quantity on both sides Divide both sides
of the equation. —18 _ 2% . of the equation
2 2
-9 =x
4. Interchange the two sides of the o -9=x
equation. x =-9

If you look closely at the equations in the box, you will notice that we have solved
the equation 3(x — 6) = 6x — x. The final equation, x = —9, with x isolated on the
left side, shows that {—9} is the solution set. The idea in solving a linear equation is
to get the variable by itself on one side of the equal sign and a number by itself on
the other side.

Here is a step-by-step procedure for solving a linear equation in one variable.
Not all of these steps are necessary to solve every equation.

Solving a Linear Equation

1. Simplify the algebraic expression on each side by removing grouping
symbols and combining like terms.

2. Collect all the variable terms on one side and all the numbers, or constant
terms, on the other side.

3. Isolate the variable and solve.
4. Check the proposed solution in the original equation.

EXAMPLE 1 Solving a Linear Equation
Solve and check: 2(x —3) — 17 =13 — 3(x + 2).

SOLUTION
Step 1 Simplify the algebraic expression on each side.
Do not begin with 13 — 3. Multiplication
(the distributive property) is applied
before subtraction.
AN AN
2(x —3)—17=13 = 3(x + 2)
2x —6—-17=13-3x — 6
2x — 23 =-3x+7

This is the given equation.
Use the distributive property.

Combine like terms.
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DISCOVERY

Solve the equation in Example 1
by collecting terms with the
variable on the right and
numerical terms on the left.
What do you observe?

Solve linear equations containing

fractions.

Step 2 Collect variable terms on one side and constant terms on the other
side. We will collect variable terms of 2x — 23 = —3x + 7 on the left by adding 3x
to both sides. We will collect the numbers on the right by adding 23 to both sides.

2x — 23 + 3x = —3x + 7 + 3x Add 3x to both sides.

S5x =23 =17 Simplify: 2x + 3x = Bx.
Sx =23 +23 =7+ 23 Add 23 to both sides.
5x = 30 Simplify.

Step 3 Isolate the variable and solve. We isolate the variable, x, by dividing both
sides of 5x = 30 by 5.

Sl = @ Divide both sides by 5
5 5 ivide both sides by 5.
x=6 Simplify.

Step 4 Check the proposed solution in the original equation. Substitute 6 for x
in the original equation.

2(x —3) =17 =13 — 3(x + 2)  This is the original equation.
206 —3)— 17 £ 13 = 3(6 + 2)  Substitute 6 for x.
2(3) — 17 £ 13 — 3(8) Simplify inside parentheses.
6—17 £ 13 — 24 Multiply.
-11 =-11 Subtract.
The true statement —11 = —11 verifies that the solution set is {6}.

@ Check Point 1 Solve and check: 4(2x + 1) = 29 + 3(2x — 5).

Linear Equations with Fractions

Equations are easier to solve when they do not contain fractions. How do we remove
fractions from an equation? We begin by multiplying both sides of the equation

by the least common denominator of any fractions in the equation. The least
common denominator is the smallest number that all denominators will divide

into. Multiplying every term on both sides of the equation by the least common

denominator will eliminate the fractions in the equation. Example 2 shows how we
“clear an equation of fractions.”

EXAMPLE 2 Solving a Linear Equation Involving Fractions
x+2 x—-1_
4 3

Solve and check: 2.

SOLUTION

The fractional terms have denominators of 4 and 3. The smallest number that is
divisible by 4 and 3 is 12. We begin by multiplying both sides of the equation by 12,
the least common denominator.

x+2_x—1

4 3 =2 This is the given equation.
12 <x YR ol 3 ) =12-2 Multiply both sides by 12.



e Solve rational equations with
variables in the denominators.

x + 2 x—1
o222 x5 1) oy

3/x+2 4 (x —1
H(22) - () -
3x +2) —4(x —1) =24
3x+6—4x +4=24
—x + 10 = 24
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Use the distributive property and
multiply each term on the left by 12.

Divide out common factors in each
multiplication on the left.

The fractions are now cleared.

Use the distributive property.

Combine like terms: 3x — 4x = —x

and 6 + 4 = 10.
Subtract 10 from both sides.
Simplify.

—x + 10 — 10 =24 — 10
—x =14

We're not finished. A
negative sign should not
precede the variable.

Isolate x by multiplying or dividing both sides of this equation by —1.

—X 14
— = — Divide both sides by —1.
-1 -1

x =—14 Simplify.

Check the proposed solution. Substitute —14 for x in the original equation. You
should obtain 2 = 2. This true statement verifies that the solution set is {—14}. see

@ Check Point 2 Solve and check: *—= = = —

Rational Equations

A rational equation is an equation containing one or more rational expressions. In
Example 2, we solved a rational equation with constants in the denominators. This
rational equation was a linear equation. Now, let’s consider a rational equation such as
3 1 4
x+6 x-2 ¥ +4x—12

Can you see how this rational equation differs from the rational equation that we
solved earlier? The variable appears in the denominators. Although this rational
equation is not a linear equation, the solution procedure still involves multiplying
each side by the least common denominator. However, we must avoid any values of
the variable that make a denominator zero.

EXAMPLE 3 Solving a Rational Equation

Solve: 3 + L _ 4
Tx+6 x—2 xX2+4x-—-12

SOLUTION

To identify values of x that make denominators zero, let’s factor x> + 4x — 12,
the denominator on the right. This factorization is also necessary in identifying the
least common denominator.

3 1 4

Xt6 T x-2 T GreOx-2

This denominator
is zero if x = 2.

This denominator
is zero if x =—6.

This denominator is zero
ifx=—6orx=2.
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T 4

3

We see that x cannot equal —6 or 2. The least common denominator is
(x +6)(x — 2).

1 4 This is the given equation with a

x +

6 + x =2 = (x + 6)(x _ 2)’ x # —6,x # 2 denominator factored.

Multiply both sides by

1
(¥ +6)(x —2) (x 6 x- 2) =@ O =2 (x+ 6)(x - 2), the LCD.
3 1 - 4 Use the distributive property and
C—+6)(x - 2) .X/‘l‘/ﬁ ot 6)MM = 6 —2) (x+6)(x—2) divide out common factors.
3x —2)+1(x +6) =4 Simplify. This equation is cleared
of fractions.
3x—6+x+6=4 Use the distributive property.
4x = 4 Combine like terms.
dr_d4 Divide both sides by 4
4 4 ivide both sides by 4.
x=1 Simplify. This is not part of the
restriction that x # —6& and
x F 2
Check the proposed solution. Substitute 1 for x in the original equation. You should
obtain —3 = —3%. This true statement verifies that the solution set is {1}. eoo
6 5 —20
i Solve: - = .
¢CheckPomt3 ove: - =S
EXAMPLE 4 Solving a Rational Equation
1 2 1
Solve: = - .
OV Y FT T 21 x—1
SOLUTION
We begin by factoring x> — 1.
1 _ 2 _ 1
x+1 (x + )(x = 1) x—1
This denominator This denominator This denominator
is zero if x = —1. is zero if x =—torx =1. is zero if x = 1.
We see that x cannot equal —1 or 1. The least common denominator is
(x + D(x — 1).
! 2 ! x # —1,x # 1 Thisis the gi tion with
= - , -1, is is the given equation wi
x+1 (x + Dlx = 1) x—1 a denominator factored.
(x +1)(x —1)- 1 =(x + 1)6\ 1 Multiply both sides by
x+1 x+1)(x—-1) x-1 (x + 1)(x — 1), the LCD.
1 2 1
A —-1)——=+1)FT—1) - (x+ DE—1)- Use the distributive property
x+T A1) (=) —T) and divide out common factors.
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Ix—-1)=2—-(x+1) Simplify. This equation is cleared
of fractions.
x—1=2-x-1 Simplify.
x—1=-—x+1 Combine numerical terms.
xt+tx—-—1=—-x+x+1 Add x to both sides.
2x—1=1 Simplify.
2x—1+1=1+1 Add 1 to both sides.
2x = 2 Simplify.
zl = g Divide both sides by 2.
2 2
x =1 Simplify.
GREAT QUESTION! The proposed solution, 1, is not a solution because of the restriction that x # 1.
When do I get rid of proposed There is no solutim? to this'equation. The solution set for this equation contains no
solutions in rational equations? elements. The solution set is J, the empty set. eoe

Reject any proposed solution that

causes any denominator in an ¢ : Solve: 1 _ 4 _ 1
equation to equal 0. Check Point 4 Solve: x+2 xX—4 x-2

0 Solve a formula for a variable. Solving a Formula for One of Its Variables

Solving a formula for a variable means rewriting the formula so that the variable is
isolated on one side of the equation. It does not mean obtaining a numerical value
for that variable.

To solve a formula for one of its variables, treat that variable as if it were the only
variable in the equation. Think of the other variables as if they were numbers.

EXAMPLE 5 Solving a Formula for a Variable

If you wear glasses, did you know that each lens has a measurement called its focal
length, f? When an object is in focus, its distance from the lens, p, and the distance

('Y A= from the lens to your retina, g, satisfy the formula
\ L Pr 1 1 1
|<—p —>| ql<—

poa f
FIGURE P.12 (See Figure P.12.) Solve this formula for p.

SOLUTION

Our goal is to isolate the variable p. We begin by multiplying both sides by the least
common denominator, pqf, to clear the equation of fractions.

We need to isolate p. % + é — % This is the given formula.
pqf ; + E = pqf ? Multiply both sides by pqf, the LCD.
1 1 1 Use the distributive property on the left side
paf ;)/ + pqf 2 = paf ? and divide out common factors.
qf + pf = pq Simplify. The formula is cleared of

fractions.

We need to isolate p.
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GREAT QUESTION!

Can I solve gf + pf = pqforp
by dividing both sides by g and
writing
a* e _
q
No. When a formula is solved for
a specified variable, that variable

must be isolated on one side. The
variable p occurs on both sides of

af + f _
q

?

e Solve equations involving
absolute value.

FIGURE P.13

To collect terms with p on one side of gf + pf = pgq, subtract pf from both sides.
Then factor p from the two resulting terms on the right to convert two occurrences
of p into one.

qf + pf = pq This is the equation cleared of fractions.
qf + pf — pf = pq — pf  Subtract pf from both sides.
af = pq —pf  Simplify.
qf = p(q — f)  Factorout p. the specified variable.
af = p(q - f) Divide both sides by q — f and solve for p.
a-f a—f
af
— =7p Simplify. XY
q-f ’
. 1 1 1
‘¢ Check Point 5 Solveforq: — + — = —.
p q f

Equations Involving Absolute Value

We have seen that the absolute value of x, denoted | x|, describes the distance of x
from zero on a number line. Now consider an absolute value equation, such as

|x| = 2.

This means that we must determine real numbers whose distance from the origin on
anumber line is 2. Figure P.13 shows that there are two numbers such that | x| = 2,
namely, 2 and —2. We write x = 2 or x = —2. This observation can be generalized
as follows:

Rewriting an Absolute Value Equation without Absolute Value Bars

If c is a positive real number and u represents any algebraic expression, then
|u| = cisequivalenttou = coru = —c.

EXAMPLE 6 Solving an Equation Involving Absolute Value
Solve: 5|1 — 4x| — 15 = 0.

SOLUTION
5|1 — 4x‘ —15=0 This is the given equation.
We need to isolate |1 — 4x|,
the absolute value expression.
5|1 — 4x| = 15 Add 15 to both sides.
|1 —4x| =3  Divide both sides by 5.
1—4x=3 or 1—4x =-3 Rewrite|u| =casu=coru=—c
—4x =2 —4x = —4  Subtract 1 from both sides of each equation.
X = —% x=1 Divide both sides of each equation by —4.

Take a moment to check — % and 1, the proposed solutions, in the original equation,
5|1 — 4x| — 15 = 0. In each case, you should obtain the true statement 0 = 0.
The solution set is {— L 1}. eoo

¢ Check Point 6 Solve: 4|1 — 2x| — 20 = 0.



Solve quadratic equations
by factoring.
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The absolute value of a number is never negative. Thus, if u is an algebraic
expression and c is a negative number, then |#| = ¢ has no solution. For example,
the equation |3x — 6| = —2 has no solution because |3x — 6| cannot be negative.
The solution set is J, the empty set.

The absolute value of 0 is 0. Thus, if « is an algebraic expression and |u| = 0,
the solution is found by solving u = 0. For example, the solution of |x — 2| = 0is
obtained by solving x — 2 = 0. The solution is 2 and the solution set is {2}.

Quadratic Equations and Factoring

Linear equations are first-degree polynomial equations of the form ax + b = 0.
Quadratic equations are second-degree polynomial equations and contain an
additional term involving the square of the variable.

Definition of a Quadratic Equation
A quadratic equation in x is an equation that can be written in the general form
ax* + bx + ¢ =0,

where a, b, and c are real numbers, with a # 0. A quadratic equation in x is also
called a second-degree polynomial equation in x.

Here are examples of quadratic equations in general form:

45> —2x =0 2x> + 7x — 4 = 0.

Some quadratic equations, including the two shown above, can be solved by factoring
and using the zero-product principle.

The Zero-Product Principle

If the product of two algebraic expressions is zero, then at least one of the factors
is equal to zero.

If AB = 0,then A = 0orB = 0.

The zero-product principle can be applied only when a quadratic equation is in
general form, with zero on one side of the equation.

Solving a Quadratic Equation by Factoring

1. If necessary, rewrite the equation in the general form ax® + bx + ¢ = 0,
moving all terms to one side, thereby obtaining zero on the other side.

2. Factor completely.

3. Apply the zero-product principle, setting each factor containing a variable
equal to zero.

4. Solve the equations in step 3.
5. Check the solutions in the original equation.

EXAMPLE 7 Solving Quadratic Equations by Factoring

Solve by factoring:
a dx’ —2x =0 b. 2x* + 7x = 4.
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0 Solve quadratic equations by the
square root property.

SOLUTION
a. 4?-2x=0 The given equation is in general form, with
zero on one side.
2x2x — 1) =0 Factor.
2x =0 or 2x—1=20 Use the zero-product principle and set
each factor equal to zero.
x=20 2x =

Solve the resulting equations.

X =

N = =

Check the proposed solutions, 0 and 3, in the original equation.

Check 0: Check %:
42 — 2 =0 4x? —2x =0
4-02-2-0 £ 0 4(3)* —2(3) £ 0
0-020 4(1) —2(:) 2 0
0=0, true 1-12%0
0=0, true
The solution set is {0, %}
b. 2%+ Tx = 4 This is the given equation.
2+ Tx —4=4-4 Subtract 4 from both sides and write the
quadratic equation in general form.
22+ Tx—4=0 Simplify.
2x—-—1Dx+4) =0 Factor.

2x—1=0 or x+4=0 Use the zero-product principle and set
each factor equal to zero.

2x =1 x = —4  Solve the resulting equations.
1
2

Check the proposed solutions, + and —4, in the original equation.

Check 1: Check —4:
22+ Tx =4 262 +7x =4
2(L)2+7(3) 2 4 242 +7(-4) £ 4
T+1 24 32+ (—-28) = 4
4 =4, true = 4, true
The solution set is {—4, %} eoo
¢ Check Point 7 Solve by factoring:
a. 3x> = 9x =0 b. 2x* +x = 1.

Quadratic Equations and the Square Root Property

Quadratic equations of the form u?> = d, where u is an algebraic expression and d
is a positive real number, can be solved by the square root property. First, isolate the
squared expression u? on one side of the equation and the number d on the other
side. Then take the square root of both sides. Remember, there are two numbers
whose square is d. One number is \/d and one is — \V/d.
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We can use factoring to verify that u?> = d has these two solutions.

u>=d This is the given equation.
w—-d=0 Move all terms to one side and obtain
zero on the other side.

(u + \/;l)(u— \/{;) =0 Factor.
u+\Vd=0 or u—\d=0 Set each factor equal to zero.
u=-Vd u = \/;i Solve the resulting equations.
Because the solutions differ only in sign, we can write them in abbreviated notation
as u = +\Vd. We read this as “u equals positive or negative square root of d” or
“u equals plus or minus square root of d.”

Now that we have verified these solutions, we can solve u?> = d directly by taking
square roots. This process is called the square root property.

The Square Root Property

If u is an algebraic expression and d is a positive real number, then u*> = d has
exactly two solutions:

Ifu’> = d,thenu = Vdoru =-Vd.

Equivalently,
Ifu? = d, thenu = +V/d.

EXAMPLE 8 Solving Quadratic Equations by the
Square Root Property

Solve by the square root property:
a.3x>—15=0 b. (x — 2)> = 6.

SOLUTION

To apply the square root property, we need a squared expression by itself on one
side of the equation.

33 —15=10 (x-22=6
We want x? The squared expression
by itself. is by itself.
a. 3x*—15=0 This is the original equation.
3x? =15 Add 15 to both sides.
=5 Divide both sides by 3.
X = \/5 orx = — \/5 Apply the square root property.

Equivalently, x = i\/g.

By checking both proposed solutions in the original equation, we can
confirm that the solution set is {—\/5, \@} or {J_r \/5}

b. (x — 2)2 =6 This is the original equation.
x—2= i\/6 Apply the square root property.
x=21% Ve Add 2 to both sides.

By checking both values in the original equation, we can confirm that the
solution set is {2+ \@,2— \/6} or {2 T \/g} cee

¢ Check Point 8 Solve by the square root property:
a. 3x?—-21=0 b. (x + 5)* = 11.
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Solve quadratic equations by
completing the square.

Quadratic Equations and Completing the Square

How do we solve an equation in the form ax?> + bx + ¢ = 0 if the trinomial
ax* + bx + ¢ cannot be factored? We cannot use the zero-product principle in
such a case. However, we can convert the equation into an equivalent equation that
can be solved using the square root property. This is accomplished by completing
the square.

Completing the Square

b 2
If x*> + bx is a binomial, then by adding (2) , which is the square of half the

coefficient of x, a perfect square trinomial will result. That is,

b\? b\?
Zebx+ (=) =(x+2).
X bx (2) <x 2)

We can solve any quadratic equation by completing the square. If the coefficient
of the x*-term is one, we add the square of half the coefficient of x to both sides of
the equation. When you add a constant term to one side of the equation to complete
the square, be certain to add the same constant to the other side of the equation.
These ideas are illustrated in Example 9.

EXAMPLE 9 Solving a Quadratic Equation
by Completing the Square

Solve by completing the square: x*> — 6x + 4 = 0.

SOLUTION

We begin by subtracting 4 from both sides. This is done to isolate the binomial
x? — 6x so that we can complete the square.

—-6x+4=0 This is the original equation.
x?— 6x = —4 Subtract 4 from both sides.
Next,we work with x> — 6x = —4 and complete the square. Find half the coefficient

of the x-term and square it. The coefficient of the x-term is —6. Half of —6 is —3 and
(—3)? = 9. Thus, we add 9 to both sides of the equation.

x> —6x+9=-4+9 Add 9 to both sides of & — 6x = —4
to complete the square.

(x—=3?2=5 Factor and simplify.
x—-3=1V5 or x—3=-\5 Apply the square root property.
x=3+\V5 x =3 =5 Add3toboth sides in each equation.

The solutions are 3 * \/5 and the solution set is {3 + \/5,3 - \/5}, or

{3+ V5}.

@ Check Point 9 Solve by completing the square: x> + 4x — 1 = 0.
y p g q
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Solve quadratic equations using Quadratic Equations and the Quadratic Formula

the quadratic formula. We can use the method of completing the square to derive a formula that can be used

to solve all quadratic equations. The derivation given here also shows a particular

quadratic equation, 3x?> — 2x — 4 = 0, to specifically illustrate each of the steps.
Notice that if the coefficient of the x?>-term in a quadratic equation is not one, you

must divide each side of the equation by this coefficient before completing the square.

Deriving the Quadratic Formula

General Form

of a Quadratic Equation Comment A Specific Example
ax’> + bx + ¢ =0,a >0 This is the given equation. 32 -2 —4=0
24 b L ¢ Divide both sides by a so that the ) 2. 4 0
L R coefficient of x? is 1. ro3r T3
5 c I B S 2 4
X2+ —x=—— solate the binomial by adding on X2 -2y ==
a a both sides of the equation. 3 3
b b\ b\ 2 1y 4 1\
¥+ —x + <7> = —Z + (7> Complete the square. Add the square of ¥ = x+ (**) =—+ <77>
a a a half the coefficient of x to both sides. 3 3 3 3
L 2 A
(half)? (half)’
b? c b , 2 .1 4 1
2 4 2 2= 2 — x4+ = 4+ =
X +ax+4a2 a+4a2 X 3x 9 3 9
b \? ¢ 4da b? Factor on the left side and obtain a 1\2 4 3 1
Ly P 12 common denominator on the right side. *=3) =339
2 _ 2 2
<x I b ) = “dac + b0 Add fractions on the right side. <x = l) = 271
2a 4a2 3 9
( N b >2 b* — 4ac 12 1
X+ —) =—5— -=) =—
2a 4a? T3 9
2 _
X + b = + b7 — dac Apply the square root property. T = 1 = *, /E
2a 4a2 3 9
b b2 — 4dac Take the square root of the quotient, 1 B
y 0 4 VO T dac T . _ L VIS
X a 2a simplifying the denominator. X 3 3
_ /B2 — b
Y = b + b® — 4ac Solve for x by subtracting — from both = 1 + 13
207 2a sides. 2 3703
— \/ph2 —
X = bx Vb — bac Combine fractions on the right side. S — ﬂ
2a 3

The formula shown at the bottom of the left column is called the quadratic
formula. A similar proof shows that the same formula can be used to solve quadratic
equations if a, the coefficient of the x’-term, is negative.

The Quadratic Formula

The solutions of a quadratic equation in general form ax? + bx + ¢ = 0, with
a # 0, are given by the quadratic formula

v = —b + VB> — 4ac X equals negative b plus or minus

. the square root of b% — 4ac, all
2 divided by 2a.
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GREAT QUESTION!

Should I check irrational solutions
by substitution in the given
quadratic equation?

No. Checking irrational solutions
can be time-consuming. The
solutions given by the quadratic
formula are always correct, unless
you have made a careless error.
Checking for computational
errors or errors in simplification is
sufficient.

To use the quadratic formula, write the quadratic equation in general form if
necessary. Then determine the numerical values for a (the coefficient of the x?-term),
b (the coefficient of the x-term), and ¢ (the constant term). Substitute the values
of a, b, and c into the quadratic formula and evaluate the expression. The * sign
indicates that there are two solutions of the equation.

EXAMPLE 10 Solving a Quadratic Equation Using
the Quadratic Formula

Solve using the quadratic formula: 2x* — 6x + 1 = 0.

SOLUTION

The given equation is in general form. Begin by identifying the values for a, b, and c.

2x> —6x+1=0

Substituting these values into the quadratic formula and simplifying gives the
equation’s solutions.

-b + Vb? - dac

X = Use the quadratic formula.

2a
—(—6) + A /(_6)2 _ 4(2)(1) Substitute the values for a, b, and c:

= a=2,b=—-6,andc = 1.

2.2
61 V36 -8 —(—6) = 6,(—6)% = (—6)(—6) = 36, and
B 4 42)(1) = &.

= Complete the subtraction under the radical.

V2e = Va-7=\VaV7=2V7

= Factor out 2 from the numerator.

= Divide the humerator and denominator by 2.

The solution set is

{3 +2\/7,3 —Z\ﬁ} 0r{3 + \ﬁ}

2

@ Check Point 10 Solve using the quadratic formula:
2% +2x — 1 =0.



Use the discriminant to
determine the number and
type of solutions of quadratic
equations.

GREAT QUESTION!

Is the square root sign part of the
discriminant?

No. The discriminant is b> — 4ac.
It is not V'b% — 4dac, so do not
give the discriminant as a radical.

Determine the most efficient
method to use when solving a
quadratic equation.
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Quadratic Equations and the Discriminant

The quantity b*> — 4ac, which appears under the radical sign in the quadratic
formula, is called the discriminant. Table P.4 shows how the discriminant of the
quadratic equation ax® + bx + ¢ = 0 determines the number and type of solutions.

Table P4 The Discriminant and the Kinds of Solutions to ax? + bx + ¢ = 0
Discriminant 5> — 4ac  Kinds of Solutions to ax> + bx + ¢ = 0

b — 4ac > 0 Two unequal real solutions: If a, b, and c are rational
numbers and the discriminant is a perfect square, the
solutions are rational. If the discriminant is not a perfect
square, the solutions are irrational.

b? — dac =0 One solution (a repeated solution) that is a real number: If
a, b, and c are rational numbers, the repeated solution is also
a rational number.

b? — dac < 0 No real solutions

EXAMPLE 11 Using the Discriminant

Compute the discriminant of 4x*> — 8x + 1 = 0. What does the discriminant
indicate about the number and type of solutions?

SOLUTION
Begin by identifying the values for a, b, and c.

4> - 8x +1=0

Substitute and compute the discriminant:
b%* — 4ac = (-8)> — 4-4-1 = 64 — 16 = 48.

The discriminant is 48. Because the discriminant is positive, the equation
4x* — 8x + 1 = 0 has two unequal real solutions.

@ Check Point 11 Compute the discriminant of 3x> — 2x + 5 = 0. What does
the discriminantindicate about the number and type of solutions?

Determining Which Method to Use

All quadratic equations can be solved by the quadratic formula. However, if an
equation is in the form u? = d, such as x> = 5 or (2x + 3)? = 8, it is faster to use
the square root property, taking the square root of both sides. If the equation is not in
the form u> = d, write the quadratic equation in general form (ax> + bx + ¢ = 0).
Try to solve the equation by factoring. If ax?> + bx + ¢ cannot be factored, then
solve the quadratic equation by the quadratic formula.

Because we used the method of completing the square to derive the quadratic
formula, we no longer need it for solving quadratic equations. However, we will use
completing the square later in the book to help graph circles and other kinds of
equations.

Table P.5 on the next page summarizes our observations about which technique
to use when solving a quadratic equation.
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Table P.5 Determining the Most Efficient Technique to Use When Solving a Quadratic Equation

Description and Form
of the Quadratic Equation

ax* + bx + ¢ = 0and ax® + bx + ¢
can be factored easily.

ax* + bx =0
The quadratic equation has no
constant term. (¢ = 0)

ax*+c¢=0

The quadratic equation has no x-term.

(b =0)

u? = d; uis a first-degree polynomial.

ax* + bx + ¢ = 0and ax®> + bx + ¢
cannot be factored or the factoring is
too difficult.

Solve radical equations.

Most Efficient
Solution Method Example
Factor and use the zero-product 32 +5x—2=0
principle.
BGx—1Dx+2)=0
3x—-1=0 or x+2
1
x ==
3 X
Factor and use the zero-product 6x2 +9x =0
principle.
3x2x +3) =0
3x =0 or 2x + 3 =
x=0 2x =
x =
Solve for x* and apply the square T2 —4=0
root property.
property. 72 —
4
D= 2
Y77
4
=+ [—
TN
_ .2, 2V
V7 V71 V7
Use the square root property. (x + 4)2 =5
x+4==%\5
x=—-4+\5

Use the quadratic formula:

_—b + Vb* — dac

2a

Z-2x—-6=0

X

_ =(=2) £ V(=2)> - 4(1)(-6)
a 2(1)
2+ V4+24
B 2(1)
2+ V28 2+ Va7
B 2 a 2
2+ 2v7 201 £ V7)
B 2 - 2
=1+ V7

Radical Equations

W

[\STI0%]

[\S}
qﬁ
~J

+

A radical equation is an equation in which the variable occurs in a square root, cube

root, or any higher root. An example of a radical equation is

Vx =09,



GREAT QUESTION!

Can I square the right side of
V2x — 1 = x — 2 by first
squaring x and then squaring 2?
No. Be sure to square both sides
of an equation. Do not square
each term.

Correct:

(Vox = 1)2 = (x — 2)?
Incorrect!
— - 2 _ 22
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We solve the equation by squaring both sides:

Squaring both (\/;6)2 =92

sides eliminates
the square root. x = 8l1.

The proposed solution, 81, can be checked in the original equation, Vx = 9.
Because V81 = 9, the solution is 81 and the solution set is {81}.

In general, we solve radical equations with square roots by squaring both sides
of the equation. We solve radical equations with nth roots by raising both sides of
the equation to the nth power. Unfortunately, if n is even, all the solutions of the
equation raised to the even power may not be solutions of the original equation.
Consider, for example, the equation

x = 4.
If we square both sides, we obtain
x* = 16.

Solving this equation using the square root property, we obtain
x=*tV16 = *4.

The new equation x> = 16 has two solutions, —4 and 4. By contrast, only 4 is a

solution of the original equation,x = 4. For this reason, when raising both sides of an

equation to an even power, always check proposed solutions in the original equation.
Here is a general method for solving radical equations with nth roots:

Solving Radical Equations Containing nth Roots

1. If necessary, arrange terms so that one radical is isolated on one side of the
equation.

2. Raise both sides of the equation to the nth power to eliminate the isolated
nth root.

3. Solve the resulting equation. If this equation still contains radicals, repeat
steps 1 and 2.

4. Check all proposed solutions in the original equation.

Extra solutions may be introduced when you raise both sides of a radical equation
to an even power. Such solutions, which are not solutions of the given equation, are
called extraneous solutions or extraneous roots.

EXAMPLE 12 Solving a Radical Equation
Solve: V2x — 1+ 2 =x.

SOLUTION

Step 1 Isolate a radical on one side. We isolate the radical, V2x — 1, by
subtracting 2 from both sides.

V2x —1+2=x This is the given equation.
V2x —1=x—-2 Subtract 2 from both sides.

Step 2 Raise both sides to the nth power. Because n, the index, is 2, we square
both sides.

(\/2x— 1)2 = (x — 2)?

2x—1=x*—4x+4 Simplify. Use the formula
(A — B)?> = A% — 2AB + B? on the right side.
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Step3 Solvetheresultingequation. Because ofthe x>-termin2x — 1 = x? — 4x + 4,
the resulting equation is a quadratic equation. We can obtain 0 on the left side by
subtracting 2x and adding 1 on both sides.

2x—1=x>—4x + 4 The resulting equation is quadratic.
0=x>—6x+5 Write in general form, subtracting 2x and adding
1 on both sides.
0=(x—1x—-Y9) Factor.
x—1=0 or x—5=0 5eteach factor equal to 0.
x =1 X =5  Solve the resulting equations.

Step 4 Check the proposed solutions in the original equation.
Check 1: Check 5:

2c—1+2=x V2x —1+2=x

V2-1-1+221 V2-5-1+22%5
Vi+221 Vo+22s
1+2 21 3+42<5

3 =1, false 5=15, true

Thus, 1 is an extraneous solution. The only solution is 5, and the solution set is {5}.

@ Check Point 12 Solve: Vx +3 + 3 = x.

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. An equation in the formax + b = 0,a # 0, such as 8. Solving a formula for a variable means rewriting the
3x + 17 = 0, is called a/an equation in one formula so that the variable is
variable. 9. The first step in solving IR + Ir = E for I is to obtain
2. Two or more equations that have the same solution asingle occurrence of /by [ from the two
setarecalled ____ equations. terms on the left.
3. The first step in solving 7 + 3(x — 2) = 2x + 10is 10. If ¢ > 0, |u| = cisequivalenttou = __ oru = __
to o .
4. The fractions in the equation 1L [3x — 1| = 7isequivalentto_______or
% =247 ; 3 12. An equation that can be written in the general form

o oo ) ax’> + bx + ¢ = 0,a # 0, is called a/an
can be eliminated by multiplying both sides by the

" o2 S equation.
; of 3 aqd S35 Wh}Ch 18 13. The zero-product principle states that if AB = 0,

5. We reject any proposed solution of a rational then

cquation ,th?t causes a den.ommz.ltor to eq}lal — 14. The square root property states that if u> = d, then
6. The restrictions on the variable in the rational w=__

equation 15. If x> = 7, thenx = .

o2 -l 16. To solve x* + 6x = 7 by completing the square,
x—2 x+4 x>+2x-8 add to both sides of the equation.

are and 17. The solutions of a quadratic equation in the general

. 5 . 3 12x + 9 form ax® + bx + ¢ = 0,a # 0, are given by the
"x+4 x+3  (x+ 4 +3) .
5 3 quadratic formula x =
(x +4)(x + 3)<x a7 3> 18. In order to solve 2x*> + 9x — 5 = 0 by the quadratic

12¢ + 9 ) formula, we use a = b= and

VN c=___ .
(x +4)(x +3) 19. In order to solve x> = 4x + 1 by the quadratic formula,
The resulting equation cleared of fractions is we use a = b= andc =

= (x+4)(x + 3)(




—(—4) £ V(=4 - 4)(2)

20. x = 2() simplifies to
x=__ .

21. The discriminant of ax? + bx + ¢ = 0 is defined
by .

22. If the discriminant of ax®> + bx + ¢ = 0 is negative,
the quadratic equation has real solutions.

23. If the discriminant of ax> + bx + ¢ = 0 is positive,
the quadratic equation has real solutions.

24. The most efficient technique for solving (2x + 7)> = 25
is by using

25. The most efficient technique for solving
x> + 5x — 10 = 0is by using

In Exercises 1-16, solve each linear equation.

L 7x—-5=172 2, 6x —3 =063

3. 11x — (6x — 5) = 40 4. 5x — (2x — 10) = 35
5.2x —7=6+x 6. 3x +5=2x + 13
7. 7x +4=x+ 16 8 13x +14=12x — 5
9. 3x —2) +7=2(x +5)

10. 2(x = 1) +3=x—-3(x + 1)

x+3 3 x-—95 x +1 1 2 —x
. =- 4+ . =-+
u 6 8 4 12 4 6 3
X x—3 x—2 x+3
13. — =2 + 14. 5 +
4 3 3 8
x +1 x+2 3x x-3 x+2
15. 3 =5- 7 16.?— R

Exercises 17-26 contain rational equations with variables in
denominators. For each equation, a. Write the value or values
of the variable that make a denominator zero. These are the
restrictions on the variable. b. Keeping the restrictions in mind,
solve the equation.

17.x11+5:x1—11 18)(3‘4 _xii-44

8 8 2
19'x—f1:4_x+1 20'x—ZZXiZ_Z

3 1 2
ST S R

3 5 1
22.x-i-3 2x+6+x—2

2 1 2
23'x—i-l_)c—lzxzfl

4 2 32
24'x+5+x—5:x2—25

1 5 6
S R

1 2 8
26.x—3_x+1:x2—2x—3
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26. The most efficient technique for solving x> + 8x + 15 = 0
is by using

27. An equation in which the variable occurs in a square
root, cube root, or any higher root is called a/an

equation.

28. Solutions of a squared equation that are not
solutions of the original equation are called
solutions.

29. Consider the equation

V2x +1 =x—17.

Squaring the left side and simplifying results in
Squaring the right side and simplifying results
in .

In Exercises 27-42, solve each formula for the specified variable.
Do you recognize the formula? If so, what does it describe?

27. I = Prt for P 28. C = 2zrforr
29. T=D + pmforp 30. P=C + MCforM
31. A =%h(a + b)fora 32. A =1%h(a + b)forb
33. S= P + Prtforr 34. S = P + Prtfort
C
35.B:S7Vf0rS 36.S:17rforr
37. IR + Ir = Eforl 38. A =2lw + 2lh + 2wh for h
1 1 1 1 1 1
39. —+ — = —for 40. —=—+ —forR
pa s R R R, !
fif2 fif
41. f= for 42. f= for
fi + f 5 fi +f S

In Exercises 43-54, solve each absolute value equation or indicate
the equation has no solution.

3. |x-2|=7 4. |x+1| =5

45. |2x — 1] =5 46. |2x — 3| =11

47. 2|3x — 2| = 14 48. 3|2x — 1| =21
49.24—§x +6 =18 50.41—%)( +7=10
5L [x+ 1] +5=3 52. [x+1] +6=2
53. [2x — 1] +3 =3 54. 3x — 2| +4 =4

In Exercises 55-060, solve each quadratic equation by factoring.

55. x> =3x—-10=0 56. x> — 13x +36 =0

57. x> = 8x — 15 58. x> = —11x — 10

59. 5x* = 20x 60. 3x* = 12x

In Exercises 61-606, solve each quadratic equation by the square
root property.
61. 3x* =27
63. 5x* +1 =751 64. 3x* — 1 =47

65. 3(x — 4> =15 66. 3(x + 4)> =21

In Exercises 67-74, solve each quadratic equation by completing
the square.

62. 5x*> =45

67. 2 +6x=7 68. x> + 6x = -8
69. x> —2x =2 70. x* + 4x = 12
. x> —6x—11=0 72. x> —2x—5=0

3.2 +4x+1=0 4. x> +6x—5=0



104 Chapter P Prerequisites: Fundamental Concepts of Algebra

In Exercises 75-82, solve each quadratic equation using the
quadratic formula.

75. x>+ 8 +15=0 76. x>+ 8 +12=0
77. XX +5x+3=0 78. x> +5x+2=0
79. 3x* —3x —4 =0 80. 5x>+x—-2=0
81 x> =2x +7 82. 3x2=6x — 1

Compute the discriminant of each equation in Exercises 83-90.
What does the discriminant indicate about the number and type
of solutions?

83. xX—4x-5=0
85. 22— 1lx +3=0
87. X2 =2x -1 88. 3x2=2x — 1

89. x2-3x—-7=0 90. 3x>2+4x —2 =0

In Exercises 91-114, solve each quadratic equation by the method
of your choice.

84. 4x> —2x +3 =0
86. 2x2+1lx —6=0

91. 2x2 —x =1 92, 3x> —4x =4
93. 5x2 +2 = 11x 94, 5x> =6 — 13x
95. 3x2 = 60 96. 2x* = 250
97. x> - 2x =1 98. 2x2 +3x =1
9. 2x +3)(x+4) =1 100. 2x = 5)(x +1) =2
101. 3x — 4)> =16 102. (2x + 7)> =25
103. 33> — 12x +12=0 104. 9 —6x + x> =0
105. 4x> — 16 =0 106. 3x>2 — 27 =0
107. x> = 4x — 2 108. x> = 6x — 7
109. 2x> — 7x =0 110. 242 + 5x = 3

1 1 1
1. — + ==

x x+2 3

1 1 1
112. — ==

X x+3 4

2x 6 28
113. + =—
3 x—3 x+3 X2 -9
3 5 x2 =20

114. + =

x—=3 x—4 X-Tx+12

In Exercises 115-124, solve each radical equation. Check all
proposed solutions.

115. V3x + 18 =«x 116. V20 — 8x = x

117. Vx +3=x -3 118. Vx +10=x — 2
119. V2x+13=x+7 120. Vox +1=x -1
121. x — V2x +5=5 122 x — Vx + 11 =1
123. V2x+19—-8=x 124. V2x +15 -6 =x

Practice Plus
In Exercises 125-134, solve each equation.
125. 25 — 2 + 5x = 3(x + 2)] =
—32x —5) — [5(x — 1) — 3x + 3]
126. 45 — [4 — 2x —4(x + )] =
—4(1 + 3x) — [4 — 3(x +2) — 2(2x — 3)]
127. 7 - 7x = Bx + 2)(x — 1)
128. 10x — 1 = (2x + 1)?
129. |x% + 2x — 36| = 12
130. [x>+6x + 1| =8
1 1 5
Bl x2—3x+2_x+2+x2—4
x—1 x 1
x—=2 x—-3 x-5+6

132.

133. Vx+8 - Vx—4=2
134. Vx+5—-Vx—-3=2

In Exercises 135-136, list all numbers that must be excluded from
the domain of each rational expression.

3 7

135, —F— —— 136. ————
2x°+4x — 9 2x° — 8 + 5

Application Exercises

In the years after warning labels were put on cigarette packs,
the number of smokers dropped from approximately two in
five adults to one in five. The bar graph shows the percentage of
American adults who smoked cigarettes for selected years from
1970 through 2010.

Percentage of American Adults
Who Smoke Cigarettes

40% ~37%
33%
30%
25% 239

20% 19%

10%

Percentage Who Smoke

1970 1980 1990 2000 2010

Year

Source: Centers for Disease Control and Prevention

The mathematical model

X
+ = =37
L)
describes the percentage of Americans who smoked cigarettes, p,
x years after 1970. Use this model to solve Exercises 137-138.

137. a. Doesthe mathematical model underestimate or overestimate
the percentage of American adults who smoked cigarettes in
2010? By how much?
b. Use the mathematical model to project the year when
only 7% of American adults will smoke cigarettes.

138. a. Doesthe mathematical model underestimate or overestimate

the percentage of American adults who smoked cigarettes in
2000? By how much?

b. Use the mathematical model to project the year when
only 2% of American adults will smoke cigarettes.

139. A company wants to increase the 10% peroxide content of its
product by adding pure peroxide (100% peroxide). If x liters
of pure peroxide are added to 500 liters of its 10% solution,
the concentration, C, of the new mixture is given by

_x + 0.1(500)
~ x + 500
How many liters of pure peroxide should be added to
produce a new product that is 28% peroxide?
140. Suppose that x liters of pure acid are added to 200 liters of a
35% acid solution.
a. Write a formula that gives the concentration, C, of the
new mixture. (Hint: See Exercise 139.)
b. How many liters of pure acid should be added to produce
a new mixture that is 74% acid?



A driver’s age has something to do with his or her chance of
getting into a fatal car crash. The bar graph shows the number
of fatal vehicle crashes per 100 million miles driven for drivers
of various age groups. For example, 25-year-old drivers are
involved in 4.1 fatal crashes per 100 million miles driven. Thus,
when a group of 25-year-old Americans have driven a total of
100 million miles, approximately 4 have been in accidents in
which someone died.

Age of U.S. Drivers and Fatal Crashes

17.7
18

§ 16.3
= 15F
=
€5 121
5E 9.5
a8 9r 8.0
9 .
22 ol 6.2
= 4.1 38
A 28 24 30
hut
o, He B

16 18 20 25 35 45 55 65 75 79

Age of Drivers

Source: Insurance Institute for Highway Safety

The number of fatal vehicle crashes per 100 million miles, y, for
drivers of age x can be modeled by the formula

y = 0.013x% — 1.19x + 28.24.

Use the formula above to solve Exercises 141-142.

141. What age groups are expected to be involved in 3 fatal
crashes per 100 million miles driven? How well does the
formula model the trend in the actual data shown in the bar
graph?

142. What age groups are expected to be involved in 10 fatal
crashes per 100 million miles driven? How well does the
formula model the trend in the actual data shown by the bar

the percentage of
jobs in the U.S.

labor force held by 10% -
men and by women

graph?
By the end of 2010, Percentage of U.S. Jobs Held
women made up by Men and Women
more than half of 80% 1 63.8%
the !aborforce inthe 799 | 50.2%
JICJmttzd j.!igtattetiv _ § 60% '-\‘\Men
or the first timein = _ | —
the country’s history. o 500A> ¢
The graphs show & 0% &~ Women 0
= 309 49.8%
o (]
5]
3
=W

20% |- 36.2%

from 1972 through 1972 1980 1990 2000 2009

2009. Exercises Year
143—144 are based  Source: Bureau of Labor Statistics
on the data displayed by the graphs.

143. The formula
p=22V1+362

models the percentage of jobs in the U.S. labor force, p, held
by women ¢ years after 1972.
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a. Use the appropriate graph to estimate the percentage of
jobs in the U.S. labor force held by women in 2000. Give
your estimation to the nearest percent.

b. Use the mathematical model to determine the percentage
of jobs in the U.S. labor force held by women in 2000.
Round to the nearest tenth of a percent.

¢. According to the formula, when will 52% of jobs in the
U.S.labor force be held by women? Round to the nearest
year.

144. The formula
p=-22Vt+638

models the percentage of jobs in the U.S. labor force, p, held
by men ¢ years after 1972.

a. Use the appropriate graph to estimate the percentage of
jobs in the U.S. labor force held by men in 2000. Give
your estimation to the nearest percent.

b. Use the mathematical model to determine the percentage
of jobs in the U.S. labor force held by men in 2000. Round
to the nearest tenth of a percent.

¢. According to the formula, when will 48% of jobs in the
U.S. labor force be held by men? Round to the nearest
year.

Writing in Mathematics
145. What is a linear equation in one variable? Give an example
of this type of equation.

146. Explain how to determine the restrictions on the variable
for the equation

3 4 7
xX+5 x—2 x2+3x-6
147. What does it mean to solve a formula for a variable?

148. Explain how to solve an equation involving absolute value.

149. Why does the procedure that you explained in Exercise 148
not apply to the equation |x — 2| = —3? What is the
solution set for this equation?

150. What is a quadratic equation?

151. Explain how to solve x> + 6x + 8 = 0 using factoring and
the zero-product principle.

152. Explain how to solve x> + 6x + 8 = 0 by completing the
square.

153. Explain how to solve x> + 6x + 8 = 0 using the quadratic
formula.

154. How is the quadratic formula derived?

155. What is the discriminant and what information does it
provide about a quadratic equation?

156. Ifyou are given a quadratic equation, how do you determine
which method to use to solve it?

157. Insolving V2x — 1 + 2 = x, whyisita good idea toisolate
the radical term? What if we don’t do this and simply square
each side? Describe what happens.

158. What is an extraneous solution to a radical equation?
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Critical Thinking Exercises

Make Sense? In Exercises 159-162, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

159. The model P = —0.18n + 2.1 describes the number of pay
phones, P, in millions, n years after 2000, so I have to solve
a linear equation to determine the number of pay phones in
2010.

160. Although I can solve 3x + % = } by first subtracting % from
both sides, I find it easier to begin by multiplying both sides
by 20, the least common denominator.

161. Because I want to solve 25x% — 169 = 0 fairly quickly, I'll
use the quadratic formula.

162. When checking a radical equation’s proposed solution, I can
substitute into the original equation or any equation that is
part of the solution process.

In Exercises 163-166, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

163. The equation (2x — 3)? = 25isequivalentto2x — 3 = 5.
164. Every quadratic equation has two distinct numbers in its
solution set.

165. The equations
equivalent.

3y —1=11 and 3y —-7=5 are

SECTION P.8

166. The equation ax*> + ¢ = 0,a # 0, cannot be solved by the
quadratic formula.

+
167. Find b such that 2~

+ 13 = x will have a solution set

given by {—6}.
168. Write a quadratic equation in general form whose solution
setis {—3, 5}.
c-3S
L

169. Solvefor C: V = C — N.

170. Solve for: s = —16t> + vyt.

Preview Exercises

Exercises 171-173 will help you prepare for the material covered
in the next section.

171. Jane’s salary exceeds Jim’s by $150 per week. If x represents
Jim’s weekly salary, write an algebraic expression that
models Jane’s weekly salary.

172. A telephone texting plan has a monthly fee of $20 with a
charge of $0.05 per text. Write an algebraic expression that
models the plan’s monthly cost for x text messages.

173. If the width of a rectangle is represented by x and the length
is represented by x + 200, write a simplified algebraic
expression that models the rectangle’s perimeter.

Modeling with Equations

How Long It Takes to Earn $1000

() Use equations to solve
problems.

Howard Stern
Radio host
24 sec.

Dr. Phil McGraw
Television host
2 min. 24 sec.

Brad Pitt
Actor
4 min. 48 sec.

Kobe Bryant
Basketball player
S min. 30 sec.

Chief executive
U.S. average
2 hr. 55 min.

Doctor, G.P. High school teacher Janitor
U.S. average U.S. average U.S. average
13 hr. 5 min. 43 hours 103 hours

Source: Time

In this section, you’ll see examples and exercises focused on how much money
Americans earn. These situations illustrate a step-by-step strategy for solving
problems. As you become familiar with this strategy, you will learn to solve a wide

variety of problems.



o Use equations to solve problems.

GREAT QUESTION!

Why are word problems
important?

There is great value in reasoning
through the steps for solving a
word problem. This value comes
from the problem-solving skills
that you will attain and is often
more important than the specific
problem or its solution.
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Problem Solving with Equations

We have seen that a model is a mathematical representation of a real-world situation.
In this section, we will be solving problems that are presented in English. This means
that we must obtain models by translating from the ordinary language of English
into the language of algebraic equations. To translate, however, we must understand
the English prose and be familiar with the forms of algebraic language. Following
are some general steps we will use in solving word problems:

Strategy for Solving Word Problems

Step1 Read the problem carefully several times until you can state in your own
words what is given and what the problem is looking for. Let x (or any variable)
represent one of the unknown quantities in the problem.

Step 2 If necessary, write expressions for any other unknown quantities in the
problem in terms of x.

Step 3 Write an equation in x that models the verbal conditions of the problem.
Step 4 Solve the equation and answer the problem’s question.

Step 5 Check the solution in the original wording of the problem, not in the
equation obtained from the words.

EXAMPLE 1 Starting Salaries for College Graduates
with Undergraduate Degrees

The bar graph in Figure P.14 shows the ten most popular college majors with
median, or middlemost, starting salaries for recent college graduates.

Median Starting Salaries for U.S. College Graduates

Median Starting Salary
(thousands of dollars)
=«

198
=

Communications
Computer Science
Political Science

Economics
English
Psychology

FIGURE P.14
Source: PayScale (2010 data)

The median starting salary of a business major exceeds that of a psychology major
by $8 thousand. The median starting salary of an English major exceeds that of
a psychology major by $3 thousand. Combined, their median starting salaries
are $116 thousand. Determine the median starting salaries of psychology majors,
business majors, and English majors with bachelor’s degrees.

SOLUTION

Step 1 Let x represent one of the unknown quantities. We know something
about the median starting salaries of business majors and English majors: Business
majors earn $8 thousand more than psychology majors and English majors earn
$3 thousand more than psychology majors. We will let

x = the median starting salary, in thousands of dollars, of psychology majors.
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Salary exceeds
a psychology
major, X, by
$8 thousand.

Salary exceeds
a psychology
major, X, by
$3 thousand.

Step 2 Represent other unknown quantities in terms of x. Because business
majors earn $8 thousand more than psychology majors, let

x + 8 = the median starting salary, in thousands of dollars, of business majors.

Because English majors earn $3 thousand more than psychology majors, let

x + 3 = the median starting salary, in thousands of dollars, of English majors.

Step3 Write an equation in x that models the conditions. Combined, the median
starting salaries for psychology, business, and English majors are $116 thousand.

The median the median the median
starting salary starting salary starting salary
for psychology  plus for business plus for English is $116 thousand.
majors majors majors
X + (x +8) + (x+3) = 116

Step 4 Solve the equation and answer the question.

X+ (x+8) + (x +3) =116 Thisis the equation that models the

problem’s conditions.

3x + 11 = 116  Remove parentheses, regroup, and combine
like terms.
3x = 105 Subtract 11 from both sides.
x =35 Divide both sides by 3.

Thus,

=x=235

x+8=35+8=43
x+3=35+3=38

The median starting salary of psychology majors is $35 thousand, the median

starting salary of business majors is $43 thousand, and the median starting salary of
English majors is $38 thousand.

starting salary of psychology majors

starting salary of business majors

starting salary of English majors

Step 5 Check the proposed solution in the original wording of the problem. The
problem states that combined, the median starting salaries are $116 thousand.
Using the median salaries we determined in step 4, the sum is

$35 thousand + $43 thousand + $38 thousand,
or $116 thousand, which verifies the problem’s conditions.

GREAT QUESTION!

Example 1 involves using the word exceeds to represent two of the unknown quantities.
Can you help me to write algebraic expressions for quantities described using exceeds?

Modeling with the word exceeds can be a bit tricky. It’s helpful to identify the smaller
quantity. Then add to this quantity to represent the larger quantity. For example, suppose
that Tim’s height exceeds Tom’s height by a inches. Tom is the shorter person. If Tom’s
height is represented by x, then Tim’s height is represented by x + a.

@ Check Point 1 Three of the bars in Figure P.14 on page 107 represent median

starting salaries of education, computer science, and economics majors. The
median starting salary of a computer science major exceeds that of an education
major by $21 thousand. The median starting salary of an economics major
exceeds that of an education major by $14 thousand. Combined, their median
starting salaries are $140 thousand. Determine the median starting salaries
of education majors, computer science majors, and economics majors with
bachelor’s degrees.
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EXAMPLE 2 Modeling Attitudes of College Freshmen

Researchers have surveyed college freshmen every year since 1969. Figure P.15
shows that attitudes about some life goals have changed dramatically over the
years. In particular, the freshman class of 2009 was more interested in making
money than the freshmen of 1969 had been. In 1969, 42% of first-year college
students considered “being well-off financially” essential or very important. For
the period from 1969 through 2009, this percentage increased by approximately 0.9
each year. If this trend continues, by which year will all college freshmen consider
“being well-off financially” essential or very important?

Life Objectives of College Freshmen, 1969-2009

. 100%

2T 90% . 85%

8% 80% 187

el

0.E 70%

= %‘ 60%

. — 0,

=7 50% 0% 48%

(O °

o o 40% [

on s

‘E s 30%

SE  20%

5 @

&4 10%

1969 2009 1969 2009
“Being well- “Developing a meaningful
off financially” philosophy of life” FIGURE F_"1 5 .
) o Source: Higher Education
Life Objective Research Institute

SOLUTION

Step 1 Let x represent one of the unknown quantities. We are interested in the
year when all college freshmen, or 100% of the freshmen, will consider this life
objective essential or very important. Let
x = the number of years after 1969 when all freshmen will consider “being
well-off financially” essential or very important.

Step 2 Represent other unknown quantities in terms of x. There are no other
unknown quantities to find, so we can skip this step.

Step 3 Write an equation in x that models the conditions.

The 1969 increased 0.9 each year 100% of the
percentage by for x years  equals freshmen.
42 + 0.9x = 100

Step 4 Solve the equation and answer the question.

42 + 0.9x = 100 This is the equation that models the

problem’s conditions.
42 — 42 + 0.9x = 100 — 42 Subtract 42 from both sides.
0.9x = 58 Simplify.
0.9x _ 58

09 09
x =644 = 64 Simplify and round to the nearest
whole number.

Divide both sides by 0.9.

Using current trends, by approximately 64 years after 1969, or in 2033, all freshmen
will consider “being well-off financially” essential or very important.
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GREAT QUESTION!

Why is the 40% reduction written
as 0.4x in Example 3?
® 40% is written 0.40 or 0.4.

e “Of” represents multiplication,
s0 40% of the original price is
0.4x.

Notice that the original price, x,
reduced by 40% is x — 0.4x and
not x — 0.4.

Step S Check the proposed solution in the original wording of the problem. The
problem states that all freshmen (100%, represented by 100 using the model) will
consider the objective essential or very important. Does this approximately occur
if we increase the 1969 percentage, 42 %, by 0.9 each year for 64 years, our proposed
solution?

42 + 0.9(64) = 42 + 57.6 = 99.6 = 100
This verifies that using trends shown in Figure P.15, all first-year college students

will consider the objective essential or very important approximately 64 years
after 1969.

@ Check Point 2 Figure P.15 on page 109 shows that the freshman class of

2009 was less interested in developing a philosophy of life than the freshmen of
1969 had been. In 1969, 85% of the freshmen considered this objective essential
or very important. Since then, this percentage has decreased by approximately
0.9 each year. If this trend continues, by which year will only 25% of college
freshmen consider “developing a meaningful philosophy of life” essential or very
important?

EXAMPLE 3 A Price Reduction on a Digital Camera

Your local computer store is having a terrific sale on digital cameras. After a 40%
price reduction, you purchase a digital camera for $276. What was the camera’s
price before the reduction?

SOLUTION
Step1 Let x represent one of the unknown quantities. We will let
x = the price of the digital camera prior to the reduction.
Step 2 Represent other unknown quantities in terms of x. There are no other
unknown quantities to find, so we can skip this step.
Step 3 Write an equation in x that models the conditions. The camera’s original

price minus the 40% reduction is the reduced price, $276.

the reduction
Original (40% of the
price minus original price) is

the reduced
price, $276.

X — 0.4x = 276

Step 4 Solve the equation and answer the question.

x — 0.4x = 276  This is the equation that models the problem’s
conditions.

0.6x = 276 Combine like terms: x — 0.4x = 1x — 0.4x = 0.6x.
06x _ 276 Divide both sides by 0.6

- = vide po sldes 0.

06 06 J

460.
x = 460 Simplify:0.6) 276.0,
The digital camera’s price before the reduction was $460.

Step 5 Check the proposed solution in the original wording of the problem. The
price before the reduction, $460, minus the 40% reduction should equal the reduced
price given in the original wording, $276:

460 — 40% of 460 = 460 — 0.4(460) = 460 — 184 = 276.

This verifies that the digital camera’s price before the reduction was $460.
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\¢ Check Point 3 After a30% price reduction, you purchase a new computer for

$840. What was the computer’s price before the reduction?

Solving geometry problems usually requires a knowledge of basic geometric
ideas and formulas. Formulas for area, perimeter, and volume are given in Table P.6.

Table P.6 Common Formulas for Area, Perimeter, and Volume

-
Square

A=s?
P=4s

!
L

e—s—

Rectangle Circle Triangle Trapezoid
A=lw A=mr? A=5bh A=%h(a+b)
P=2]+2w C=2mr
_1_ |<— b —>|
w 5
+ L
L
e— 1 — 5
! e
Rectangular Circular
Solid Cylinder Sphere Cone
V=lwh V=mrth V=4nr? V=2mrh

J/

Width

FIGURE P.16 An American football
field

We will be using the formula for the perimeter of a rectangle, P = 2/ + 2w, in
our next example. The formula states that a rectangle’s perimeter is the sum of twice

its length and twice its width.

EXAMPLE 4 Finding the Dimensions of an American Football Field

The length of an American football field is 200 feet more than the width. If the
perimeter of the field is 1040 feet, what are its dimensions?

SOLUTION

Step 1 Let x represent one of the unknown quantities. We know something
about the length; the length is 200 feet more than the width. We will let

x = the width.

Step 2 Represent other unknown quantities in terms of x. Because the length is
200 feet more than the width, we add 200 to the width to represent the length. Thus,

x + 200 = the length.

Figure P.16 illustrates an American football field and its dimensions.

Step3 Write an equation in x that models the conditions. Because the perimeter
of the field is 1040 feet,

twice the the
width is perimeter.

Twice the
length plus

2(x +200) + 2x = 1040.
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GREAT QUESTION!

Should I draw pictures like
Figure P.16 when solving
geometry problems?

When solving word problems,
particularly problems involving
geometric figures, drawing a
picture of the situation is often
helpful. Label x on your drawing
and, where appropriate, label
other parts of the drawing in
terms of x.

LT 60 feet 60+ x
80 fect ——

k
FIGURE P.17 The garden’s area is to be
doubled by adding the path.

Fundamental Concepts of Algebra

Step 4 Solve the equation and answer the question.

2(x +200) + 2x = 1040  This is the equation that models the

problem’s conditions.
2x + 400 + 2x = 1040
4x + 400 = 1040

4x = 640

x =160

Apply the distributive property.
Combine like terms: 2x + 2x = 4x.
Subtract 400 from both sides.
Divide both sides by 4.

Thus,

width = x = 160.
length = x + 200 = 160 + 200 = 360.
The dimensions of an American football field are 160 feet by 360 feet. (The 360-foot
length is usually described as 120 yards.)
Step 5 Check the proposed solution in the original wording of the problem. The
perimeter of the football field using the dimensions that we found is
2(360 feet) + 2(160 feet) = 720 feet + 320 feet = 1040 feet.

Because the problem’s wording tells us that the perimeter is 1040 feet, our
dimensions are correct.

@ Check Point 4 The length of a rectangular basketball court is 44 feet more

than the width. If the perimeter of the basketball court is 288 feet, what are its
dimensions?

We will use the formula for the area of a rectangle, A = [w, in our next example.
The formula states that a rectangle’s area is the product of its length and its width.

EXAMPLE 5 Solving a Problem Involving Landscape Design

A rectangular garden measures 80 feet by 60 feet. A large path of uniform width
is to be added along both shorter sides and one longer side of the garden. The
landscape designer doing the work wants to double the garden’s area with the
addition of this path. How wide should the path be?

SOLUTION
Step1 Let x represent one of the unknown quantities. We will let
x = the width of the path.

The situation is illustrated in Figure P.17. The figure shows the original 80-by-60 foot
rectangular garden and the path of width x added along both shorter sides and one
longer side.

Step 2 Represent other unknown quantities in terms of x. Because the path is
added along both shorter sides and one longer side, Figure P.17 shows that

80 + 2x =
60 + x = the width of the new, expanded rectangle.

the length of the new, expanded rectangle

Step 3 Write an equation in x that models the conditions. The area of the
rectangle must be doubled by the addition of the path.

the area of
the garden.

The area, or length times width, must twice
of the new, expanded rectangle be that of

(80 +2x)(60 + x) = 2 - 80 - 60



Section P.8 Modeling with Equations 113

Step 4 Solve the equation and answer the question.

(80 + 2x)(60 + x) = 2-80-60 This is the equation that models the
problem’s conditions.
4800 + 200x + 2x* = 9600 Multiply. Use FOIL on the left side.
2x? + 200x — 4800 = 0  Subtract 9600 from both sides

and write the quadratic equation in
general form.

2(x*> + 100x — 2400) = 0 Factor out 2, the GCF.
2(x — 20)(x + 120) = 0  Factor the trinomial.
x—20=0 or x+ 120 =0 Seteach variable factor equal to O.
x =20 x = —120  Solve for x.

The path cannot have a negative width. Because —120 is geometrically impossible,
we use x = 20. The width of the path should be 20 feet.

Step S Check the proposed solution in the original wording of the problem. Has
the landscape architect doubled the garden’s area with the 20-foot-wide path? The
area of the garden is 80 feet times 60 feet, or 4800 square feet. Because 80 + 2x and
60 + x represent the length and width of the expanded rectangle,

80 + 2x = 80 + 2-20 = 120 feet is the expanded rectangle’s length.
60 + x =60 +20 = 80 feet is the expanded rectangle’s width.

The area of the expanded rectangle is 120 feet times 80 feet, or 9600 square feet.
This is double the area of the garden, 4800 square feet, as specified by the problem’s
conditions.

@ Check Point 5 A rectangular garden measures 16 feet by 12 feet. A path of
uniform width is to be added so as to surround the entire garden. The landscape
artist doing the work wants the garden and path to cover an area of 320 square
feet. How wide should the path be?

The solution to our next problem relies on knowing the Pythagorean Theorem.
The theorem relates the lengths of the three sides of a right triangle, a triangle with
one angle measuring 90°. The side opposite the 90° angle is called the hypotenuse.
The other sides are called legs. The legs form the two sides of the right angle.

The Pythagorean Theorem

The sum of the squares of the lengths of the legs of a right ’
triangle equals the square of the length of the hypotenuse.
If the legs have lengths a and b, and the hypotenuse c a
has length c, then Hypotenuse Leg
a’ + b> = %
A b C

Leg

EXAMPLE 6 Using the Pythagorean Theorem

a. A wheelchair ramp with a length of 122 inches has a horizontal distance of
120 inches. What is the ramp’s vertical distance?
b. Construction laws are very specific when it comes to access ramps for the

disabled. Every vertical rise of 1 inch requires a horizontal run of 12 inches.
Does this ramp satisfy the requirement?
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FIGURE P.18

GREAT QUESTION!

If the sum of the squares of the
lengths of two sides of a triangle
equals the square of the length of
the third side, must the triangle be
aright triangle?

Yes. The Pythagorean Theorem
isanif ... then statement: If a
triangle is a right triangle, then

a’> + b* = ¢ The converse of if
p then q is if q then p. Although
the converse of a true statement
may not be true, the converse of
the Pythagorean Theorem is also
a true statement: If a® + b? = ¢2,
then a triangle is a right triangle.

SOLUTION
a. Step1 Let x represent one of the unknown quantities. We will let
x = the ramp’s vertical distance.
The situation is illustrated in Figure P.18.

Step2 Represent other unknown quantities in terms of x. There are no other
unknown quantities, so we can skip this step.

Step 3 Write an equation in x that models the conditions. Figure P.18 shows
the right triangle that is formed by the ramp, the wall, and the ground. We can
find x, the ramp’s vertical distance, using the Pythagorean Theorem.

(leg)? plus (leg)? equals (hypotenuse)?

x? + 1207 = 1222

Step 4 Solve the equation and answer the question. The quadratic equation
x? 4+ 120? = 1222 can be solved most efficiently by the square root property.

X2+ 120% = 1222 This is the equation resulting from the
Pythagorean Theorem.
x2 + 14,400 = 14,884 Square 120 and 122.
x2 = 484 Isolate 5% by subtracting 14,400 from
both sides.
x = V484 or x =—V484  Apply the square root property.
x =22 x =-22 Simplify.

Because x represents the ramp’s vertical distance, this measurement must be
positive. We reject —22. Thus, the ramp’s vertical distance is 22 inches.

Step 5 Check the proposed solution in the original wording of the problem.
The problem’s wording implies that the ramp, the wall, and the ground form
a right triangle. This can be checked using the converse of the Pythagorean
Theorem: If a triangle has sides of lengths a, b, and ¢, where c is the length
of the longest side, and if a> + b*> = ¢?, then the triangle is a right triangle.
Let’s check that a vertical distance of 22 inches forms a right triangle with
the ramp’s length of 122 inches and its horizontal distance of 120 inches. Is
222 + 1207 = 122%? Simplifying the arithmetic, we obtain the true statement
14,884 = 14,884. Thus, a vertical distance of 22 inches forms a right triangle.

b. Every vertical rise of 1 inch requires a horizontal run of 12 inches. Because the
ramp has a vertical distance of 22 inches, it requires a horizontal distance of
22(12) inches, or 264 inches. The horizontal distance is only 120 inches, so this
ramp does not satisfy construction laws for access ramps for the disabled.

@ Check Point 6 A radio tower s supported by two wires that are each 130 yards
long and attached to the ground 50 yards from the base of the tower. How tall is
the tower?

In our final example, the conditions are modeled by a rational equation.

EXAMPLE 7 Dividing the Cost of a Yacht

A group of friends agrees to share the cost of a $50,000 yacht equally. Before the
purchase is made, one more person joins the group and enters the agreement. As
a result, each person’s share is reduced by $2500. How many people were in the
original group?

SOLUTION
Step1 Let x represent one of the unknown quantities. We will let
x = the number of people in the original group.
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Step 2 Represent other unknown quantities in terms of x. Because one more
person joined the original group, let

x + 1 = the number of people in the final group.

Step 3 Write an equation in x that models the conditions. As a result of one
more person joining the original group, each person’s share is reduced by $2500.

Original cost the final cost

per person ot §2500  equals per person.
50,000 . 2500 _ 50,000
X x +1
This is the yacht's cost, This is the yacht's cost,
$50,000, divided by the $50,000, divided by the
number of people, x. number of people, x + 1.

Step 4 Solve the equation and answer the question.

50,000 50,000 This is the equation
— 2500 = X +1 that models the
problem’s conditions.

50,000 B 50,000 Multiply both sides by
x(x + 1)<x - 2500) =x(x +1) Tl %(x + 1), the LCD.
50,000 50,000 Use the distributi
X+ 1) 20— x(x + 1)2500 = x(x A1) - R

M property and divide out

common factors.

50,000(x + 1) — 2500x(x + 1) = 50,000x Simplify.
50,000x + 50,000 — 2500x> — 2500x = 50,000x Use the distributive
property.

—2500x% + 47,500x + 50,000 = 50,000x Combine like terms:
50,000x — 2500x =
47,500x.

—2500x% — 2500x + 50,000 = 0 Write the quadratic

equation in general
form, subtracting
50,000x from both

sides.
—2500(x*> + x —20) =0 Factor out —2500.
—2500(x + 5)(x —4) =0 Factor completely.
x+5=0 or x—4=0 Set each variable factor
equal to zero.
x=-5 x =4 Solve the resulting
equations.

Because x represents the number of people in the original group, x cannot be
negative. Thus, there were four people in the original group.

Step S Check the proposed solution in the original wording of the problem.

50,000

original cost per person = $T’ = $12,500
50,000

final cost per person = $ 5 = $10,000

We see that each person’s share is reduced by $12,500 — $10,000, or $2500, as
specified by the problem’s conditions.
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¢ Check Point 7 A group of people share equally in a $5,000,000 lottery. Before
the money is divided, three more winning ticket holders are declared. As a result,
each person’s share is reduced by $375,000. How many people were in the original

group of winners?

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

According to the U.S. Office of Management and
Budget, the 2011 budget for defense exceeded the
budget for education by $658.6 billion. If x represents
the budget for education, in billions of dollars, the
budget for defense can be represented by

In 2000, 31% of U.S. adults viewed a college
education as essential for success. For the period
from 2000 through 2010, this percentage increased by
approximately 2.4 each year. The percentage of U.S.
adults who viewed a college education as essential for
success x years after 2000 can be represented by

I purchased a computer after a 15% price reduction.
If x represents the computer’s original price, the
reduced price can be represented by

EXERCISE SET P.8

Practice and Application Exercises

How will you spend your average life expectancy of 78 years?
The bar graph shows the average number of years you will devote
to each of your most time-consuming activities. Exercises 1-2 are
based on the data displayed by the graph.

Average Number of Years

How You Will Spend Your Average
Life Expectancy of 78 Years
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Source: U.S. Bureau of Labor Statistics

1.

According to the American Bureau of Labor Statistics, you
will devote 37 years to sleeping and watching TV.The number
of years sleeping will exceed the number of years watching
TV by 19. Over your lifetime, how many years will you spend
on each of these activities?

. According to the American Bureau of Labor Statistics, you

will devote 32 years to sleeping and eating. The number of
years sleeping will exceed the number of years eating by 24.
Over your lifetime, how many years will you spend on each of
these activities?

The length of a rectangle is 5 feet more than the

width. If x represents the width, in feet, the length is

represented by . The perimeter of the rectangle

is represented by . The area of the

rectangle is represented by

A triangle with one angle measuring 90° is called a/an

triangle. The side opposite the 90° angle is called

the .The other sides are called

The Pythagorean Theorem states that in any

triangle, the sum of the squares of the lengths of the
equals

If x people equally share the cost of a $10,000 boat,

the cost per person is represented by

If two more people share the cost, the cost per person

is represented by

The bar graph shows average yearly earnings in the United
States for people with a college education, by final degree earned.
Exercises 3—4 are based on the data displayed by the graph.

Average Earnings of Full-Time Workers
in the U.S., by Final Degree Earned
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Source: U.S. Census Bureau

. The average yearly salary of an American whose final degree is

a master’s is $49 thousand less than twice that of an American
whose final degree is a bachelor’s. Combined, two people with
each of these educational attainments earn $116 thousand.
Find the average yearly salary of Americans with each of these
final degrees.

. The average yearly salary of an American whose final degree is

a doctorate is $39 thousand less than twice that of an American
whose final degree is a bachelor’s. Combined, two people with
each of these educational attainments earn $126 thousand.
Find the average yearly salary of Americans with each of these
final degrees.



Even as Americans increasingly view a college education as
essential for success, many believe that a college education is
becoming less available to qualified students. Exercises 5—6
are based on the data displayed by the graph.

10.

Changing Attitudes Toward
College in the United States
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success.
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Source: Public Agenda

In 2000, 31% of U.S. adults viewed a college education as
essential for success. For the period 2000 through 2010, the
percentage viewing a college education as essential for success
increased on average by approximately 2.4 each year. If this
trend continues, by which year will 67% of all American adults
view a college education as essential for success?

The data displayed by the graph indicate that in 2000,
45% of U.S. adults believed most qualified students get to
attend college. For the period from 2000 through 2010, the
percentage who believed that a college education is available
to most qualified students decreased by approximately 1.7
each year. If this trend continues, by which year will only 11 %
of all American adults believe that most qualified students
get to attend college?

A new car worth $24,000 is depreciating in value by $3000

per year.

a. Write a formula that models the car’s value, y, in dollars,
after x years.

b. Use the formula from part (a) to determine after how
many years the car’s value will be $9000.

A new car worth $45,000 is depreciating in value by $5000

per year.

a. Write a formula that models the car’s value, y, in dollars,
after x years.

b. Use the formula from part (a) to determine after how
many years the car’s value will be $10,000.

In 2010, there were 13,300 students at college A, with a
projected enrollment increase of 1000 students per year. In
the same year, there were 26,800 students at college B, with
a projected enrollment decline of 500 students per year.
According to these projections, when will the colleges have
the same enrollment? What will be the enrollment in each
college at that time?

In 2000, the population of Greece was 10,600,000, with
projections of a population decrease of 28,000 people per year.
In the same year, the population of Belgium was 10,200,000,
with projections of a population decrease of 12,000 people per

11.

12.

13.

14.
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year. (Source: United Nations) According to these projections,
when will the two countries have the same population? What
will be the population at that time?

After a 20% reduction, you purchase a television for $336.
What was the television’s price before the reduction?

After a 30% reduction, you purchase a dictionary for $30.80.
What was the dictionary’s price before the reduction?
Including 8% sales tax, an inn charges $162 per night. Find
the inn’s nightly cost before the tax is added.

Including 5% sales tax, an inn charges $252 per night. Find
the inn’s nightly cost before the tax is added.

Exercises 15-16 involve markup, the amount added to the dealer’s
cost of an item to arrive at the selling price of that item.

15.

16.

17.

18.

19.

20.

21.

22.

The selling price of a refrigerator is $584. If the markup
is 25% of the dealer’s cost, what is the dealer’s cost of the
refrigerator?

The selling price of a scientific calculator is $15. If the markup
is 25% of the dealer’s cost, what is the dealer’s cost of the
calculator?

A rectangular soccer field is twice as long as it is wide. If
the perimeter of the soccer field is 300 yards, what are its
dimensions?

A rectangular swimming pool is three times as long as it is
wide. If the perimeter of the pool is 320 feet, what are its
dimensions?

The length of the rectangular tennis court at Wimbledon is
6 feet longer than twice the width. If the court’s perimeter is
228 feet, what are the court’s dimensions?

The length of a rectangular pool is 6 meters less than twice
the width. If the pool’s perimeter is 126 meters, what are its
dimensions?

The rectangular painting in the figure shown measures
12 inches by 16 inches and includes a frame of uniform width
around the four edges. The perimeter of the rectangle formed
by the painting and its frame is 72 inches. Determine the
width of the frame.

The rectangular swimming pool in the figure shown measures
40 feet by 60 feet and includes a path of uniform width
around the four edges. The perimeter of the rectangle formed
by the pool and the surrounding path is 248 feet. Determine
the width of the path.
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23.

24.

25.

26.

27.

28.

29.

30.

31.

32.

33.

34.

35.

36.

37.

The length of a rectangular sign is 3 feet longer than the
width. If the sign’s area is 54 square feet, find its length and
width.

A rectangular parking lot has a length that is 3 yards greater
than the width. The area of the parking lot is 180 square yards.
Find the length and the width.

Each side of a square is lengthened by 3 inches. The area of
this new, larger square is 64 square inches. Find the length of
a side of the original square.

Each side of a square is lengthened by 2 inches. The area of
this new, larger square is 36 square inches. Find the length of
a side of the original square.

A pool measuring 10 meters by 20 meters is surrounded
by a path of uniform width. If the area of the pool and the
path combined is 600 square meters, what is the width of the
path?

A vacant rectangular lot is being turned into a community
vegetable garden measuring 15 meters by 12 meters. A path of
uniform width is to surround the garden. If the area of the lot
is 378 square meters, find the width of the path surrounding
the garden.

As part of a landscaping project, you put in a flower bed
measuring 20 feet by 30 feet. To finish off the project,
you are putting in a uniform border of pine bark around
the outside of the rectangular garden. You have enough
pine bark to cover 336 square feet. How wide should the
border be?

As part of a landscaping project, you put in a flower bed
measuring 10 feet by 12 feet. You plan to surround the bed
with a uniform border of low-growing plants that require
1 square foot each when mature. If you have 168 of these
plants, how wide a strip around the flower bed should you
prepare for the border?

A 20-footladder s 15 feet from a house. How far up the house,
to the nearest tenth of a foot, does the ladder reach?

The base of a 30-foot ladder is 10 feet from a building. If the
ladder reaches the flat roof, how tall, to the nearest tenth of a
foot, is the building?

A tree is supported by a wire anchored in the ground 5 feet
from its base. The wire is 1 foot longer than the height that it
reaches on the tree. Find the length of the wire.

A tree is supported by a wire anchored in the ground 15 feet
from its base. The wire is 4 feet longer than the height that it
reaches on the tree. Find the length of the wire.

A rectangular piece of land whose length its twice its width
has a diagonal distance of 64 yards. How many yards, to
the nearest tenth of a yard, does a person save by walking
diagonally across the land instead of walking its length and
its width?

A rectangular piece of land whose length is three times its
width has a diagonal distance of 92 yards. How many yards,
to the nearest tenth of a yard, does a person save by walking
diagonally across the land instead of walking its length and its
width?

A group of people share equally in a $20,000,000 lottery. Before
the money is divided, two more winning ticket holders are
declared. As a result, each person’s share is reduced by $500,000.
How many people were in the original group of winners?

38.

A group of friends agrees to share the cost of a $480,000
vacation condominium equally. Before the purchase is made,
four more people join the group and enter the agreement.
As a result, each person’s share is reduced by $32,000. How
many people were in the original group?

In Exercises 3942, use the formula

39.

40.

41.

42.

43.

4.

45.

46.

47.

48.

. Distance traveled

Time traveled = ———— —.

Average velocity

A car can travel 300 miles in the same amount of time it takes
a bus to travel 180 miles. If the average velocity of the bus is
20 miles per hour slower than the average velocity of the car,
find the average velocity for each.

A passenger train can travel 240 miles in the same amount of
time it takes a freight train to travel 160 miles. If the average
velocity of the freight train is 20 miles per hour slower than
the average velocity of the passenger train, find the average
velocity of each.

You ride your bike to campus a distance of 5 miles and return
home on the same route. Going to campus, you ride mostly
downhill and average 9 miles per hour faster than on your
return trip home. If the round trip takes one hour and ten
minutes—that is % hours—what is your average velocity on
the return trip?

An engine pulls a train 140 miles. Then a second engine,
whose average velocity is 5 miles per hour faster than the
first engine, takes over and pulls the train 200 miles. The total
time required for both engines is 9 hours. Find the average
velocity of each engine.

An automobile repair shop charged a customer $448, listing
$63 for parts and the remainder for labor. If the cost of labor
is $35 per hour, how many hours of labor did it take to repair
the car?

A repair bill on a sailboat came to $1603, including $532 for
parts and the remainder for labor. If the cost of labor is $63
per hour, how many hours of labor did it take to repair the
sailboat?

An HMO pamphlet contains the following recommended
weight for women: “Give yourself 100 pounds for the first
5 feet plus 5 pounds for every inch over 5 feet tall.” Using
this description, what height corresponds to a recommended
weight of 135 pounds?

A job pays an annual salary of $33,150, which includes a
holiday bonus of $750. If paychecks are issued twice a month,
what is the gross amount for each paycheck?

You have 35 hits in 140 times at bat. Your batting average
is %, or 0.25. How many consecutive hits must you get to

increase your batting average to 0.30?
You have 30 hits in 120 times at bat. Your batting average
is %, or 0.25. How many consecutive hits must you get to
increase your batting average to 0.28?

Writing in Mathematics

49.

50.

51.

In your own words, describe a step-by-step approach for
solving algebraic word problems.

Write an original word problem that can be solved using an
equation. Then solve the problem.

In your own words, state the Pythagorean Theorem.



52.

In the 1939 movie The Wizard of Oz, upon being presented
with a Th.D. (Doctor of Thinkology), the Scarecrow proudly
exclaims, “The sum of the square roots of any two sides
of an isosceles triangle is equal to the square root of the
remaining side.” (Source: The Wizard of Oz, © 1939, Warner
Bros.) Did the Scarecrow get the Pythagorean Theorem
right? In particular, describe four errors in the Scarecrow’s
statement.

Critical Thinking Exercises

Make Sense? In Exercises 53-56, determine whether statement
makes sense or does not make sense, and explain reasoning.

53.

54.

5S.

56.

57.

58.

59.

By modeling attitudes of college freshmen from 1969 through
2006, I can make precise predictions about the attitudes of
the freshman class of 2020.

I find the hardest part in solving a word problem is writing
the equation that models the verbal conditions.

After a 35% reduction, a computer’s price is $780, so I
determined the original price, x, by solving x — 0.35 = 780.

When I use the square root property to determine the
length of a right triangle’s side, I don’t even bother to list the
negative square root.

The perimeter of a plot of land in the shape of a right triangle
is 12 miles. If one leg of the triangle exceeds the other leg by
1 mile, find the length of each boundary of the land.

The price of a dress is reduced by 40%. When the dress still
does not sell, it is reduced by 40% of the reduced price. If the
price of the dress after both reductions is $72, what was the
original price?

In a film, the actor Charles Coburn plays an elderly “uncle”
character criticized for marrying a woman when he is 3 times
her age. He wittily replies, “Ah, but in 20 years time I shall
only be twice her age.” How old is the “uncle” and the
woman?

60.

61.

62.
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Suppose that we agree to pay you 8¢ for every problem in
this chapter that you solve correctly and fine you 5S¢ for every
problem done incorrectly. If at the end of 26 problems we do
not owe each other any money, how many problems did you
solve correctly?

It was wartime when the Ricardos found out Mrs. Ricardo
was pregnant. Ricky Ricardo was drafted and made out a will,
deciding that $14,000 in a savings account was to be divided
between his wife and his child-to-be. Rather strangely, and
certainly with gender bias, Ricky stipulated that if the child
were a boy, he would get twice the amount of the mother’s
portion. If it were a girl, the mother would get twice the
amount the girl was to receive. We’ll never know what Ricky
was thinking of, for (as fate would have it) he did not return
from war. Mrs. Ricardo gave birth to twins—a boy and a girl.
How was the money divided?

A thief steals a number of rare plants from a nursery. On
the way out, the thief meets three security guards, one after
another. To each security guard, the thief is forced to give
one-half the plants that he still has, plus 2 more. Finally, the
thief leaves the nursery with 1 lone palm. How many plants
were originally stolen?

Group Exercise

63.

One of the best ways to learn how to solve a word problem in
algebra is to design word problems of your own. Creating a
word problem makes you very aware of precisely how much
information is needed to solve the problem. You must also
focus on the best way to present information to a reader and
on how much information to give. As you write your problem,
you gain skills that will help you solve problems created by
others.

The group should design five different word problems
that can be solved using equations. All of the problems should
be on different topics. For example, the group should not have
more than one problem on the perimeter of a rectangle. The
group should turn in both the problems and their algebraic
solutions.

Exercises 64—-66 will help you prepare for the material covered in
the next section.

64.
65.

66.

Is—1 asolutionof 3 — 2x = 11?
Solve: —2x — 4 = x + 5.
x+3 x-2 1
= +
4 3 4

Solve:



SECTION P.9

Use interval notation.

Find intersections and
unions of intervals.

Solve linear inequalities.

Solve compound
inequalities.

Solve absolute value
inequalities.

Use interval notation.
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Rent-a-Heap, a car rental company, charges $125 per week plus $0.20 per mile to rent
one of their cars. Suppose you are limited by how much money you can spend for
the week: You can spend at most $335. If we let x represent the number of miles you
drive the heap in a week, we can write an inequality that models the given conditions:

the charge of must be less
$0.20 per mile than
for x miles or equal to §335.

The weekly
charge of $125 plus

125 + 0.20x = 335.

Placing an inequality symbol between a polynomial of degee 1 and a constant results
in a linear inequality in one variable. In this section, we will study how to solve linear
inequalities such as 125 + 0.20x = 335. Solving an inequality is the process of
finding the set of numbers that make the inequality a true statement. These numbers
are called the solutions of the inequality and we say that they satisfy the inequality.
The set of all solutions is called the solution set of the inequality. Set-builder notation
and a new notation, called interval notation, are used to represent these solution sets.
We begin this section by looking at interval notation.

Interval Notation

Some sets of real numbers can be represented using interval notation. Suppose that
a and b are two real numbers such thata < b.

Interval Notation Graph

The open interval (a, b) represents the set of real
numbers between, but not including, a and b.

(a,b) = {x |a<x<b}
A

o~
o 4

(a,b)

The parentheses in the graph
and in interval notation indicate
that a and b, the endpoints, are
excluded from the interval.

X is greater than a (a < x)
and
X is less than b (x < b).

The closed interval [a, b] represents the set of real
numbers between, and including, @ and b.

[a,b] = {x |a=x=b}
A

1
T
b

The square brackets in the graph

and in interval notation indicate

that a and b, the endpoints, are
included in the interval.

X is greater than or equal to a (a < x)
and
X is less than or equal to b (x < b).

The infinite interval (a, ») represents the set of

real numbers that are greater than a. ,
X
(a,0) = {x | x>a} /; (a, )
A

The infinity symbol does not The parenthesis indicates that a

represent a real number. It is excluded from the interval.

indicates that the interval

extends indefinitely to the right.

The infinite interval (— o, b] represents the set of
real numbers that are less than or equal to b. 1 x

(=»,b] = {x | x < b} (<.b] /b

The square bracket indicates

The negative infinity symbol
that b is included in the interval.

indicates that the interval
extends indefinitely to the left.




Find intersections and unions
of intervals.
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Parentheses and Brackets in Interval Notation

Parentheses indicate endpoints that are not included in an interval. Square
brackets indicate endpoints that are included in an interval. Parentheses are
always used with » or —oo.

Table P.7 lists nine possible types of intervals used to describe subsets of real
numbers.

Table P.7 Intervals on the Real Number Line

Let a and b be real numbers such that a < b.

Interval
Notation Set-Builder Notation Graph

L AY X
(a,b) {x|la < x <b} B .

L h | X
[a, D] {xla=x=0b} : H

L AY X
[a, D) {xla = x < b} B ’

L h | X
(a,b] {x|la <x=0b} B H
(a,») {x]x >a} l(l x
[a, %) {x|x = a} 5 X
(=, b) {x|x < b} 15 x
(=, b] {x|x = b} l}) X
(o, ) {x|x is a real number} or R

(set of real numbers)

EXAMPLE 1 Using Interval Notation

Express each interval in set-builder notation and graph:

a. (—1,4] b. [2.5,4] ¢ (=4, ).
SOLUTION
a. (-1.4] = {x|-1 <x =4} DI S S
: F F—x
b. [25,4] = {x|2.5 = x = 4} 4 3 21 0 1 2 3 4
¢ = *
c. (_4’ oo) = {x|x > —4} -4 -3 2 -1 0 1 2 3 4

@ Check Point 1 Express each interval in set-builder notation and graph:
a. [-2,5) b. [1,3.5] ¢ (—o,—1).

Intersections and Unions of Intervals

In Section P.1, we learned how to find intersections and unions of sets. Recall that
A N B (A intersection B) is the set of elements common to both set A and set B. By
contrast, A U B (A union B) is the set of elements in set A or in set B or in both sets.

Because intervals represent sets, it is possible to find their intersections and
unions. Graphs are helpful in this process.
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Finding Intersections and Unions of Two Intervals

1. Graph each interval on a number line.
2. a. To find the intersection, take the portion of the number line that the two
graphs have in common.
b. To find the union, take the portion of the number line representing the
total collection of numbers in the two graphs.

EXAMPLE 2 Finding Intersections and Unions of Intervals

Use graphs to find each set:
a. (1,4) N [2,8] b. (1,4) U [2,8].

SOLUTION
a. (1,4) N [2, 8], the intersection of the intervals (1,4) and [2, 8], consists of the
numbers that are in both intervals.

Graph of (1, 4)i———A———f—————————+—— {x|1<x<4)
o 1 2 3 4 5 6 7 8 9 10

. . {x|2<x<8)
Graph of [2, 8]: —F "
1 2 3 4 5 6 7 8 9 10

To find (1,4) N [2, 8], take the portion of the number line that the two
graphs have in common.

Numbers in both (x]1<x<4
(1,4) and [2,8]3 ———F f—— x and2<x<8}
0o 1 2

\

} i i i i i i
3 4 5 6 7 8 9 10
The numbers common to both intervals

are those that are greater than or
equal to 2 and less than 4: [2, 4).

Thus, (1,4) N [2, 8] = [2, 4).

b. (1,4) U [2, 8], the union of the intervals (1, 4) and [2, 8], consists of the
numbers that are in either one interval or the other (or both).

{x[1<x<4}

Graph of (1, 4):—+—f——+——+—+—+—+—+—
0o 1 2 3 4 5 6 7 8 9 10
{x|2<x<8)

T

Graph of [2, 8]: b —————
1 2 3 4 5 6 7 8 9 10
To find (1, 4) U [2, 8], take the portion of the number line representing the

total collection of numbers in the two graphs.

Numbers in either x|1<x<4
(1,4) or [2, 8] or both: ——+ —t—>Xx or2<x<8)
0 1

1
+ + + + + — t t
2 3 4 5 6 7 8 9 10

The numbers in either one interval or
the other (or both) are those that
are greater than 1 and less
than or equal to 8: (1, 8].

Thus, (1, 4) U [2, 8] = (L, 8].

@ Check Point 2 Use graphs to find each set:
a. [1,3] N (2, 6) b. [1,3] U (2, 6).



Solve linear inequalities.

GREAT QUESTION!

What are some common English
phrases and sentences that I can
model with inequalities?

English phrases such as “at least”
and “at most” can be represented

by inequalities.

English Sentence | Inequality
x is at least 5. x=5

X is at most 5. x=5

x is between 5 S5<x <7
and 7.

X iS no more x=5
than 5.

xisnolessthan5.| x = 5
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Solving Linear Inequalities in One Variable

We know that a linear equation in x can be expressed as ax + b = 0. A linear
inequality in x can be written in one of the following forms:

ax + b <0,ax + b =0,ax +b > 0,ax + b = 0.

In each form,a # O.

Back to our question that opened this section: How many miles can you drive
your Rent-a-Heap car if you can spend at most $335? We answer the question by
solving

0.20x + 125 = 335
for x. The solution procedure is nearly identical to that for solving
0.20x + 125 = 335.

Our goal is to get x by itself on the left side. We do this by subtracting 125 from both
sides to isolate 0.20x:

0.20x + 125 = 335 This is the given inequality.
0.20x + 125 — 125 = 335 — 125 Subtract 125 from both sides.
0.20x = 210. Simplify.

Finally, we isolate x from 0.20x by dividing both sides of the inequality by 0.20:

0.20x = 210 Divide both sides by 0.20
020 = 020 vide po sldes y U. o
x = 1050. Simplify.

With at most $335 to spend, you can travel at most 1050 miles.

We started with the inequality 0.20x + 125 = 335 and obtained the inequality
x = 1050 in the final step. These inequalities have the same solution set, namely
{x|x = 1050}. Inequalities such as these, with the same solution set, are said to be
equivalent.

We isolated x from 0.20x by dividing both sides of 0.20x = 210 by 0.20, a positive
number. Let’s see what happens if we divide both sides of an inequality by a negative
number. Consider the inequality 10 < 14. Divide 10 and 14 by —2:

E=—5 and %2—7.

Because —5 lies to the right of —7 on the number line, —5 is greater than —7:
-5>-7.

Notice that the direction of the inequality symbol is reversed:

10 < 14 Dividing by —2 changes
I the direction of the
inequality symbol.
-5>-7.

In general, when we multiply or divide both sides of an inequality by a negative
number, the direction of the inequality symbol is reversed. When we reverse the
direction of the inequality symbol, we say that we change the sense of the inequality.

We can isolate a variable in a linear inequality in the same way we isolate a
variable in a linear equation. The properties on the next page are used to create
equivalent inequalities.
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Properties of Inequalities

Property

The Addition Property of Inequality
Ifa < b,thena + ¢ < b + c.

Ifa < b,thena —c < b — c.

The Positive Multiplication Property of
Inequality

If @ < b and c is positive, then ac < bc.

. .. a b
If @ < b and c is positive, then — < —.
c ¢

The Negative Multiplication Property
of Inequality

If @ < b and c is negative, then ac > bc.

. . a b
If a < b and c is negative, then — > —.
c c

DISCOVERY

As a partial check, select one
number from the solution set
of 3 — 2x = 11. Substitute

that number into the original
inequality. Perform the resulting
computations. You should obtain
a true statement.

Is it possible to perform a
partial check using a number that
is not in the solution set? What
should happen in this case? Try
doing this.

The Property in Words

If the same quantity is added to or
subtracted from both sides of an
inequality, the resulting inequality is
equivalent to the original one.

If we multiply or divide both sides of an
inequality by the same positive quantity,
the resulting inequality is equivalent to
the original one.

If we multiply or divide both sides of an
inequality by the same negative quantity
and reverse the direction of the inequality
symbol, the resulting inequality is
equivalent to the original one.

Example
2x +3 <7
Subtract 3:
2x +3 —-3<7 - 3.
Simplify:
2x < 4.
2x < 4
Divide by 2:
2x 4
79
Simplify:
x <2
—4x < 20

Divide by —4 and change the sense of the
inequality:

EXAMPLE 3 Solving a Linear Inequality

Solve and graph the solution set on a number line:

3 - 2x

SOLUTION

|
g
IA

—2x
-2
X

v

v

—4x 20

A

—4 —4

Simplify:
x > —5.

= 11.
11 This is the given inequality.
11 — 3 Subtract 3 from both sides.
8 Simplify.
i Divide both sides by —2 and
-2 change the sense of the inequality.
—4 Simplify.

The solution set consists of all real numbers that are greater than or equal to —4,
expressed as {x|x = —4} in set-builder notation. The interval notation for this
solution set is [—4, ). The graph of the solution set is shown as follows:

L

X

I
4 3 22 -1 0

1 2 3 4

@ Check Point 3 Solve and graph the solution set on a number line:

2 —-3x=5.

EXAMPLE 4 Solving a Linear Inequality

Solve and graph the solution set on a number line:

—2x — 4 >x+ 5.

SOLUTION

Step 1 Simplify each side. Because each side is already simplified, we can skip

this step.



GREAT QUESTION!

Do I have to solve the inequality
in Example 4 by isolating the
variable on the left?

No. You can solve

2x—4>x+5

by isolating x on the right side.

Add 2x to both sides.
—2x —4+2x>x+5+ 2«
—4>3x+5

Now subtract 5 from both sides.
—4 -5>3x+5-5

-9 > 3x

Finally, divide both sides by 3.
-9  3x
IR > P
3 3
-3 >x

This last inequality means the
same thing as x < —3.
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Step 2 Collect variable terms on one side and constant terms on the other
side. We will collect variable terms of —2x — 4 > x + 5 on the left and constant
terms on the right.

—2x—4>x+5
—2x—4—-—x>x+5—x

This is the given inequality.
Subtract x from both sides.

-3x—-4>5 Simplify.
—3x—4+4>5+4 Add 4 to both sides.
—3x>9 Simplify.

Step 3 Isolate the variable and solve. We isolate the variable, x, by dividing both
sides by —3. Because we are dividing by a negative number, we must reverse the
inequality symbol.

—3x < i Divide both sides by — 3 and
-3 -3 change the sense of the inequality.
x < -3 Simplify.

Step 4 Express the solution set in set-builder or interval notation and graph the
set on a number line. The solution set consists of all real numbers that are less than
—3, expressed in set-builder notation as {x|x < —3}. The interval notation for this
solution set is (—0, —3). The graph of the solution set is shown as follows:

-5 4 3 2 -1 0 1 2 3 4 5

X

O Check Point 4 Solve and graph the solution set on a number line:
3x +1>7x — 15.

If an inequality contains fractions with constants in the denominators, begin
by multiplying both sides by the least common denominator. This will clear the
inequality of fractions.

EXAMPLE 5 Solving a Linear Inequality Containing Fractions

Solve and graph the solution set on a number line:

x+3 x—2 1
=

+ —.
4 3 4
SOLUTION

The denominators are 4, 3, and 4. The least common denominator is 12. We begin

by multiplying both sides of the inequality by 12.
x+3_x—-2 1
= +—

4 3 4

Kz\l ) Multiply both sides by 12. Multiplying

12 (x +3 > = 12 <x _ 4+ = by a positive number preserves the
4 3 4 sense of the inequality.
12 x +3

This is the given inequality.

Multiply each term by 12. Use the
distributive property on the right side.

v

4

w
NG

Divide out common factors in each
multiplication.

2 12
1 1
é.x+3>%.x—2 %
1 {{ 1 1

—R =

3x+3) =4(x — 2) + 3

Now that the fractions have been cleared, we follow the four steps that we used in
the previous example.

The fractions are now cleared.
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Solve compound inequalities.

Step 1 Simplify each side.

3x +3)=4(x—-2)+3 This is the inequality with the
fractions cleared.
3x +9=4x -8+ 3 Use the distributive property.
3x+9=4x -5 Simplify.

Step 2 Collect variable terms on one side and constant terms on the other
side. We will collect variable terms on the left and constant terms on the right.

3x +9 —4x = 4x — 5 — 4x Subtract 4x from both sides.
—x+9=-5 Simplify.

—x+9-9=-5-9 Subtract 9 from both sides.
—x=—14 Simplify.

Step 3 Isolate the variable and solve. To isolate x, we must eliminate the negative
sign in front of the x. Because —x means —1x, we can do this by multiplying (or
dividing) both sides of the inequality by —1. We are multiplying by a negative
number. Thus, we must reverse the direction of the inequality symbol.

D(=x) = (—1)(-14) Multiply both sides by —1 and change
the sense of the inequality.
x =14 Simplify.

Step 4 Express the solution set in set-builder or interval notation and graph the
set on a number line. The solution set consists of all real numbers that are less
than or equal to 14, expressed in set-builder notation as {x|x = 14}. The interval
notation for this solution set is (—, 14]. The graph of the solution set is shown as
follows:

" " " " " " " " " "l L
p— x
S 6 7 8 9 10 11 12 13 14 15

@ Check Point 5 Solve and graph the solution set on a number line:
x—4 _ x—-2 5
= + =
2 3 6

Solving Compound Inequalities
We now consider two inequalities such as
-3 <2x+1 and 2x +1 = 3,
expressed as a compound inequality
-3<2x+1=3

The word and does not appear when the inequality is written in the shorter form,
although intersectionisimplied.The shorter form enables us to solve both inequalities
at once. By performing each operation on all three parts of the inequality, our goal
is to isolate x in the middle.

EXAMPLE 6 Solving a Compound Inequality
Solve and graph the solution set on a number line:
3 <2x+1=3.

SOLUTION

We would like to isolate x in the middle. We can do this by first subtracting 1 from
all three parts of the compound inequality. Then we isolate x from 2x by dividing
all three parts of the inequality by 2.



Solve absolute value inequalities.

R AN W
At
-4-3-2-1 012 3 4
FIGURE P.19 |x| < 2,s0
2 <x<2

X

e x

——+ —
-4-3-2-1 0123 4

FIGURE P.20 |x| > 2,s0
x < —-2orx > 2.

GREAT QUESTION!

The box on the right shows

how to rewrite absolute value
inequalities without absolute
value bars. Once I’ve done this,
how many inequalities do I need
to solve?

In the |u| < c case, we have one
compound inequality to solve. In
the |u| > c case, we have two
separate inequalities to solve.
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3<2x+1=3
B3-1<2x+1-1=3-1

This is the given inequality.
Subtract 1 from all three parts.

4 <2x=2 Simplify.

;4 < fo = % Divide each part by 2.
2 2 2

—2<x=1 Simplify.

The solution set consists of all real numbers greater than —2 and less than or equal
to 1, represented by {x| -2 < x = 1} in set-builder notation and (=2, 1] in interval
notation. The graph is shown as follows:

4 ' ' L
\

. . 1
' i ' ' ' ;)
5 4 3 2 -1 0 1

2 3 4 5

O Check Point 6 Solve and graph the solution set on a number line:
1=2x+3 <11

Solving Inequalities with Absolute Value
We know that | x| describes the distance of x from zero on a real number line. We
can use this geometric interpretation to solve an inequality such as

|x| <2.

This means that the distance of x from 0 is less than 2, as shown in Figure P.19. The
interval shows values of x that lie less than 2 units from 0. Thus, x can lie between —2
and 2. Thatis, x is greater than —2 and less than 2. We write (=2, 2) or {x| =2 < x < 2}.

Some absolute value inequalities use the “greater than” symbol. For example,
|x| > 2 means that the distance of x from 0 is greater than 2, as shown in Figure P.20.
Thus, x can be less than —2 or greater than 2. We write x < —2 or x > 2. This can be
expressed in interval notation as (— %, —2) U (2, «).

These observations suggest the following principles for solving inequalities with
absolute value.

Solving an Absolute Value Inequality

If u is an algebraic expression and c is a positive number,
1. The solutions of |u| < c are the numbers that satisfy —c < u < c.
2. The solutions of |u| > c are the numbers that satisfy u < —c or u > c.

These rules are valid if < is replaced by = and > is replaced by =.

EXAMPLE 7 Solving an Absolute Value Inequality

Solve and graph the solution set on a number line: |x — 4| < 3.

SOLUTION

We rewrite the inequality without absolute value bars.

[u < ¢ means —c < u < c.
[x =4/ <3 means -3 <x-—4<3.

We solve the compound inequality by adding 4 to all three parts.

3<x—-4<3
B +4<x—-4+4<3+4
1<x<7
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The solutionsetof 1 < x < 7 consists of all real numbers greater than 1 and less than 7,
denoted by {x|1 < x < 7} or (1,7).The graph of the solution set is shown as follows:

L L L AY N x
———f —
2 -1 0 1 2 3 4 5 6 7 8 Ve

‘¢ Check Point 7 Solveandgraphthesolutionsetonanumberline: |x — 2| < 5.

EXAMPLE 8 Solving an Absolute Value Inequality

Solve and graph the solution set on a number line: —2|3x + 5| + 7 = —13.
SOLUTION
—2|3x + 5| +7=-13 This is the given inequality.

We need to isolate [3x + 5|,
the absolute value expression.

—2[3x + 5| +7 —7=-13 — 7 Subtract 7 from both sides.

—2|3x + 5] =20 Simplify.
-2|3x + 3| -20 Divide both sides by —2 and change the sense of
-2 = -2 the inequality.
3x + 5/ =10 Simplify.
-10=3x+5=10 Rewrite without absolute value bars:

\u\ = cmeans —¢c = u = c.
Now we need to isolate
X in the middle.

-10-5=3%+5-5=10-5 Subtract 5 from all three parts.

—-15=3x=5 Simplify.
ﬁ = 37)( = § Divid h t by 3
3 =3 =3 ivide each part by 3.
5
—S=x= 3 Simplify.

The solution set is {x|—5 =x= %} in set-builder notation and [—5, %] in interval
notation. The graph is shown as follows:

, , . . . . . — : X
+ + t 1+ +
-7 6 -5 4 3 2 -1 0 1 2 3
1

w|N

‘¢ Check Point 8 Solve and graph the solution set on a number line:
—3|5x — 2| +20 = —19.

EXAMPLE 9 Solving an Absolute Value Inequality

Solve and graph the solution set on a number line: 7 < [5 — 2x].

SOLUTION

We begin by expressing the inequality with the absolute value expression on the
left side:

¢ < |u| means the same thing
15 — 2x| > 7. as [t > c. In both cases, the
inequality symbol points to c.



GREAT QUESTION!

The graph of the solution set

in Example 9 consists of two
intervals. When is the graph of
the solution set of an absolute
value inequality a single interval
and when is it the union of two
intervals?

If u is a linear expression and

¢ > 0, the graph of the solution
set for |u| > ¢ will be two
intervals whose union cannot be
represented as a single interval.
The graph of the solution set for
|u| < ¢ will be a single interval.
Avoid the common error of

rewriting |u| > cas—c < u > c.
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We rewrite this inequality without absolute value bars.

ul > ¢ meams u < —< o u > c

|5 —2x| > 7 means 5 —2x < -7 or 5 — 2x > 7.

Because |5 — 2x| > 7means5 — 2x < —7or5 — 2x > 7,wesolve 5 — 2x < —7
and 5 — 2x > 7 separately. Then we take the union of their solution sets.
5—2x <7 or 5—2x>17

These are the inequalities without
absolute value bars.
5-5—-2x<-7-5

5—5—-—2x>7—5 Subtract 5 from both sides.

—2x < —12 —2x > 2 Simplify.

—2x  —12 —2x 2 Divide both sides by — 2 and change

) - ) ) = —2 the sense of each inequality.
x>0 x < -1 Simplify.

The solution set consists of all numbers that are less than —1 or greater than 6. The
solution set is {x|x < —1 or x > 6}, or, in interval notation (—%, —1) U (6, ). The
graph of the solution set is shown as follows:

@ Check Point 9 Solve and graph the solution set on a number line:
18 < |6 — 3x|.

Applications

Our next example shows how to use an inequality to select the better deal between
two pricing options. We use our strategy for solving word problems, modeling the
verbal conditions of the problem with a linear inequality.

EXAMPLE 10 Selecting the Better Deal

Acme Car rental agency charges $4 a day plus $0.15 per mile, whereas Interstate
rental agency charges $20 a day and $0.05 per mile. How many miles must be driven
to make the daily cost of an Acme rental a better deal than an Interstate rental?

SOLUTION

Step 1 Let x represent one of the unknown quantities. We are looking for the
number of miles that must be driven in a day to make Acme the better deal. Thus,

let x = the number of miles driven in a day.

Step 2 Represent other unknown quantities in terms of x. We are not asked to
find another quantity, so we can skip this step.
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Step3 Write an inequality in x that models the conditions. Acme is a better deal
than Interstate if the daily cost of Acme is less than the daily cost of Interstate.

The daily cost of is less than the daily cost of
Acme Interstate.
15 the number 5 the number
cents of miles cents of miles
4 dollars plus times driven 20 dollars plus times driven
4 + 015 - «x < 20 + 0.05 - «x

Step 4 Solve the inequality and answer the question.

4 + 0.15x < 20 + 0.05x This is the inequality that models the

verbal conditions.
4 + 0.15x — 0.05x < 20 + 0.05x — 0.05x  Subtract 0.05x from both sides.

4+ 01x <20 Simplify.
44+ 01x —4<20—4 Subtract 4 from both sides.
0.1x < 16 Simplify.
% < & Divide both sides by O.1.
0.1 0.1
x < 160 Simplify.

Thus, driving fewer than 160 miles per day makes Acme the better deal.

StepS5 Check the proposed solution in the original wording of the problem. One
way to do this is to take a mileage less than 160 miles per day to see if Acme is the
better deal. Suppose that 150 miles are driven in a day.

Cost for Acme = 4 + 0.15(150) = 26.50
Cost for Interstate = 20 + 0.05(150) = 27.50

Acme has a lower daily cost, making Acme the better deal.

@ Check Point 10 A car can be rented from Basic Rental for $260 per week
with no extra charge for mileage. Continental charges $80 per week plus
25 cents for each mile driven to rent the same car. How many miles must be
driven in a week to make the rental cost for Basic Rental a better deal than
Continental’s?

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

In interval notation, [2, 5) represents the set of real 6. The linear inequality —3x — 4 > 5 can be solved by
numbers between ____and ____including ____ but not first___ tobothsidesandthen____ both
including ____. sides by ____,which changesthe __ of the

In interval notation, (—2, ) represents the set of real

inequality symbol from to .

numbers 2. 7. The way to solve =7 < 3x — 4 =< Sis toisolate x in
In interval notation, (— o, —1] represents the set of the

real numbers —1. 8. If ¢ > 0, |u| < cis equivalent to <u< ___.
The set of elements common to both (=, 9) and 9. Ifc > 0, |u| > cisequivalenttou < __oru > __.
(—,12) is .Thisrepresentsthe ____ of 10. |x — 7| < 2 can be rewritten without absolute value
these intervals. bars as .

The set of elements in (=0, 9) or (=0, 12) or in both 11. |x — 7| > 2 can be rewritten without absolute value

setsis . This represents the of these

intervals.

bars as
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In Exercises 1-14, express each interval in set-builder notation
and graph the interval on a number line.

1. (1,6] 2. (—2,4]

3. [-5,2) 4. [-4,3)

5. [-3,1] 6. [-2,5]

7. (2, ) 8. (3, »)

9. [-3, ») 10. [-5, =)
11. (—,3) 12, (—,2)
13. (—,5.5) 14. (—,3.5]
In Exercises 15-26, use graphs to find each set.
15. (=3,0) N [-1,2] 16. (—4,0) N [-2,1]
17. (-3,0) U [-1,2] 18. (—4,0) U [-2,1]
19. (—,5)N[L,8) 20. (—»,6)N[2,9)
21. (—=,5)U[L38) 22, (—%,6)U[2,9)
23. [3, %) N (6, ») 24. [2, ) N (4, »)
25. [3, ®) U (6, ») 26. [2, ) U (4, »)

In all exercises, other than J, use interval notation to express
solution sets and graph each solution set on a number line.

In Exercises 27-48, solve each linear inequality.

27. 5x + 11 < 26 28. 2x + 5 <17

29. 3x —7=13 30. 8&x —2 =14

31. —9x = 36 32. —5x =30

33. 8&x — 11 =3x — 13 34. 18x +45=12x — 8

3B.4x+1)+2=3x+6

36. 8x +3>32x + 1) +x+5

37. 2x — 11 < =3(x + 2) 38. —4(x +2) >3x +20
39.1-(x+3)=4—2x 40. 53 -x)=3x -1

x 3 x 3x 1 X
- =T 4 L+ l= - =
Ay =7 20 =5 10
X 4 3
L1 - > LT ——x<Z
43. 1 > 4 4. 7 5x 5
x—4 x-2 5 4x — 3 2x — 1
45. = + — 46. +2=
6 9 18 6 12

47. 3[3(x +5) + 8 + 7] + 5[3(x — 6) — 2(3x — 5)]
<2(4x + 3)

48. 5[3(2 — 3x) — 2(5 — x)] — 6[5(x — 2) — 2(4x — 3)]
<3x + 19

In Exercises 49-56, solve each compound inequality.

49. 6 <x +3<8 50. 7<x+5<11

5. 3=x-2<1 52. - 6<x—-4=1

53. -1l <2x—-1=-5 54. 3=4x—-3<19

55.—35%x—5<—1 56.—6s%x—4<—3

In Exercises 57-92, solve each absolute value inequality.

57. |x] <3 58. |x|] <5

59. [x —1] =2 60. |x +3| =4

61. [2x — 6] <8 62. |3x +5| <17

63. 2(x — 1) +4| =8 64. [3(x —1)+2| =20
+ 3(x -1

65. 2"3—6‘ <2 66. ’%‘ <6

67. |x| >3 68. |x| >5
69. [x — 1] =2 70. |x + 3] =4
71. |3x — 8| > 7 72. |5x — 2| > 13
2x + 2 3x — 3
73. |———| =2 74. |—| =1
= .
2 3
. - = > . - — >
75 ‘3 3 5 76 ’3 e 9
77. 3|x — 1| +2=38 78. 5|2x +1| —3=9
79. 2|x — 4| = —4 80. —3|x + 7| =27
81. —4|1 — x| <-16 82. 2|5 —x| <-6
83. 3= |2x — 1] 84. 9 = |4x + 7|
85. 5> |4 — x| 86. 2 > |11 — x|
87. 1 < |2 — 3x] 88. 4 < |2 — x|
6 3 11 7
L2 < |-2x + | + 2 1< |x— |+ 2
89. 12 ’2x 7‘ 7 90. 1 ‘x 3 3
X X
91. 4 + |3 — | =9 922, 2-—-|—-1=1
5 b3

Practice Plus

In Exercises 93-96, use interval notation to represent all values of

x satisfying the given conditions.
93. y=1-(x +3)+2x and yisatleast4.
94. y =2x — 11 + 3(x +2) and yisatmostO.
95. y=7— ‘%4—2’ and yis at most 4.
96. y =8 — |5x + 3| and yisatleast6.

97. When 3 times a number is subtracted from 4, the absolute
value of the difference is at least 5. Use interval notation to

express the set of all numbers that satisfy this condition.

98. When 4 times a number is subtracted from 5, the absolute
value of the difference is at most 13. Use interval notation to

express the set of all numbers that satisfy this condition.

Application Exercises

The graphs show that the three components of love, namely,
passion, intimacy, and commitment, progress differently over
time. Passion peaks early in a relationship and then declines.
By contrast, intimacy and commitment build gradually. Use the
graphs to solve Exercises 99-106.

y The Course of Love Over Time

| Passion K_’
L . Commitment
m—'

V' \
4

N

—_

— N W AR LN 00O

Level of Intensity
(1 through 10 scale)

N\

T R TR N B
1 2 3 45 6 7 8 910

Years in a Relationship

Source: R. J. Sternberg. A Triangular Theory of Love,
Psychological Review, 93,119-135.
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(In Exercises 99—-106, be sure to refer to the graphs at the bottom of
the previous page.)

99. Use interval notation to write an inequality that expresses

100.

101.

102.

103.

104.

105.

106.

for which years in a relationship intimacy is greater than
commitment.

Use interval notation to write an inequality that expresses
for which years in a relationship passion is greater than or
equal to intimacy.

What is the relationship between passion and intimacy on
the interval [5,7)?

What is the relationship between intimacy and commitment
on the interval [4,7)?

What is the relationship between passion and commitment
for {x]6 < x < 8)?

What is the relationship between passion and commitment
for {x|7 < x < 9}?

What is the maximum level of intensity for passion? After
how many years in a relationship does this occur?

After approximately how many years do levels of intensity
for commitment exceed the maximum level of intensity for
passion?

In more U.S. marriages, spouses have different faiths. The bar graph

shows the percentage of households with an interfaith marriage
in 1988 and 2008. Also shown is the percentage of households in
which a person of faith is married to someone with no religion.

Percentage of U.S. Households in Which Married
Couples Do Not Share the Same Faith

35%

S 31 1988

2" 2% 2008

S 25%

2

T 20%[

=

° 15% -

?30 11

5 10%

5 6

&~ 5%
Interfaith Faith/No Religion
Marriage Marriage

Source: General Social Survey, University of Chicago
The formula

1
I:Zx+26

models the percentage of U.S. households with an interfaith
marriage, I, x years after 1988. The formula

1
N=Zx+6

models the percentage of U.S. households in which a person of

faith is married to someone with no religion, N, x years after 1988.
Use these models to solve Exercises 107-108.

107.

a. In which years will more than 33% of U.S. households
have an interfaith marriage?

b. In which years will more than 14% of U.S. households
have a person of faith married to someone with no
religion?

108.

109.

110.

111.

c. Based on your answers to parts (a) and (b), in which years
will more than 33% of households have an interfaith
marriage and more than 14% have a faith/no religion
marriage?

d. Based on your answers to parts (a) and (b),in which years
will more than 33% of households have an interfaith
marriage or more than 14% have a faith/no religion
marriage?

a. In which years will more than 34% of U.S. households
have an interfaith marriage?

b. In which years will more than 15% of U.S. households
have a person of faith married to someone with no
religion?

c. Based on your answers to parts (a) and (b), in which years
will more than 34% of households have an interfaith
marriage and more than 15% have a faith/no religion
marriage?

d. Based on your answers to parts (a) and (b),in which years
will more than 34% of households have an interfaith
marriage or more than 15% have a faith/no religion
marriage?

A basic cellphone plan costs $20 per month for 60 calling

minutes. Additional time costs $0.40 per minute. The

formula

C =20 + 0.40(x — 60)

gives the monthly cost for this plan, C, for x calling minutes,
where x > 60. How many calling minutes are possible for a
monthly cost of at least $28 and at most $40?

The formula for converting Fahrenheit temperature, F, to
Celsius temperature, C, is

c:%w—w)

If Celsius temperature ranges from 15° to 35°, inclusive,
what is the range for the Fahrenheit temperature? Use
interval notation to express this range.

If a coin is tossed 100 times, we would expect approximately
50 of the outcomes to be heads. It can be demonstrated that
a coin is unfair if 4, the number of outcomes that result in

heads, satisfies ’h — = 1.645. Describe the number of

outcomes that determine an unfair coin that is tossed 100
times.

In Exercises 112—123, use the strategy for solving word problems,
modeling the verbal conditions of the problem with a linear
inequality.

112.

113.

A truck can be rented from Basic Rental for $50 per day
plus $0.20 per mile. Continental charges $20 per day plus
$0.50 per mile to rent the same truck. How many miles must
be driven in a day to make the rental cost for Basic Rental a
better deal than Continental’s?

You are choosing between two texting plans. Plan A has a
monthly fee of $15 with a charge of $0.08 per text. Plan B
has a monthly fee of $3 with a charge of $0.12 per text. How
many text messages in a month make plan A the better
deal?



114.

115.

116.

117.

118.

119.

120.

121.

122.

123.
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A city commission has proposed two tax bills. The first
bill requires that a homeowner pay $1800 plus 3% of the
assessed home value in taxes. The second bill requires taxes
of $200 plus 8% of the assessed home value. What price
range of home assessment would make the first bill a better
deal?

A local bank charges $8 per month plus 5¢ per check. The
credit union charges $2 per month plus 8¢ per check. How
many checks should be written each month to make the
credit union a better deal?

A company manufactures and sells blank audiocassette
tapes. The weekly fixed cost is $10,000 and it costs $0.40 to
produce each tape. The selling price is $2.00 per tape. How
many tapes must be produced and sold each week for the
company to generate a profit?

A company manufactures and sells personalized stationery.
The weekly fixed cost is $3000 and it costs $3.00 to produce
each package of stationery. The selling price is $5.50
per package. How many packages of stationery must be
produced and sold each week for the company to generate
a profit?

An elevator at a construction site has a maximum capacity
of 2800 pounds. If the elevator operator weighs 265 pounds
and each cement bag weighs 65 pounds, how many bags of
cement can be safely lifted on the elevator in one trip?

An elevator at a construction site has a maximum capacity
of 3000 pounds. If the elevator operator weighs 245 pounds
and each cement bag weighs 95 pounds, how many bags of
cement can be safely lifted on the elevator in one trip?

To earn an A in a course, you must have a final average of at
least 90%. On the first four examinations, you have grades
of 86%,88%,92%, and 84 %. If the final examination counts
as two grades, what must you get on the final to earn an A in
the course?

On two examinations, you have grades of 86 and 88. There

is an optional final examination, which counts as one grade.

You decide to take the final in order to get a course grade of

A, meaning a final average of at least 90.

a. What must you get on the final to earn an A in the
course?

b. By taking the final, if you do poorly, you might risk the B
that you have in the course based on the first two exam
grades. If your final average is less than 80, you will lose
your B in the course. Describe the grades on the final
that will cause this to happen.

Parts for an automobile repair cost $175. The mechanic
charges $34 per hour. If you receive an estimate for at least
$226 and at most $294 for fixing the car, what is the time
interval that the mechanic will be working on the job?

The toll to a bridge is $3.00. A three-month pass costs $7.50
and reduces the toll to $0.50. A six-month pass costs $30 and
permits crossing the bridge for no additional fee. How many
crossings per three-month period does it take for the three-
month pass to be the best deal?

Writing in Mathematics

124.

125.

When graphing the solutions of an inequality, what does a
parenthesis signify? What does a square bracket signify?
Describe ways in which solving a linear inequality is similar
to solving a linear equation.

126. Describe ways in which solving a linear inequality is
different than solving a linear equation.

127. What is a compound inequality and how is it solved?

128. Describe how to solve an absolute value inequality involving
the symbol <. Give an example.

129. Describe how to solve an absolute value inequality involving
the symbol >. Give an example.

130. Explain why |x| < —4 has no solution.

131. Describe the solution set of |x| > —4.

Critical Thinking Exercises

Make Sense? In Exercises 132—135, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

132. I prefer interval notation over set-builder notation because
it takes less space to write solution sets.

133. I can check inequalities by substituting 0 for the variable:
When 0 belongs to the solution set, I should obtain a true
statement, and when 0 does not belong to the solution set, I
should obtain a false statement.

134. In an inequality such as 5x + 4 < 8x — 5, I can avoid
division by a negative number depending on which side I
collect the variable terms and on which side I collect the
constant terms.

135. T'll win the contest if I can complete the crossword puzzle in
20 minutes plus or minus 5 minutes, so my winning time, x,
is modeled by |x — 20| = 5.

In Exercises 136139, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

136. (—o,—1] N [~4, ») = [-4,—1]

137. (—©,3) U (—»,—2) = (—=,—2)

138. The inequality 3x > 6 is equivalent to 2 > x.
139. All irrational numbers satisfy |x — 4| > 0.

140. What’s wrong with this argument? Suppose x and y
represent two real numbers, where x > y.

2>1 This is a true statement.
2(y —x) > 1(y — x)  Multiply both sides by y — x.

2y —2x >y —x Use the distributive property.
y—2x > —Xx Subtract y from both sides.
y>x Add 2x to both sides.

The final inequality, y > x, is impossible because we were
initially given x > y.

141. Write an absolute value inequality for which the interval
shown is the solution.

Solutions lie within
3 units of 4.
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Group Exercise

142. Each group member should research one situation that

provides two different pricing options. These can involve
areas such as public transportation options (with or without
discount passes), cellphone plans, long-distance telephone
plans,or anything of interest. Be sure to bring in all the details
for each option. At a second group meeting, select the two
pricing situations that are most interesting and relevant.
Using each situation, write a word problem about selecting
the better of the two options. The word problem should be
one that can be solved using a linear inequality. The group
should turn in the two problems and their solutions.
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Exercises 143—145 will help you prepare for the material covered
in the first section of the next chapter.

CHAPTER P

SUMMARY: BASIC FORMULAS

Definition of Absolute Value

x| x ifx=0
x| =
—x ifx<O0

Distance between Points a and b on a Number Line
la —b| or |b—al

Properties of Real Numbers

Commutative a+b=b+a
ab = ba
Associative (a+b)y+c=a+ (b+c)
(ab)c = a(bc)

Distributive a(b +¢) =ab + ac
Identity a+0=a

a1 =a
Inverse a+(—a)=0

1
ar—=1,a#0
a

Properties of Exponents

1

= = b0:1 b pt = pmtn
bn’ > )

b
" b B n
(bm) — bmn’ ﬁ = pm n7 (le)n — anbn, (E)

Product and Quotient Rules for nth Roots

v ey i Va
Vab = Va-\/b, =

Rational Exponents

L @ L 1 1
a"=Va, a" =T 57 )
at Va
m . . m
a" = (Vay" =Va", a " =%
n

143. If y = 4 — x, find the value of y that corresponds to values
of x for each integer starting with —3 and ending with 3.
144. If y = 4 — x% find the value of y that corresponds to values
of x for each integer starting with —3 and ending with 3.
145. If y = |x + 1|, find the value of y that corresponds to values
of x for each integer starting with —4 and ending with 2.
Special Products

(A + B)(A—B) =4 - B?
(A + B)> = A> + 2AB + B?
(A — B)> = A> — 2AB + B?
(A + B)> = A’ + 34°B + 3AB? + B®

(A — B> = A> — 34’B + 3AB?> — B®

Factoring Formulas
A2 — B> = (A + B)(A — B)

A’ + 2AB + B?> = (A + B)?
A> — 2AB + B?> = (A — B)?
A+ B3 = (A + B)(4’ — AB + B?)

A’ — B®= (A — B)(A> + AB + B?)

Absolute Value Equations and Inequalities

1. If ¢ > 0, then |u| = cisequivalenttou = coru = —c.
2. If ¢ > 0, then |u| < cisequivalentto—c < u < c.

3. If ¢ > 0, then |u| > cisequivalenttou < —coru > c.

The Quadratic Formula

All quadratic equations
ax*>+bx+c=0, a#0
can be solved by the quadratic formula

—b + Vb2 — dac

2a

=



REVIEW EXERCISES

You can use these review exercises, like the review exercises at the
end of each chapter, to test your understanding of the chapter’s
topics. However, you can also use these exercises as a prerequisite
test to check your mastery of the fundamental algebra skills needed
in this book.

P.1
In Exercises 1-2, evaluate each algebraic expression for the given
value or values of the variable(s).

1. 3+ 6(x—2)>forx =4

2. x> —5(x —y)forx =6andy =2

3. You are riding along an expressway traveling x miles per

hour. The formula
S =0.015x> + x + 10

models the recommended safe distance, S, in feet, between
your car and other cars on the expressway. What is the
recommended safe distance when your speed is 60 miles per
hour?

In  Exercises 4-7, let A = {a,b,c},B = {a,c,d,e}, and
C = {a,d,f, g}. Find the indicated set.

4. ANB 5. AUB

6. AUC 7. CNA

8. Consider the set:

{-17,-%,0,0.75,V2, =, V/81 } .

List all numbers from the set that are a. natural numbers,
b. whole numbers, e¢. integers, d. rational numbers,
e. irrational numbers, f. real numbers.

In Exercises 9-11, rewrite each expression without absolute value
bars.
9. |-103] 10. V2 — 1| 11. |3 - V17

12. Express the distance between the numbers —17 and 4 using
absolute value. Then evaluate the absolute value.

In Exercises 13-18, state the name of the property illustrated.

13. 3+17=17+3 14. (6:3)-9=6-(3-9)

15 V3(V5+V3) = V15 +3

16. (6-9):2=2-(6-9)

17. V3(V5+V3) = (V5+V3)V3

18. 3-7)+@-7)=4-7)+@3-7)

In Exercises 19-22, simplify each algebraic expression.

19. 5(2x — 3) + 7x

20. 5(50) + [By) + (=3y)] — (%)

21. 3(4y —5) — (7y +2)

22. 8 —2[3 — (5x — 1)]

23. The diversity index, from 0 (no diversity) to 100, measures
the chance that two randomly selected people are a different
race or ethnicity. The diversity index in the United States
varies widely from region to region, from as high as 81 in
Hawaii to as low as 11 in Vermont. The bar graph at the
top of the next column shows the national diversity index

for the United States for four years in the period from 1980
through 2010.
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Chance That Two Randomly Selected
Americans Are a Different Race

or Ethnicity
60 55 There is a 55%
chance that two
50 47 randomly selected

40 Americans dif.f?r in
race or ethnicity.

34

20~

(0-100 scale)

10

Diversity Index: Chance of
Different Race or Ethnicity

1980 1990 2000 2010
Year

Source: USA Today

The data in the graph can be modeled by the formula

D = 0.005x% + 0.55x + 34,

where D is the national diversity index in the United States
x years after 1980. According to the formula, what was the
U.S. diversity index in 2010? How does this compare with
the index displayed by the bar graph?

P.2

Evaluate each exponential expression in Exercises 24-27.

24. (—3)%(-2)? 25. 24+ 47!
33

26. 573-5 27—
36

Simplify each exponential expression in Exercises 28-31.

28. (—2)(4)13)3 29. (—5x°y?)(—2xy?)
7x5y6

28x15y2

In Exercises 32-33, write each number in decimal notation.

32. 3.74 x 10 33. 745 x 107

30. (2% 31

In Exercises 34-35, write each number in scientific notation.
34. 3,590,000 35. 0.00725

In Exercises 36-37, perform the indicated operation and write the
answer in decimal notation.

6.9 X 10°
3% 10°

In 2009, the United States government spent more than it had
collected in taxes, resulting in a budget deficit of $1.35 trillion. In
Exercises 3840, you will use scientific notation to put a number
like 1.35 trillion in perspective. Use 102 for I trillion.

36. (3 x 10%)(1.3 x 10%)  37.

38. Express 1.35 trillion in scientific notation.

39. There are approximately 32,000,000 seconds in a year.
Express this number in scientific notation.

40. Use your scientific notation answers from Exercises 38 and
39 to answer this question: How many years is 1.35 trillion
seconds? Round to the nearest year. (Note: 1.35 trillion
seconds would take us back in time to a period when
Neanderthals were using stones to make tools.)
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P.3

Use the product rule to simplify the expressions in Exercises 41—44.
In Exercises 43—44, assume that variables represent nonnegative
real numbers.

41. V300 42. \V/12x?
43. \V10x-V2x 4. \V/r?

Use the quotient rule to simplify the expressions in Exercises 45—46.

121 V96x*

45, [— — 46.
4 V2x

In Exercises 47-49, add or subtract terms whenever possible.

47. 7V5 + 135 48. 2\/50 + 38
49. 4\/72 — 2\/48

In Exercises 50-53, rationalize the denominator.

(Assume that x > 0.)

s, 30 5, V2
RV V3
5 14
52, — > 53, —
6+ V3 V7 -\V5

Evaluate each expression in Exercises 54-57 or indicate that the
root is not a real number.

54. V125 55. V/-32
56. V125 57. V(-5)*

Simplify the radical expressions in Exercises 58—62.

58. V81 59. VS
60. V8-V10 61. 4V16 + 5V2

62. V3227 (Assume that x > 0.)
Vi6x
In Exercises 63-68, evaluate each expression.
63. 16% 64. 257% 65. 125%
66. 277% 67. 64% 68. 27:31

In Exercises 69-71, simplify using properties of exponents.
3

2 1 154
69. (5:3)(4x4) 70. =%
- 5x2
71. (125x°)3
72. Simplify by reducing the index of the radical: \/ 3.

P.4

In Exercises 73-74, perform the indicated operations. Write the
resulting polynomial in standard form and indicate its degree.

73. (—6x° + 7x% — 9x + 3) + (14x + 3x% — 11x — 7)
74. (13x* — 8> + 2x%) — (5x* — 3% + 22 - 6)

In Exercises 75-81, find each product.

75. B3x —2)@x*>+3x—5) 76. (3x — 5)(2x + 1)
77. (4x + 5)(4x — 5) 78. (2x + 5)?

79. (3x — 4)° 80. (2x + 1)°

81. (5x —2)°

In Exercises 82-83, perform the indicated operations. Indicate the
degree of the resulting polynomial.

82. (7x% — 8xy + y?) + (—8x% — 9y — 4y?)
83. (13x%y? — 5x%y — 9x?) — (—11x%y? — 6x%y + 3x% — 4)

In Exercises 84-88, find each product.

84. (x + 7y)(3x — 5y) 85. (3x — 5y)?

86. (3x% + 2y)° 87. (7x + 4y)(Tx — 4y)
88. (a — b)(a®> + ab + b?)

P.5

In Exercises 89-105, factor completely, or state that the polynomial
is prime.

89. 15x% + 3x? 90. x> — 11x + 28

91. 15x* —x —2 92. 64 — x?

93. x2+ 16 94, 3x* — 9x® — 30x?
95. 20x” — 36x° 96. x> — 3x* — 9x + 27
97. 16x* — 40x + 25 98. x*— 16

99, 3> —8 100. x° + 64

101. 3x* — 1242 102. 27x — 125

103. x° — x 104. x* + 5x% — 2x — 10

105. x> + 18x + 81 — y?

In Exercises 106-108, factor and simplify each algebraic expression.
3 1
106. 16x 4 + 32x*

1 3

107. (2% — 4)(x* + 3)2 — (x% — 4)’(x* + 3)2
1 _3

108. 12x 2 + 6x 2

P.6

In Exercises 109-111, simplify each rational expression. Also, list
all numbers that must be excluded from the domain.

3 2 2 _ 2
109. x° + 2x 110. x°+ 3x — 18 ) x° + 2x
x+2 x? — 36 X2+ 4x + 4
In Exercises 112—114, multiply or divide as indicated.
2 4 6y + 2
112.x 6x 9 x+3 113, 6x+2+3x + x
x2—4 x—2 x2—1 x—1
2 2
— 5x — - +
14, x2 5x — 24 N . 10x + 16
x“—x—12 x“+x—6

In Exercises 115-118, add or subtract as indicated.

2x—7 x—10 3x X
115. = 116. +

X2 -9 x2 =9 ZaD B=2

=il

7. 5+ 5=

x*—9 x*—-5%+6

- +

118, 4x — 1 x+3

27 +5x—3 62 +x—2
In Exercises 119-122, simplify each complex rational expression.

1 1 12 1
LR 34 = 5 —
+
19, =2 120. X P —**+3
Lox - 16 34—
376 2 x+3
2
Y . —
V25 — x2
122.
25 — x?
P.7

In Exercises 123-136, solve each equation.
123. 1 —2(6 —x) =3x +2

124. 2(x —4) +3(x +5) =2x — 2
125. 2x —4(5x + 1) = 3x + 17



1 1 2
126. - =
x — 1 x+1 X2 -1
4 2 30
127. + =
x+2 x—4 x2-2x-28
128. —4|2x + 1| +12 =0
129, 202 — 1lx + 5 =10
130. Bx +5)(x —=3) =5
13 32 - 7x+1=0
132. 2 —-9=0
133. (x —3)>—24=0
2x X 2
134. = =
X2+ 6x +8 x+ 4 x+ 2
135. V8 —2x —x =0
136. V2x — 3 +x =3

In Exercises 137-138, solve each formula for the specified variable.

137. vt + gt> = sforg

138. T =

for P

In Exercises 139—140, without solving the given quadratic equation,
determine the number and type of solutions.

139

. x> =2x — 19 140. 9x* — 30x +25 =0
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P.8
In Exercises 141-150, use the five-step strategy for solving word
problems.
141. Destined for Gory. Body Countin Wes Craven’s
As sequels to horror Scream Series
films increase, SO
- the body Scream Scrgam Scrgam Scrsam
count. Wes Cravep’s T = 7 =
slasher Scream series
adheres to  that
axiom.
Whether it’s

knife to the back, “
knife to the gut, or .
knife to the head, '
the body count in
Scream 2 exceeds the
departed in Scream

by 2. Appropriately,  j

the number of g

characters killed

off in Scream 3 exceeds the departed in Scream by 3. The
total body count in the four Scream films shown in the
graphic is 33. Find the body count in Scream, Scream 2, and
Scream 3.

142. The bar graph shows the average price of a movie ticket for selected years from 1980 through 2010. The graph indicates that in 1980,
the average movie ticket price was $2.69. For the period from 1980 through 2010, the price increased by approximately $0.15 per year.
If this trend continues, by which year will the average price of a movie ticket be $8.69?

143.

144.

145.

146.

Average Price of a U.S.

Movie Ticket

$8.00 e
$7.00

Q

-2 $6.00

~

_q:: $5.00 455 435

= $4.00 3.55

Q

2 $3.00[2.69

o]

Z $200F

[ $1.00[

I 1980 1985 1990 1995 2000 2005 2010 .
1980 e 2010
Ordinary People Alice in Wonderland
Ticket Price $2.69 Ticket Price $7.85

Sources: Motion Picture Association of America, National Association of Theater Owners (NATO), and Bureau of Labor Statistics (BLS)

After a 20% price reduction, a cordless phone sold for $48.
What was the phone’s price before the reduction?

A salesperson earns $300 per week plus 5% commission of
sales. How much must be sold to earn $800 in a week?

The length of a rectangular field is 6 yards less than triple
the width. If the perimeter of the field is 340 yards, what are
its dimensions?

In 2010, there were 14,100 students at college A, with a
projected enrollment increase of 1500 students per year.
In the same year, there were 41,700 students at college B,
with a projected enrollment decline of 800 students
per year. In which year will the colleges have the same
enrollment? What will be the enrollment in each college at
that time?

147.

148.

149.

An architect is allowed 15 square yards of floor space to add
a small bedroom to a house. Because of the room’s design
in relationship to the existing structure, the width of the
rectangular floor must be 7 yards less than two times the
length. Find the length and width of the rectangular floor
that the architect is permitted.

A building casts a shadow that is double the length of its
height. If the distance from the end of the shadow to the
top of the building is 300 meters, how high is the building?
Round to the nearest meter.

A painting measuring 10 inches by 16 inches is surrounded
by a frame of uniform width. If the combined area of the
painting and frame is 280 square inches, determine the
width of the frame.
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150. Club members equally share the cost of $1500 to charter a
fishing boat. Shortly before the boat is to leave, four people
decide not to go due to rough seas. As a result, the cost per
person is increased by $100. How many people originally
intended to go on the fishing trip?

P.9

In Exercises 151-153, express each interval in set-builder notation
and graph the interval on a number line.

151. [-3,5) 152. (=2, ») 153. (=, 0]

In Exercises 154—157, use graphs to find each set.

154. (=2,1] N [-1,3) 155. (=2,1]U[-1,3)

156. [1,3) N (0,4) 157. [1,3) U (0, 4)

In Exercises 158-167, solve each inequality. Use interval notation to
express solution sets and graph each solution set on a number line.

158. —6x +3 =15 159. 6x —9=—-4x -3

x 3 X

L === . 6x+5>-2x—3)—
160. - —1>7 161. 6x + 5> —2(x — 3) — 25

162. 3(2x — 1) —2(x —4) =7 + 2(3 + 4x)

163. 7<2x+3=9 164. |2x + 3| =15
2x + 6
3
167. —4|x +2| +5=-7

168. A car rental agency rents a certain car for $40 per day with
unlimited mileage or $24 per day plus $0.20 per mile. How
far can a customer drive this car per day for the $24 option
to cost no more than the unlimited mileage option?

165.

‘>2 166. [2x + 5| —7=—6

169. To receive a B in a course, you must have an average of at
least 80% but less than 90% on five exams. Your grades on
the first four exams were 95%, 79%, 91%, and 86%. What
range of grades on the fifth exam will result in a B for the
course?

CHAPTER P TEST

In Exercises 1-18, simplify the given expression or perform
the indicated operation (and simplify, if possible), whichever is
appropriate.

1. 5(2x* — 6x) — (4x% — 3x)
2.7+2[3x+1)—2Bx —1)]
3. {1,2,5} N {5,a}
4. {1,2,5} U {5,4a}

30x3y*

6x9y_4
6. Vor\/3r (Assume that r = 0.)

7. 4V/50 — 3V18 g >
5+V2

2+2x -3
9. Vi6x* 0. 5
x"—3x +2
5x10° o :
11. ———— (Express the answer in scientific notation.)
20 X 10
12. 2x — 5)(x* — 4x + 3)  13. (5x + 3y)?
2x+8  xX*+5x+4 x 5
14. + 15. i
x—3 2 =9 x+3 x-3
. x
+ +
16.22)‘7 312— 33 17.#12
X X + X 14—
X

23
2x\/x2+5—L
18 x>+ 5

x> +5
(n E?cercises 19-24, factor completely, or state that the polynomial
is prime.
19. x* —9x + 18
21. 25x* - 9
23. y3 — 125

20. >+ 222 +3x+6
22. 36x% — 84x + 49
24. x* + 10x + 25 — 9y?

25. Factor and simplify:
3

x(x +3)5 + (x + 3)%.

26. List all the rational numbers in this set:
{-7,-£,0,025V3,V4,2 x}.

In Exercises 27-28, state the name of the property illustrated.
27. 32 +5)=3(5+2)

28. 6(7 +4) =67 +6-4

29. Express in scigntiﬁc notation: 0.00076.

30. Evaluate:27 3.

31. In 2007, world population was approximately 6.6 X 10°.
By some projections, world population will double by 2040.
Express the population at that time in scientific notation.

32. Big (Lack of) Men on Campus In 2007, 135 women received
bachelor’s degrees for every 100 men. According to the U.S.
Department of Education, that gender imbalance will widen
in the coming years, as shown by the bar graph.

Percentage of Bachelor’s Degrees Awarded
to United States Men and Women

" Men [ Women
70%
60%
50%
40%
30%
20%
10%

57 60

Percentage of Degrees

1989 2003 2014

Year

Source: U.S. Department of Education



The data for bachelor’s degrees can be described by the
following mathematical models:

Percentage of bachelor's
degrees awarded to men M = —0.28n + 47
Number of years afier 1989 }

‘ Percentage of bachelor's }7 W = 028n + 53

degrees awarded to women

a. According to the first formula, what percentage of
bachelor’s degrees were awarded to men in 2003? Does
this underestimate or overestimate the actual percent
shown by the bar graph on the previous page? By how
much?

b. Use the given formulas to write a new formula with a
rational expression that models the ratio of the percentage
of bachelor’s degrees received by men to the percentage
received by women n years after 1989. Name this new
mathematical model R, for ratio.

c. Use the formula for R to find the projected ratio of
bachelor’s degrees received by men to degrees received
by women in 2014. According to the model, how many
women will receive bachelor’s degrees for every two
men in 2014? How well does this describe the projections
shown by the graph on the previous page?

In Exercises 33—47, solve each equation or inequality. Use interval
notation to express solution sets of inequalities and graph these
solution sets on a number line.

33, 7(x —2) = 4(x + 1) — 21

2x—3 x—4 x+1
34. R S

2 4 8
35. = =

x—3 x+3 x2 -9
36. 2x> —3x—2=0
37. Gx — 1)) =75
38. x(x —2) =4
39. Vx -3 +5=x
40. V8 —2x —x =0

2
41.‘§x76=2
42, 3|4x -7 +15=0

2x 2 X

43. + =
3)52—5—6x—i-8 x+2 x + 4

44. 3(x + 4) = 5¢ — 12
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45. — +

o =
o | =
I\
Al ISR Y

2x + 5

_3
4
46. -3 = <6

47, |3x + 2| =3

In Exercises 48-50, solve each formula for the specified variable.
48. V = %lwh for h

49. y — y; = m(x — xy) for x

50. R =

as
for a
a-+s

The graphs show the amount being paid in Social Security benefits
and the amount going into the system. All data are expressed
in billions of dollars. Amounts from 2012 through 2024 are
projections.

Social Insecurity: Income and Outflow
of the Social Security System

P

$2000

$1600 -

$1200 -

==

I N N N TN SN N S H|
2004 2008 2012 2016 2020 2024

Year

$800

Income/Outflow
(billions of dollars)

$400

Source: 2004 Social Security Trustees Report

Exercises 51-53 are based on the data shown by the graphs.

51. In 2004, the system’s income was $575 billion, projected to
increase at an average rate of $43 billion per year. In which
year will the system’s income be $1177 billion?

52. The data for the system’s outflow can be modeled by the
formula

B = 0.07x* + 47.4x + 500,

where B represents the amount paid in benefits, in billions of
dollars, x years after 2004. According to this model, when will
the amount paid in benefits be $1177 billion? Round to the
nearest year.

53. How well do your answers to Exercises 51 and 52 model the
data shown by the graphs?
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54. Here’s Looking at You. According to University of Texas

55.

56.

57.

economist Daniel Hamermesh (Beauty Pays: Why Attractive
People Are More Successful), strikingly attractive and good-
looking men and women can expect to earn an average of
$230,000 more in a lifetime than a person who is homely or plain.
(Your author feels the need to start affirmative action for the
beauty-bereft, consoled by the reality that looks are only one of
many things that matter.) The bar graph shows the distribution
of looks for American men and women, ranging from homely to
strikingly attractive.

The percentage of average-looking men exceeds the
percentage of strikingly attractive men by 57. The percentage
of good-looking men exceeds the percentage of strikingly
attractive men by 25. A total of 88% of American men
range between average looking, good-looking, and strikingly
attractive. Find the percentage of men who fall within each of
these three categories of looks.

Distribution of Looks in the United States

60%
Men 51%
S0%r Women
S5 0%
B< 31%
= 8 30%
Q.9
5
A £ 20%F
1% 13%
10% [~
1% 2% S
Homely  Plain  Average Good  Strikingly
Looking Attractive
Source: Time, August 22,2011
The costs for two different kinds of heating systems for a 58. After a 60% reduction, a jacket sold for $20. What was the
small home are given in the following table. After how many jacket’s price before the reduction?
years will total costs for solar heating and electric heating be 59. A group of people would like to buy a vacation cabin for
the same? What will be the cost at that time? $600,000, sharing the cost equally. If they could find five more
; people to join them, each person’s share would be reduced by
System Cost to Install Operating Cost/Year $6000. How many people are in the group?
Solar $29,700 $150 60. You are choosing between two texting plans. Plan A charges
Electric $5000 $1100 $25 per month for unlimited texting. Plan B has a monthly

The length of a rectangular carpet is 4 feet greater than twice
its width. If the area is 48 square feet, find the carpet’s length
and width.

A vertical pole is to be supported by a wire that is 26 feet long
and anchored 24 feet from the base of the pole. How far up
the pole should the wire be attached?

fee of $13 with a charge of $0.06 per text. How many text
messages in a month make plan A the better deal?
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was once covered with ice. The melting of the Arctic ice caps has forced
polar bears to swim as far as 40 miles, causing them to drown in significant
numbers. Such deaths were rare in the past.

There is strong scientific consensus that human activities are changing
the Earth’s climate. Scientists now believe that there is a striking correlation
between atmospheric carbon dioxide concentration and global temperature.
As both of these variables increase at significant rates, there are warnings of
a planetary emergency that threatens to condemn coming generations to a
catastrophically diminished future.*

In this chapter, you'll learn to approach our climate crisis mathematically
by creating formulas, called functions, that model data for average global
temperature and carbon dioxide concentration over time. Understanding the
concept of a function will give you a new perspective on many situations,
ranging from global warming to using mathematics in a way that is similar to
- making a movie.

*Sources: Al Gore, An Inconvenient Truth, Rodale, 2006; Time, April 3, 2006

HERE’S WHERE YOU’LL FIND
THESE APPLICATIONS:

A mathematical model involving global
warming is developed in Example 9 in
Section 1.4.

Using mathematics in a way that is
similar to making a movie is discussed
in the Blitzer Bonus on page 210.

L
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&)

Plot points in the
rectangular coordinate
system.

Graph equations in the
rectangular coordinate
system.

Interpret information
about a graphing
utility’s viewing
rectangle or table.
Use a graph to
determine intercepts.

Interpret information
given by graphs.

Plot points in the rectangular
coordinate system.

y
5.,
m 4 I
o}
2nd quadrant : 1st quadrant
1 Origin (0, 0)
543-2-1,[ 12345
o}
I v
3rd quadrant ; 4th quadrant
4
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The beginning of the seventeenth century was a
time of innovative ideas and enormous intellectual g8
progress in FEurope. English theatergoers
enjoyed a succession of exciting new plays
by Shakespeare. William Harvey
proposed the radical notion that
the heart was a pump for blood /
rather than the center of emotion.
Galileo, with his newfangled ) =7
invention called the telescope, /[ J) s

supported the theory of Polish \ *

astronomer Copernicus that the / / / ‘ '

sun, not the Earth, was the center

of the solar system. Monteverdi was writing the world’s first grand operas. French
mathematicians Pascal and Fermat invented a new field of mathematics called
probability theory.

Into this arena of intellectual electricity stepped French aristocrat René Descartes
(1596-1650). Descartes (pronounced “day cart”), propelled by the creativity
surrounding him, developed a new branch of mathematics that brought together
algebra and geometry in a unified way —a way that visualized numbers as points on
a graph, equations as geometric figures, and geometric figures as equations. This new
branch of mathematics, called analytic geometry, established Descartes as one of
the founders of modern thought and among the most original mathematicians and
philosophers of any age. We begin this section by looking at Descartes’s deceptively
simple idea, called the rectangular coordinate system or (in his honor) the Cartesian
coordinate system.

Points and Ordered Pairs

Descartes used two number lines that intersect at right angles at their zero points, as
shown in Figure 1.1. The horizontal number line is the x-axis. The vertical number
line is the y-axis. The point of intersection of these axes is their zero points, called
the origin. Positive numbers are shown to the right and above the origin. Negative
numbers are shown to the left and below the origin. The axes divide the plane
into four quarters, called quadrants. The points located on the axes are not in any
quadrant.

Each point in the rectangular coordinate system corresponds to an ordered pair
of real numbers, (x, y). Examples of such pairs are (=5, 3) and (3, —5). The first
number in each pair, called the x-coordinate, denotes the distance and direction from
the origin along the x-axis. The second number in

FIGURE 1.1 The rectangular coordinate
system

GREAT QUESTION!

What’s the significance of the
word “ordered” when describing a
pair of real numbers?

The phrase ordered pair is used
because order is important. The
order in which coordinates appear
makes a difference in a point’s
location. This is illustrated in
Figure 1.2.

each pair, called the y-coordinate, denotes vertical
distance and direction along a line parallel to the
y-axis or along the y-axis itself.

Figure 1.2 shows how we plot, or locate, the
points corresponding to the ordered pairs (=5, 3)
and (3,—5). We plot (-5, 3) by going 5 units from
0 to the left along the x-axis. Then we go 3 units
up parallel to the y-axis. We plot (3,—5) by going
3 units from 0 to the right along the x-axis and
S units down parallel to the y-axis. The phrase “the
points corresponding to the ordered pairs (=5, 3)
and (3,—5)” is often abbreviated as “the points
(=5,3) and (3,-5).”

y

o
O
LOS]
fuis
N WA WD

N S O R S R

(3’_5)

FIGURE 1.2 Plotting (=5, 3) and
(37_5)




Notice that the origin
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EXAMPLE 1 Plotting Points in the Rectangular Coordinate System
Plot the points:  A(—3,5), B(2,—4), C(5,0), D(-5,—3), E(0, 4), and F(0, 0).
SOLUTION
See Figure 1.3. We move from the A(-3, 5)
origin and plot the points in the ' E(0, 4)
following way: ¢ p
—3,5): 3 units left, 5 units up 3
2,—4): 2 units right, 4 units down 14 Flo,0)  C(5,0)
5,0): 5 units right, 0 units up or down 54390 1, R
—5,-3)% 5 units left, 3 units down >
0,4): 0 units right or left, 4 units up i i
0,0): 0 units right or left, O units up DS =3 > B2, 4)

or down
FIGURE 1.3 Plotting points

is represented by (0, 0).

GREAT QUESTION!

Why is it so important to work
each of the book’s Check Points?

You learn best by doing. Do

not simply look at the worked
examples and conclude that you
know how to solve them. To be
sure you understand the worked
examples, try each Check Point.
Check your answer in the answer
section before continuing your
reading. Expect to read this book
with pencil and paper handy to
work the Check Points.

Graph equations in the

rectangular coordinate system.

@ Check Point 1 Plot the points:  A(~2, 4), B(4,—2), C(=3, 0), and D(0, —3).

Graphs of Equations

A relationship between two quantities can be expressed as an equation in two
variables, such as

y=4—x2.

A solution of an equation in two variables, x and y, is an ordered pair of real numbers
with the following property: When the x-coordinate is substituted for x and the
y-coordinate is substituted for y in the equation, we obtain a true statement. For
example, consider the equation y = 4 — x? and the ordered pair (3, —5). When 3 is
substituted for x and —5 is substituted for y, we obtain the statement —5 = 4 — 3%, or
=5 =4 —9,0or —5 = —5. Because this statement is true, the ordered pair (3, —5) is
a solution of the equation y = 4 — x%. We also say that (3, —5) satisfies the equation.

We can generate as many ordered-pair solutions as desired to y = 4 — x* by
substituting numbers for x and then finding the corresponding values for y. For
example, suppose we let x = 3:

Form the ordered

Start with x. Compute y. pair (x, y).
X y=4-x2 Ordered Pair (x, y)
3 y=4-3=4-9=-5 (3,-5)

(3, =5) is a solution
of y=4-x%

The graph of an equation in two variables is the set of all points whose coordinates
satisfy the equation. One method for graphing such equations is the point-plotting
method. First, we find several ordered pairs that are solutions of the equation. Next,
we plot these ordered pairs as points in the rectangular coordinate system. Finally,
we connect the points with a smooth curve or line. This often gives us a picture of all
ordered pairs that satisfy the equation.
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y
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FIGURE 1.4 The graphof y = 4 — x?
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FIGURE 1.5 The graph of y = | x|

EXAMPLE 2 Graphing an Equation Using the Point-Plotting Method
Graph y = 4 — x% Select integers for x, starting with —3 and ending with 3.

SOLUTION

For each value of x, we find the corresponding value for y.

Form the ordered
pair [x, y).

x y=4-2x2 Ordered Pair (v, y)
We selected integers — —4-—(-132=—4_0=_ 3
from —3 to 3, inclusive, =Ml SN 3)2 49 > (=3,5)
to include three negative =2 y=4—-(2)"=4-4= (=2,0)
numbers, 0, and three _ A (12— 4 — 1 = _
positive numbers. We L D Rl (-1.3)
also wanted to keep the 0 y=4-0"=4-0= (0,4)
resulting computations _ 2 _ _
for y relatively simple. I y=4-1 4-1=3 (1,3)

2 y=4-2=4-4= (2,0)

3 y=4-3=4-9=-5 (3,-5)

Now we plot the seven points and join them with a smooth curve, as shown in
Figure 1.4. The graph of y = 4 — x? is a curve where the part of the graph to the
right of the y-axis is a reflection of the part to the left of it and vice versa. The
arrows on the left and the right of the curve indicate that it extends indefinitely in
both directions.

@ Check Point 2 Graph y = 4 — x. Select integers for x, starting with —3 and

ending with 3.
EXAMPLE 3 Graphing an Equation Using the Point-Plotting Method
Graph y = |x/|. Select integers for x, starting with —3 and ending with 3.

SOLUTION

For each value of x, we find the corresponding value for y.

x y = |x| Ordered Pair (x, y)
-3 y=1-3[=3 (=3,3)
—2 y=|-2[=2 (-2,2)
-1 y=|-1=1 11
0 y=10 =0 (0,0)
1 y=1]=1 (1,1)
2 y=I2] =2 2,2)
3 y= 13 =8 (3,3)

We plot the points and connect them, resulting in the graph shown in Figure 1.5.
The graph is V-shaped and centered at the origin. For every point (x, y) on the
graph, the point (—x, y) is also on the graph. This shows that the absolute value of
a positive number is the same as the absolute value of its opposite.

@ Check Point 3 Graphy = |x + 1|. Select integers for x, starting with —4 and

ending with 2.



Interpret information about
a graphing utility’s viewing
rectangle or table.

GREAT QUESTION!

I’'m not using a graphing
calculator, so should I skip this
part of the section?

Even if you are not using a
graphing utility in the course, read
this part of the section. Knowing
about viewing rectangles will
enable you to understand the
graphs that we display in the
technology boxes throughout the
book.

2-1.5-1-050] 05 1 15 2 25 3
=5

—-10

FIGURE 1.7 A [-2,3,0.5] by
[-10, 20, 5] viewing rectangle
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Graphing Equations and Creating Tables Using a Graphing Utility

Graphing calculators and graphing software packages for computers are referred
to as graphing utilities or graphers. A graphing utility is a powerful tool that quickly
generates the graph of an equation in two variables. Figures 1.6(a) and 1.6(b) show
two such graphs for the equations in Examples 2 and 3.

3

FIGURE 1.6(a) The graphof y = 4 — x? FIGURE 1.6(b) The graphof y = |x|

What differences do you notice between these graphs and the graphs that we drew
by hand? They do seem a bit “jittery.” Arrows do not appear on the left and right ends
of the graphs. Furthermore, numbers are not given along the axes. For both graphs in
Figure 1.6, the x-axis extends from —10 to 10 and the y-axis also extends from —10 to
10. The distance represented by each consecutive tick mark is one unit. We say that
the viewing rectangle, or the viewing window, is [-10, 10, 1] by [-10, 10, 1].

Xmin Xmax Xscl Ymin Ymax Yscl
[-10, 10, 1] by [-10, 10, 1]
The minimum The maximum Distance between The minimum The maximum Distance between
X-value along  x-value along consecutive tick y-value along  y-value along consecutive tick
the x-axis is the x-axis is marks on the the y-axis is the y-axis is marks on the
-10. 10. X-axis is one unit. -10. 10. y-axis is one unit.

To graph an equation in x and y using a graphing utility, enter the equation
and specify the size of the viewing rectangle. The size of the viewing rectangle sets
minimum and maximum values for both the x- and y-axes. Enter these values, as
well as the values representing the distances between consecutive tick marks, on the
respective axes. The [-10, 10, 1] by [-10, 10, 1] viewing rectangle used in Figure 1.6
is called the standard viewing rectangle.

EXAMPLE 4 Understanding the Viewing Rectangle
What is the meaning of a [-2, 3, 0.5] by [-10, 20, 5] viewing rectangle?

SOLUTION

We begin with [—2, 3, 0.5], which describes the x-axis. The minimum x-value is —2
and the maximum x-value is 3. The distance between consecutive tick marks is 0.5.

Next, consider [—-10, 20, 5], which describes the y-axis. The minimum y-value
is —10 and the maximum y-value is 20. The distance between consecutive tick
marks is 5.

Figure 1.7 illustrates a [—2, 3, 0.5] by [-10, 20, 5] viewing rectangle. To make
things clearer, we’ve placed numbers by each tick mark. These numbers do not
appear on the axes when you use a graphing utility to graph an equation.

@ Check Point 4 What is the meaning of a [~100, 100, 50] by [~100, 100, 10]
viewing rectangle? Create a figure like the one in Figure 1.7 that illustrates this
viewing rectangle.

On most graphing utilities, the display screen is two-thirds as high as it is wide. By
using a square setting, you can equally space the x and y tick marks. (This does not occur
in the standard viewing rectangle.) Graphing utilities can also zoom in and zoom out.
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Use a graph to determine
intercepts.

When you zoom in, you see a smaller portion of the graph, but you do so in greater
detail. When you zoom out, you see a larger portion of the graph. Thus, zooming out
may help you to develop a better understanding of the overall character of the graph.
With practice, you will become more comfortable with graphing equations in two
variables using your graphing utility. You will also develop a better sense of the size
of the viewing rectangle that will reveal needed information about a particular graph.

Graphing utilities can also be used to create tables showing solutions of
equations in two variables. Use the Table Setup function to choose the starting value
of x and to input the increment, or change, between the consecutive x-values. The
corresponding y-values are calculated based on the equation(s) in two variables in

the screen. In Figure 1.8, we used a TI-84 Plus to create a table for y = 4 — x?
and y = | x|, the equations in Examples 2 and 3.

We entered two equations:
yi=4—-x%and y, = |x].

We entered —3 for the starting
x-value and 1 as the increment
between x-values.

Flatl Flakz Flot:
“HMiEd-HE
~MzBabs
~Mz=[TAELE SETUF
“u=sl ThlStart=-30

“Mesl AThl=1

M e=

-\,‘_3 g = EIQEE i ?I 1 e The x-values are in the first column and
F £ z the corresponding values of y; = 4 — x? and
-E g E ¥2 = |x| are in the second and third
0 y o columns, respectively. Arrow keys permit
1 S 1 scrolling through the table to find other
% '25 % x-values and corresponding y-values.

FIGURE 1.8 Creating a table for y; = 4 — x*>and y, = | x|

Intercepts

An x-intercept of a graph is the x-coordinate of a point where the graph intersects
the x-axis. For example, look at the graph of y

y = 4 — x* in Figure 1.9. The graph crosses St yeintorcept: 4 -

the x-axis at (—2,0) and (2, 0). Thus, the 4

x-intercepts are —2 and 2. The y-coordinate 3

corresponding to an x-intercept is always zero. ) . : \ , .
A y-intercept of a graph is  the x-mterceri. TZ 1 x:mf:;rcep;. 2

y-coordinate of a point where the graph S5-43p-1,1 124345

intersects the y-axis. The graphof y = 4 — x° [ = \

in Figure 1.9 shows that the graph crosses the / 3 \ 4

y-axis at (0,4). Thus, the y-intercept is 4. The 4 \ Y

x-coordinate corresponding to a y-intercept \

is always zero.

GREAT QUESTION!

Are single numbers the only way to represent intercepts? Can ordered pairs also be used?

FIGURE 1.9 Interceptsof y = 4 — x?

Mathematicians tend to use two ways to describe intercepts. Did you notice that we are
using single numbers? If a is an x-intercept of a graph, then the graph passes through the
point (a, 0). If b is a y-intercept of a graph, then the graph passes through the point (0, b).
Some books state that the x-intercept is the point (a, 0) and the x-intercept is at @ on the
x-axis. Similarly, the y-intercept is the point (0, b) and the y-intercept is at b on the y-axis.
In these descriptions, the intercepts are the actual points where the graph intersects the axes.
Although we’ll describe intercepts as single numbers, we’ll immediately state the point on
the x- or y-axis that the graph passes through. Here’s the important thing to keep in mind:

x-intercept: The corresponding value of y is 0.

y-intercept: The corresponding value of x is 0.



Section 1.1 Graphs and Graphing Utilities 147

EXAMPLE 5 Identifying Intercepts
Identify the x- and y-intercepts.

a. b. C.
y y y
31/ 3 3
. . .
1
X X X
324,112 3-2-1;] 12 3-2-1;\1 2
2. o) 2.
/ 3 3 3
SOLUTION

a. The graph crosses the x-axis at (—1, 0). Thus, the x-intercept is —1. The graph
crosses the y-axis at (0, 2). Thus, the y-intercept is 2.

b. The graph crosses the x-axis at (3,0), so the x-intercept is 3. This vertical line
does not cross the y-axis. Thus, there is no y-intercept.

c. This graph crosses the x- and y-axes at the same point, the origin. Because
the graph crosses both axes at (0, 0), the x-intercept is 0 and the y-intercept
is 0. (X X

¢ Check Point 5 Identify the x- and y-intercepts.

a. b. [
y y y
I~ I~
J, J J
4 A
,r “ &
/2 2 2
J J J
/ . 2. .
/
/ 1 1 1
T I T
X X X
—443-2-14 23 —4-3-2-141 1 2 —-4-3-2-— 2 3
/ 1 1 1
/ o) o) o)
/ 3 3 3
4 - D

Figure 1.10 illustrates that a graph may have no intercepts or several intercepts.

y y y y y

O
/T

No x-intercept One x-intercept No intercepts One x-intercept The same x-intercept
FIGURE 1.10 One y-intercept No y-intercept Three y-intercepts and y-intercept
e Interpret information given Interpreting Information Given by Graphs

by graphs. Line graphs are often used to illustrate trends over time. Some measure of time, such

as months or years, frequently appears on the horizontal axis. Amounts are generally
listed on the vertical axis. Points are drawn to represent the given information. The
graph is formed by connecting the points with line segments.
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A line graph displays information in the first quadrant of a rectangular coordinate
system. By identifying points on line graphs and their coordinates, you can interpret
specific information given by the graph.

EXAMPLE 6 Age at Marriage and the Probability of Divorce

Divorce rates are considerably higher for couples who marry in their teens. The
line graphs in Figure 1.11 show the percentages of marriages ending in divorce
based on the wife’s age at marriage.

Probability of Divorce, by Wife’s Age at Marriage

Wife is under |G € 0
age 18

Wife is over
age 25.

Percentage of Marriages
Ending in Divorce

A |
0 5 10 15
Years after Marrying

FIGURE 1.11
Source: B. E. Pruitt et al., Human Sexuality, Prentice Hall, 2007.

Here are two mathematical models that approximate the data displayed by the line

graphs:
Wife is under 18 Wife is over 25
at time of marriage. at time of marriage.
d=4n+5 d=23n+ 15.

In each model, the variable n is the number of years after marriage and the variable
d is the percentage of marriages ending in divorce.

a. Use the appropriate formula to determine the percentage of marriages ending
in divorce after 10 years when the wife is over 25 at the time of marriage.

b. Use the appropriate line graph in Figure 1.11 to determine the percentage
of marriages ending in divorce after 10 years when the wife is over 25 at the
time of marriage.

c. Does the value given by the mathematical model underestimate or
overestimate the actual percentage of marriages ending in divorce after
10 years as shown by the graph? By how much?

SOLUTION

a. Because the wife is over 25 at the time of marriage, we use the formula
on the right,d = 2.3n + 1.5.To find the percentage of marriages ending in
divorce after 10 years, we substitute 10 for n and evaluate the formula.

d=23n+15 This is one of the two given
mathematical models.

d = 23(10) + 1.5 Replace nwith 10.
d=23+15 Multiply: 2.3(10) = 23.
d =245 Add.

The model indicates that 24.5% of marriages end in divorce after 10 years
when the wife is over 25 at the time of marriage.



GREAT QUESTION!

What am I supposed to do with
the exercises in the Concept and
Vocabulary Check?

It is impossible to learn algebra
and trigonometry without
knowing their special language.
The exercises in the Concept

and Vocabulary Check, mainly
fill-in-the-blank and true/false
items, test your understanding

of the definitions and concepts
presented in each section. Work
all of the exercises in the Concept
and Vocabulary Check regardless
of which exercises your professor
assigns in the Exercise Set that
follows.
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b. Now let’s use the line graph that shows the percentage of marriages ending

in divorce when the wife is over 25 at the time of marriage. The graph is
shown again in Figure 1.12. To find the percentage of marriages ending in
divorce after 10 years:

e Locate 10 on the horizontal axis and locate the point above 10.
e Read across to the corresponding percent on the vertical axis.

Probability of Divorce When
Wife Is over Age 25 at Marriage

r This is the point
40% B of interest.

Percentage of Marriages
Ending in Divorce

I i
0 5 10 15
Years after Marrying

Locate 10 on the horizontal axis

Read to th di t
ead across to the corresponding percen and locate the point sbove 10.

on the vertical axis. The percent falls

midway between 20% and 30%, at 25%. FIGURE 1.12

The actual data displayed by the graph indicate that 25% of these marriages
end in divorce after 10 years.

c. The value obtained by evaluating the mathematical model, 24.5%, is close

to, but slightly less than, the actual percentage of divorces, 25.0%. The
difference between these percents is 25.0% — 24.5%, or 0.5%. The value
given by the mathematical model,24.5%,underestimates the actual percent,
25%, by only 0.5, providing a fairly accurate description of the data.

@ Check Point 6

a. Use the appropriate formula from Example 6 to determine the percentage
of marriages ending in divorce after 15 years when the wife is under 18 at
the time of marriage.

b. Use the appropriate line graph in Figure 1.11 to determine the percentage
of marriages ending in divorce after 15 years when the wife is under 18 at
the time of marriage.

c¢. Does the value given by the mathematical model underestimate or
overestimate the actual percentage of marriages ending in divorce after
15 years as shown by the graph? By how much?

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1. In the rectangular coordinate system, the horizontal

number line is called the

2. In the rectangular coordinate system, the vertical are

number line is called the

3. In the rectangular coordinate system, the point of called the
intersection of the horizontal axis and the vertical axis

is called the

4. The axes of the rectangular coordinate system divide
the plane into regions,called . There

of these regions.

5. The first number in an ordered pair such as (8, 3) is

. The second number in such

an ordered pair is called the
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6. The ordered pair (4, 19) is a/an of the
equation y = x*> + 3 because when 4 is substituted for
x and 19 is substituted for y, we obtain a true statement.
We also say that (4, 19) the equation.

7. The x-coordinate of a point where a graph crosses the
x-axis is called a/an . The y-coordinate
of such a point is always

In Exercises 1-12, plot the given point in a rectangular coordinate
system.

1. (1,4) 2. (2,5) 3. (-2,3)
4. (1,4 5. (-3,-5) 6. (—4,-2)
7. (4,-1) 8. (3,-2) 9. (—4,0)
10. (0,-3) 1. (3,-3) 12. (-3.3)

Graph each equation in Exercises 13-28. Let x = —3,-2,—1,0,
1,2, and 3.

B.y=x¥-2 WMy=x"+2 15,y =x -2

16. y =x +2 17. y =2x + 1 18. y =2x — 4

19. y = —1x 20. y=—Ix+2 2L y=2|x|

22, y = —2|x] 23y = |x| +1 24y = |x| — 1

25. y=9—x> 26, y=—x* 27. y =x°

28. y=x—1

In Exercises 29-32, match the viewing rectangle with the correct

figure. Then label the tick marks in the figure to illustrate this
viewing rectangle.

29. [-5,5,1] by [-5,5,1] 30. [—10,10,2] by [—4,4,2]

31. [-20, 80, 10] by [-30, 70, 10]

32. [—40, 40, 20] by [-1000, 1000, 100]
a. b.

The table of values was generated by a graphing utility with a
TABLE feature. Use the table to solve Exercises 33—40.

& 5 Yz

E-EE | o c

-z i i

-1 1 E:

0 i z

i i i

z iy i

K g -1
=3

8. The y-coordinate of a point where a graph crosses the
y-axis is called a/an . The x-coordinate
of such a point is always

33. Which equation corresponds to Y, in the table?

a. y,=x+38 b. y,=x-2
c. p,=2—x d. y,=1—-2x
34. Which equation corresponds to Y; in the table?
a. y; = —3x b. y; = x?
¢y =—x d y,=2—-x

35. Does the graph of Y, pass through the origin?

36. Does the graph of Y, pass through the origin?

37. At which point does the graph of Y, cross the x-axis?

38. At which point does the graph of Y, cross the y-axis?

39. At which points do the graphs of Y; and Y, intersect?

40. For which values of xis Y; = Y,?

In Exercises 41-46, use the graph to a. determine the x-intercepts,
if any; b. determine the y-intercepts, if any. For each graph, tick
marks along the axes represent one unit each.

41. y 42. y
X X
/{
43. y 4. y
[
)
/
X
\ |
i X
!
45, y 46. y
A
\ /
‘\\
X X
—




Practice Plus

In Exercises 47-50, write each English sentence as an equation in
two variables. Then graph the equation.
47. The y-value is four more than twice the x-value.

48. The y-value is the difference between four and twice the
x-value.

49. The y-value is three decreased by the square of the x-value.
50. The y-value is two more than the square of the x-value.
In Exercises 51-54, graph each equation.

51. y =5 (Letx = -3,-2,-1,0,1,2,and 3.)

52. y =—1(Letx =-3,-2,-1,0,1,2,and 3.)

1 1 111
.y =—(Letx =—-2,—1,—,—,—, -1 2.
53. y x(etx Ly ,and 2.)
1 1 111
54. y = ——(Letx = —2,—1,—,——,~,~,1,and 2.
y x(ex ~L—5.—3,3,5-Lan )

Application Exercises

The graphs show the percentage of high school seniors who used
alcohol or marijuana during the 30 days prior to being surveyed
for the University of Michigan’s Monitoring the Future study.

Alcohol and Marijuana Use by
United States High School Seniors

80%
= 70%"’\‘ Alcohol
= » 60%
T 5
SE S0% ~
0]
?% 4():/‘"-\ Marijuana
§_S 30% ~
52 20% | \/ ——
v

10% |-

I I I I I i

1980 1985 1990 1995 2000
Year

2005 2009

Source: U.S. Department of Health and Human Services

The data can be described by the following mathematical models:

Percentage of seniors
using alcohol

A=-09 + 69
Number of years after 1980

Percentage of seniors
using marijuana

M = —03n + 27.

Use this information to solve Exercises 55-56.

55. a. Use the appropriate line graph to determine the
percentage of seniors who used marijuana in 2005.

b. Use the appropriate formula to determine the percentage
of seniors who used marijuana in 2005. Does the formula
underestimate or overestimate the actual percentage
displayed by the graph? By how much?

c. Use the appropriate line graph to estimate the percentage
of seniors who used alcohol in 2005.
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d. Use the appropriate formula to determine the percentage
of seniors who used alcohol in 2005. How does this
compare with your estimate in part (c)?

e. For the period from 1980 through 2009, in which year was
marijuana use by seniors at a minimum? Estimate the
percentage of seniors who used marijuana in that year.

56. a. Use the appropriate line graph to determine the
percentage of seniors who used alcohol in 2000.

b. Use the appropriate formula to determine the percentage
of seniors who used alcohol in 2000. Does the formula
underestimate or overestimate the actual percentage
displayed by the graph? By how much?

c. Use the appropriate line graph to estimate the percentage
of seniors who used marijuana in 2000.

d. Use the appropriate formula to determine the percentage
of seniors who used marijuana in 2000. How does this
compare with your estimate in part (c)?

e. For the period from 1980 through 2009, in which year
was alcohol use by seniors at a maximum? Estimate the
percentage of seniors who used alcohol in that year.

Contrary to popular belief, older people do not need less sleep
than younger adults. However, the line graphs show that they
awaken more often during the night. The numerous awakenings
are one reason why some elderly individuals report that sleep

is less restful than it had been in the past. Use the line graphs to
solve Exercises 57-60.

Average Number of Awakenings
During the Night, by Age and Gender

9_
%) SH a
o0
2z F /\74
220 6L
§z
<§ 5r Men
S
25 3 &
EQ 2 /- \/ . Women
= S

I I I I I I

10 20 30 40 50 60 70 80
Age (5 through 75)

Source: Stephen Davis and Joseph Palladino, Psychology, 5Sth Edition,
Prentice Hall, 2007.

57. At which age, estimated to the nearest year, do women have
the least number of awakenings during the night? What is the
average number of awakenings at that age?

58. Atwhich age do men have the greatest number of awakenings
during the night? What is the average number of awakenings
at that age?

59. Estimate, to the nearest tenth, the difference between the
average number of awakenings during the night for 25-year-
old men and 25-year-old women.

60. Estimate, to the nearest tenth, the difference between the
average number of awakenings during the night for 18-year-
old men and 18-year-old women.
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Writing in Mathematics
61. What is the rectangular coordinate system?

62. Explain how to plot a point in the rectangular coordinate
system. Give an example with your explanation.

63. Explain why (5,—2) and (-2, 5) do not represent the same
point.

64. Explain how to graph an equation in the rectangular
coordinate system.

65. What does a [-20, 2, 1] by [-4, 5, 0.5] viewing rectangle mean?

Technology Exercise

66. Use a graphing utility to verify each of your hand-drawn
graphs in Exercises 13-28. Experiment with the settings for
the viewing rectangle to make the graph displayed by the
graphing utility resemble your hand-drawn graph as much as
possible.

Critical Thinking Exercises

Make Sense? In Exercises 67-70, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

67. The rectangular coordinate system provides a geometric
picture of what an equation in two variables looks like.

68. There is something wrong with my graphing utility because it
is not displaying numbers along the x- and y-axes.

69. I used the ordered pairs (-2, 2), (0, 0), and (2, 2) to graph a
straight line.

70. T used the ordered pairs
(time of day, calories that I burned)

to obtain a graph that is a horizontal line.

In Exercises 71-74, determine whether each statement is true or
false. If the statement is false, make the necessary change(s) to
produce a true statement.

71. If the product of a point’s coordinates is positive, the point
must be in quadrant 1.

72. If a point is on the x-axis, it is neither up nor down, so
x =0.

73. If a point is on the y-axis, its x-coordinate must be 0.

74. The ordered pair (2, 5) satisfies 3y — 2x = —4.

In Exercises 75-78, list the quadrant or quadrants satisfying each
condition.

75. xy > 0
76. 2 <0
X

77. x> > 0andy’ < 0
78. x* < Oandy® >0

In Exercises 79-82, match the story with the correct figure. The
figures are labeled (a), (b), (c), and (d).

79. As the blizzard got worse, the snow fell harder and harder.
80. The snow fell more and more softly.

81. It snowed hard, but then it stopped. After a short time, the
snow started falling softly.

82. It snowed softly, and then it stopped. After a short time, the
snow started falling hard.

o
Amount of
Snowfall
&
Amount of
Snowfall

Time Time

o]
Amount of
Snowfall
&
Amount of
Snowfall

Time Time

In Exercises 83-86, select the graph that best illustrates each story.

83. An airplane flew from Miami to San Francisco.

®
Plane’s Height

o
Plane’s Height

Seconds after
Takeoff

Seconds after
Takeoff

o
Plane’s Height

&
Plane’s Height

Seconds after
Takeoff

Seconds after
Takeoff



84. At noon, you begin to breathe in.

Volume of

Volume of
Air in Lungs

Air in Lungs

b.

Volume of
Air in Lungs

Time after Time after
Noon Noon

|
&
Volume of
Air in Lungs

— >

Time after Time after
Noon Noon

85. Measurements are taken of a person’s height from birth to

age 100.

a.

Height

Height

b.
=
.20
[}
T
—
Age Age
d.
=
.20
(5]
/ kY T
L
Age Age

86. You begin your bike ride by riding down a hill. Then you ride
up another hill. Finally, you ride along a level surface before
coming to a stop.

Speed

e
Speed

Time Time
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[ d.

Speed
Speed

Time Time

Preview Exercises

Exercises 87-89 will help you prepare for the material covered in
the first section of the next chapter.

87. Here are two sets of ordered pairs:
set 1: {(1, 5), (2,5)}
set 2: {(5, 1), (5,2)}.

In which set is each x-coordinate paired with only one
y-coordinate?

88. Graph y = 2x and y = 2x + 4 in the same rectangular
coordinate system. Select integers for x, starting with —2 and
ending with 2.

89. Use the following graph to solve this exercise.

=AD LBA ON

|
h
|
1N
|
.
|
o
|
—_
N
.
I~

a. What is the y-coordinate when the x-coordinate is 2?

b. What are the x-coordinates when the y-coordinate is
4?7

¢. Describe the x-coordinates of all points on the graph.

d. Describe the y-coordinates of all points on the graph.
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SECTION 1.2

() Find the domain and
range of a relation.

Determine whether a
relation is a function.

Determine whether an
equation represents a
function.

Evaluate a function.

Graph functions by
plotting points.

to identify functions.

Obtain information
about a function from
its graph.

its graph.

© © 0 0 00 O ©

a function’s graph.

Use the vertical line test

Identify the domain and
range of a function from

[dentify intercepts from

V.

o Find the domain and range
of a relation.

Basics of Functions and Their Graphs

Magnified 6000 times, this color-scanned image
shows a T-lymphocyte blood cell (green)
infected with the HIV virus (red). Depletion of
the number of T cells causes destruction of the
immune system.

The average number of T cells in |
a person with HIV is a function
of time after infection. In this
section, you will be introduced
to the basics of functions and their
graphs. We will analyze the graph
of a function using an example that
illustrates the progression of HIV
and T cell count. Much of our work
in this course will be devoted to the
important topic of functions and how
they model your world.

Relations

Forbes magazine published a list of the highest-paid TV celebrities between June 2010
and June 2011. The results are shown in Figure 1.13.

Highest Paid TV Celebrities between June 2010 and June 2011
440 -
400 |~
360 |~
320 -
280
240 |-
200 |-
160 -

$315 million

Earnings (millions of dollars)

120 -
$80 million $80 million
80 $55 million $51 million
! B B .
Oprah Simon Dr. Phil Ellen Ryan
Winfrey Cowell McGraw DeGeneres Seacrest
Celebrity

FIGURE 1.13
Source: Forbes

The graph indicates a correspondence between a TV celebrity and that person’s
earnings, in millions of dollars. We can write this correspondence using a set of
ordered pairs:

{(Winfrey, 315), (Cowell, 80), (McGraw, 80), (DeGeneres, 55), (Seacrest, 51)}.

These braces indicate we are representing a set.
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The mathematical term for a set of ordered pairs is a relation.

Definition of a Relation

Arelation is any set of ordered pairs. The set of all first components of the ordered
pairs is called the domain of the relation and the set of all second components is
called the range of the relation.

EXAMPLE 1 Finding the Domain and Range of a Relation
Find the domain and range of the relation:

{(Winfrey, 315), (Cowell, 80), (McGraw, 80), (DeGeneres, 55), (Seacrest, 51)}.

SOLUTION
The domain is the set of all first components. Thus, the domain is

{Winfrey, Cowell, McGraw, DeGeneres, Seacrest].
The range is the set of all second components. Thus, the range is

{315, 80, 55, 51}.

Although Cowell and McGraw both
earned $80 million, it is not

necessary to list 80 twice. Ve

‘g Check Point 1 Find the domain and range of the relation:
{(0,9.1), (10, 6.7), (20, 10.7), (30, 13.2), (40, 21.2)}.

As youworked Check Point 1, did you wonder if there was a rule that assigned the
“inputs” in the domain to the “outputs” in the range? For example, for the ordered
pair (30, 13.2), how does the output 13.2 depend on the input 30? The ordered pair
is based on the data in Figure 1.14(a), which shows the percentage of first-year U.S.
college students claiming no religious affiliation.

Percentage of First-Year United States College Percentage of First-Year United
Students Claiming No Religious Affiliation y States College Women Claiming
I Women Men No Religious Affiliation
27% 25.1 27% (40, 21.2)
24% 24%
o o
Z g 21% 2 Z g 21%
on © o on © o
= =
S 18% 16.9 ‘£ 5 18%
B 7 140 £ 30, 13.2)
c< D% 1o 0932 &5 15% '
v 0, * v o/ | (0, 9.”
ED E 12% o1 9.7 10.7 ED.E 12% .
22 9%l 6.7 23 9%
83 : ST (o ) (20, 10.7)
S 6% - 5 6% o o
= 3%t = 3% (10, 6.7)
I I X
1970 1980 1990 2000 2010 5 10 15 20 25 30 35 40
Year Years after 1970
FIGURE 1.14(a) Data for women and men FIGURE 1.14(b) Visually representing the relation for the

Source: John Macionis, Sociology, Fourteenth Edition, Pearson, 2012. women’s data
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Percentage of First-Year In Figure 1.14(b), we used the data for college women to create the following
United States College ordered pairs:
y Women Claiming
No Religious Affiliation

579, percentage of first-year college

24(; (40, 21.2) years after 1970, women claiming no religious
o o ‘ affiliation
<8 20% [ .
o=
ES 18%[ (30, 13.2) Consider, for example, the ordered pair (30, 13.2).
SZ 5% .
C% oo L 10,9.4) . 30, 13.2
%2 12% . ( , 13. )
£S5 9%¢ ,
S & 6% L] (20, 10.7) 30 years after 1970,  13.2% of first-year college women
& 39 (10, 6.7) or in 2000, claimed no religious affiliation.

(N , 0.
| | | | | | | | X

5 101152025 30 35 40 The five points in Figure 1.14(b) visually represent the relation formed from the

Years after 1970 women'’s data. Another way to visually represent the relation is as follows:
FIGURE 1.14(b) (repeated)

Visually representing the relation for the

women’s data 0 9.1

10— 6.7
20— 107
30— 132
40— 212

Domain Range

Determine whether a relation is Functions

afunction. Table 1.1, based on our earlier discussion, shows the highest-paid TV celebrities and
their earnings between June 2010 and June 2011, in millions of dollars. We’ve used
this information to define two relations.

Figure 1.15(a) shows a correspondence between celebrities and their earnings.

Table 1.1 Highest-Paid . .-
ave gnestrel Figure 1.15(b) shows a correspondence between earnings and celebrities.

TV Celebrities

Earnings

. _ Winfrey—— _>Winfre

Celebrity (millions of dollars) Cowelf, 315 315/ Cowelly
: I —— ) 80
Winfrey 315 McGraw s5 s5 ——————>McGraw
DeGeneres— 51 51 — > DeGeneres
Cowell 80 Seacrest————— ————————> Seacrest
WE G el Domain Range Domain Range
DeGeneres 55
FIGURE 1.15(a) Celebrities correspond FIGURE 1.15(b) Earnings correspond to

Seacrest 51 to earnings. celebrities.

A relation in which each member of the domain corresponds to exactly one
member of the range is a function. Can you see that the relation in Figure 1.15(a) is a
function? Each celebrity in the domain corresponds to exactly one earnings amount
in the range: If we know the celebrity, we can be sure of his or her earnings. Notice
that more than one element in the domain can correspond to the same element in
the range: Cowell and McGraw both earned $80 million.

Is the relation in Figure 1.15(b) a function? Does each member of the domain
correspond to precisely one member of the range? This relation is not a function
because there is a member of the domain that corresponds to two different members
of the range:

(80, Cowell) (80, McGraw).

The member of the domain 80 corresponds to both Cowell and McGraw in the range.
If we know that earnings are $80 million, we cannot be sure of the celebrity. Because
a function is a relation in which no two ordered pairs have the same first component
and different second components, the ordered pairs (80, Cowell) and (80, McGraw)
are not ordered pairs of a function.



Domain Range

FIGURE 1.16(b)

GREAT QUESTION!

If I reverse a function’s
components, will this new
relation be a function?

If a relation is a function,
reversing the components in each
of its ordered pairs may result in a
relation that is not a function.

Section 1.2 Basics of Functions and Their Graphs 157

Same first component

(80, Cowell) (80, McGraw)

Different second components

Definition of a Function

A function is a correspondence from a first set, called the domain, to a second set,
called the range, such that each element in the domain corresponds to exactly one
element in the range.

In Check Point 1, we considered a relation that gave a correspondence between
years after 1970 and the percentage of first-year college women claiming no religious
affiliation. Can you see that this relation is a function?

Each element in the domain
{(0,9.1), (10, 6.7), (20, 10.7), (30, 13.2), (40, 21.2)}

corresponds to exactly one element in the range.

However, Example 2 illustrates that not every correspondence between sets is a
function.

EXAMPLE 2 Determining Whether a Relation Is a Function

Determine whether each relation is a function:
a. {(1,6),(2,6),(3,8), (4,9)} b. {(6, 1), (6,2), (8,3), (9, 4)}.

SOLUTION

We begin by making a figure for each relation that shows the domain and the range
(Figure 1.16).

a. Figure 1.16(a) shows that every element in the domain corresponds to exactly
one element in the range. The element 1 in the domain corresponds to the
element 6 in the range. Furthermore, 2 corresponds to 6, 3 corresponds to 8,
and 4 corresponds to 9. No two ordered pairs in the given relation have the same
first component and different second components. Thus, the relation is a function.

b. Figure 1.16(b) shows that 6 corresponds to both 1 and 2. If any element in
the domain corresponds to more than one element in the range, the relation
is not a function. This relation is not a function; two ordered pairs have the
same first component and different second components.

Same first component
(6,1) (6,2)

Different second components

Look at Figure 1.16(a) again. The fact that 1 and 2 in the domain correspond to
the same number, 6, in the range does not violate the definition of a function. A
function can have two different first components with the same second component.
By contrast, a relation is not a function when two different ordered pairs have
the same first component and different second components. Thus, the relation in
Figure 1.16(b) is not a function.
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Determine whether an equation
represents a function.

@ Check Point 2 Determine whether each relation is a function:

a. {(1,2), (3,4), (5,0), (5, 8)} b. {(1,2), (3,4), (6,5), (8,5)}.

Functions as Equations

Functions are usually given in terms of equations rather than as sets of ordered pairs.
For example, here is an equation that models the percentage of first-year college
women claiming no religious affiliation as a function of time:

y = 0.014x*> — 0.24x + 8.8.

The variable x represents the number of years after 1970. The variable y represents
the percentage of first-year college women claiming no religious affiliation. The
variable y is a function of the variable x. For each value of x, there is one and only
one value of y. The variable x is called the independent variable because it can be
assigned any value from the domain. Thus, x can be assigned any nonnegative integer
representing the number of years after 1970. The variable y is called the dependent
variable because its value depends on x. The percentage claiming no religious
affiliation depends on the number of years after 1970. The value of the dependent
variable, y, is calculated after selecting a value for the independent variable, x.

We have seen that not every set of ordered pairs defines a function. Similarly, not
all equations with the variables x and y define functions. If an equation is solved for y
and more than one value of y can be obtained for a given x, then the equation does
not define y as a function of x.

EXAMPLE 3 Determining Whether an Equation
Represents a Function

Determine whether each equation defines y as a function of x:
ax>+y=4 b. x¥* + y* = 4.

SOLUTION

Solve each equation for y in terms of x. If two or more values of y can be obtained
for a given x, the equation is not a function.

a. ¥ +y=4 This is the given equation.
X2+ y - =45 Solve for y by subtracting x> from both sides.
y=4-x Simplify.

From this last equation we can see that for each value of x, there is one
and only one value of y. For example, if x = 1, then y = 4 — 1> = 3. The
equation defines y as a function of x.

b. 4y =4 This is the given equation.
2+ y2 —xt=4-x° Isolate y? by subtracting x> from both sides.
yV=4-x Simplify.

y=1V4 - x? Apply the square root property: If uw? = d,
thenu = + V4.

The =+ in this last equation shows that for certain values of x (all values
between —2 and 2), there are two values of y. For example, if x = 1, then
y=1*V4-12=+ \/3. For this reason, the equation does not define y
as a function of x.



o Evaluate a function.

Input x

Output
f(x)
[ .

FIGURE 1.17 A “function machine”
with inputs and outputs

GREAT QUESTION!

Doesn’t f(x) indicate that I need
to multiply f and x?

The notation f(x) does not mean
“f times x.” The notation describes
the value of the function at x.

f(x) = 0.014x% — 0.24x + 8.8
Input

x =30

—

a 0l450)2

‘0.24(?0) By

Output
f(30) =142

FIGURE 1.18 A function machine
at work
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¢ Check Point 3 Solve each equation for y and then determine whether the
equation defines y as a function of x:

a2x+y==6 b. x> +y? = 1.

Function Notation

If an equation in x and y gives one and only one value of y for each value of x, then
the variable y is a function of the variable x. When an equation represents a function,
the function is often named by a letter such as f, g, &, F, G, or H. Any letter can be
used to name a function. Suppose that f names a function. Think of the domain as
the set of the function’s inputs and the range as the set of the function’s outputs. As
shown in Figure 1.17, input is represented by x and the output by f(x). The special
notation f(x), read “f of x” or “f at x,” represents the value of the function at the
number x.

Let’s make this clearer by considering a specific example. We know that the
equation

y = 0.014x*> — 0.24x + 8.8

defines y as a function of x. We’ll name the function f. Now, we can apply our new
function notation.

We read this equation
as "f of x equals

0.014x% — 0.24x + 8.8."

Input Output Equation

x f(x)  f(x) =0.014x> — 0.24x + 8.8

Suppose we are interested in finding f(30), the function’s output when the input
is 30.To find the value of the function at 30, we substitute 30 for x. We are evaluating
the function at 30.
f(x) = 0.014x> — 0.24x + 8.8
£(30) = 0.014(30)> — 0.24(30) + 8.8
= 0.014(900) — 0.24(30) + 8.8

This is the given function.
Replace each occurrence of x with 30.

Evaluate the exponential expression:
302 = 30-30 = 900.

=126 72+ 88
£(30) = 142

Perform the multiplications.

Subtract and add from left to right.

The statement f(30) = 14.2, read “f of 30 equals 14.2,” tells us that the value of the
function at 30 is 14.2. When the function’s input is 30, its output is 14.2. Figure 1.18
illustrates the input and output in terms of a function machine.

£(30) =142

30 years after
1970, or in 2000,

14.2% of first-year college women
claimed no religious affiliation.

We have seen that in 2000, 13.2% actually claimed nonaffiliation, so our function
that models the data slightly overestimates the percent for 2000.
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DISCOVERY
Using f(x) = x> + 3x + 5 and

the answers in parts (b) and (c):

1. Is flx + 3) equal to
fx) + f3)?
2. Is f(—x) equal to —f(x)?

TECHNOLOGY

Graphing utilities can be used to evaluate functions. The screens below show the evaluation of
flx) = 0.014x> — 0.24x + 8.8
at 30 on a TI-84 Plus graphing calculator. The function f is named Y.

W= Flatl  Flatz  Flots Y C3E

~MiBLBE1dREE - 248+ 14.2
wMz=
M=
“Ny=
“Me=
~NE=

We used f(x) = 0.014x*> — 0.24x + 8.8 to find £(30). To find other function
values, such as f(40) or f(55), substitute the specified input value, 40 or 55, for x in
the function’s equation.

If a function is named f and x represents the independent variable, the notation
f(x) corresponds to the y-value for a given x. Thus,

f(x) = 0.014x*> — 0.24x + 8.8 and y = 0.014x*> — 0.24x + 8.8
define the same function. This function may be written as

y = f(x) = 0.014x*> — 0.24x + 8.8.

EXAMPLE 4 Evaluating a Function

If f(x) = x> + 3x + 5, evaluate each of the following;

a. f2) b. f(x +3) c. f(—x).

SOLUTION

We substitute 2, x + 3, and —x for x in the equation for f. When replacing x with
a variable or an algebraic expression, you might find it helpful to think of the
function’s equation as

flx) = x>+ 3x + 5.
a. We find f(2) by substituting 2 for x in the equation.
f2)=22+3-2+5=4+6+5=15
Thus, f(2) = 15.
b. We find f(x + 3) by substituting x + 3 for x in the equation.
Ax+3)=@x+3>+3x+3)+5
Equivalently,

Flx+3)= (x+32+3(x+3)+5

=x24+6x+9+3x+9+35 Squarex + 3using
(A + B)2 = A2 + 2AB + B2
Distribute 3 throughout the parentheses.

= x> + 9x + 23. Combine like terms.
c. We find f(—x) by substituting —x for x in the equation.
fl=x) = (%) + 3(=x) + 5
Equivalently,
f—x) = (=x)" + 3(~x) + 5
=x>—3x+5.



Graph functions by plotting

points.

~ oo
f

£/ e
i+~

glx)=2x+4
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h

NS, e}
f

Jlx) =2x

ENGNUSING)

FIGURE 1.19
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@D Check Point 4 1If f(x) = x* — 2x + 7, evaluate each of the following:

a. f(-95) b. flx + 4)

Graphs of Functions

c. f(—x).

The graph of a function is the graph of its ordered pairs. For example, the graph of
f(x) = 2x is the set of points (x, y) in the rectangular coordinate system satisfying
y = 2x. Similarly, the graph of g(x) = 2x + 4 is the set of points (x, y) in the
rectangular coordinate system satisfying the equation y = 2x + 4. In the next
example, we graph both of these functions in the same rectangular coordinate system.

EXAMPLE 5 Graphing Functions

Graph the functions f(x) = 2x and

g(x) = 2x + 4 in the same rectangular

coordinate system. Select integers for x, starting with —2 and ending with 2.

SOLUTION
We begin by setting up a partial table

of coordinates for each function. Then we

plot the five points in each table and connect them, as shown in Figure 1.19. The

graph of each function is a straight line.

Do you see a relationship between the two

graphs? The graph of g is the graph of f shifted vertically up by 4 units.

x )
X fx) =2x or (x, f(x))
2 f(D) =22 =4 (24
-1 f(=1) =2(-1) = (-1,-2)
0 f(0)=2-0=0 (0,0)
fay=2-1= (1,2)
2 f(2) = 2 2=4 ( ,4)

(E)

x gx)=2x +4 or (x, g(x))
-2 g(-2)=2(-2)+4=0  (-2,0)
-1 g(-1)=2(-1)+4=2 (-1,2)
0 g0)=2-0+4=4 (0, 4)
gl)=2-1+4=6 (1,6)
2 g2)=2-2+4=38 (2,8)
\

Compute f(x) by [Fnrm the ordered palr]
evaluating f at x.

\ \
Choose x. Compute g(x) by Form the ordered pair.
evaluating g at x.

The graphs in Example 5 are straight lines. All functions with equations of the
form f(x) = mx + b graph as straight lines. Such functions, called linear functions,
will be discussed in detail in Section 1.4.

TECHNOLOGY
We can use a graphing utility to check the tables and the graphs in Example 5 for the functions
f(x)=2x and  g(x) =2x + 4.
Enter y, = 2x Enter y, = 2x + 4
in the screen. in the sereen.
We entered —2 | Checking Tables Checking Graphs
for the starting
X-value and 1 as = Wy e
an increment - CFE| -y 0
between x-values -1 -z z
to check our tables 1 0 Y /
in Example 5. % E E hn oo A L N S S S S
3 [ in
Y | iz /
R=2 ) \
[-6,6,1] by [-6,9,1]
Use the first five Use the first five / /

ordered pairs
(x, y;) to check the
first table.

ordered pairs
(x, y,) to check the
second table.

We selected this viewing rectangle,
or window, to match Figure 1.19.




162 Chapter 1 Functions and Graphs

‘¢ Check Point 5 Graph the functions f(x) = 2x and g(x) = 2x — 3 in the same
rectangular coordinate system. Select integers for x, starting with —2 and ending
with 2. How is the graph of g related to the graph of f?

@ Use the vertical line test The Vertical Line Test

to identify functions. Not every graph in the rectangular coordinate system is the graph of a function.

Y The definition of a function specifies that no value of x can be paired with two or

5 more different values of y. Consequently, if a graph contains two or more different
4 points with the same first coordinate, the graph cannot represent a function. This is
f (0, 1) — illustrated in Figure 1.20. Observe that points sharing a common first coordinate are
40,0 vertically above or below each other.

: x This observation is the basis of a useful test for determining whether a graph

==h _:; el 2343 defines y as a function of x. The test is called the vertical line test.
_ 210,

i The Vertical Line Test for Functions

If any vertical line intersects a graph in more than one point, the graph does not

FIGURE 1.20 y is not a function of x define y as a function of x.
because 0 is paired with three values of y,
namely, 1,0, and —1.
EXAMPLE 6 Using the Vertical Line Test

Use the vertical line test to identify graphs in which y is a function of x.

a. y b. y c. y d. y
@ X 7{1 X % X x
SOLUTION
y is a function of x for the graphs in (b) and (c).
a. y b. y c. y d. y
1 1 : :
1 1 I
I I
I I
I I I
1 I I
1 I 1
I I I I
I I I
I I I I
I I I
I
y is not a function of x. y is a function of x. y is a function of x. y is not a function of x.
Two values of y Two values of y
correspond to an x-value. correspond to an x-value.

‘¢ Check Point 6 Use the vertical line test to identify graphs in which y is a
function of x.

d

a. y b. y C. y
ey
%ﬂv % e SN x




Obtain information about a
function from its graph.
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Obtaining Information from Graphs

You can obtain information about a function from its graph. At the right or left of a
graph, you will find closed dots, open dots, or arrows.

e A closed dot indicates that the graph does not extend beyond this point and
the point belongs to the graph.

e An open dot indicates that the graph does not extend beyond this point and
the point does not belong to the graph.

e Anarrow indicates that the graph extends indefinitely in the direction in which
the arrow points.

EXAMPLE 7 Analyzing the Graph of a Function

The human immunodeficiency virus,or HIV, infects and kills helper T cells. Because
T cells stimulate the immune system to produce antibodies, their destruction
disables the body’s defenses against other pathogens. By counting the number of
T cells that remain active in the body, the progression of HI'V can be monitored. The
fewer helper T cells, the more advanced the disease. Figure 1.21 shows a graph that
is used to monitor the average progression of the disease. The average number of
T cells, f(x), is a function of time after infection, x.

y T Cell Count and HIV Infection

1200 -

Asymptomatic Stage
Few or no symptoms present.

_
(=
(=3
S

800 Symptomatic Stage
Symptoms begin or
600 : get worse.

400 - AIDS Clinical
Diagnosis

Average T Cell Count
(per milliliter of blood)

200 - T D —

||||||||;iix
1 2 3 4 5 6 7 8 9 10 11

Time after Infection (years)

FIGURE 1.21
Source: B. E. Pruitt et al., Human Sexuality, Prentice Hall, 2007.

a. Explain why f represents the graph of a function.
b. Use the graph to find f(8).

¢. For what value of x is f{x) = 350?

d. Describe the general trend shown by the graph.

y SOLUTION

a. No vertical line can be drawn that intersects the graph of f
1200 more than once. By the vertical line test, f represents the

1000 graph of a function.
800 b. To find f(8), or f of 8, we locate 8 on the x-axis. Figure 1.22
600 y=fix| shows the point on the graph of f for which 8 is the first
W, coordinate. From this point, we look to the y-axis to find the
400 \ corresponding y-coordinate. We see that the y-coordinate is

200 f<-=mmmmmm oo oo 200. Thus,
The output I N N N N\ X
0l 12345678 91011 f(8) = 200.

FIGURE 1.22 Finding £(8)

When the time after infection is 8 years, the average T cell
count is 200 cells per milliliter of blood. (AIDS clinical
diagnosis is given at a T cell count of 200 or below.)

8 is the input.
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¢. To find the value of x for which f(x) = 350, we find the approximate location
of 350 on the y-axis. Figure 1.23 shows that there is one point on the graph
of f for which 350 is the second coordinate. From this point, we look to the
x-axis to find the corresponding x-coordinate. We see that the x-coordinate
is 6. Thus,

flx) = 350 for x = 6.

An average T cell count of 350 occurs 6 years after infection.

y
1200 -
1000
800
y=flx)
600
™\
400 oo T—
The output is 200 \

approximately 350.

|
! ‘
N A * X
123 45 6 7 8 9 1011
The corresponding value of x is 6.

FIGURE 1.23 Finding x for which f(x) = 350

d. Figure 1.24 uses voice balloons to describe the general trend shown by the
graph.

1200 Average'T cell count declim:s rapi.dly
in the first 6 months after infection,

_

(=

(=3

S
I

rises somewhat in the second six months,

800
and then shows a

600 steady, continuous
decline for many years.

400

Average T Cell Count
(per milliliter of blood)

200

AN TN T S N TR ) S
12 3 4 5 6 7 8 9 10 11

Time after Infection (years)

FIGURE 1.24 Describing changing T cell count over time in a person
infected with HIV

@ Check Point 7

a. Use the graph of f in Figure 1.21 on page 163 to find f(5).

b. For what value of x is f(x) = 100?

c. Estimate the minimum average T cell count during the asymptomatic
stage.



Identify the domain and range of
a function from its graph.

Range: Outputs
on y-axis extend

y=flx) 54 from 1 to 4, inclusive.
2
J
/SN
1
+ > X
S5-432-1,1 12345
21 Domain: Inputs on
3+ x-axis extend from
41 —4 to 2, inclusive.
5

FIGURE 1.26 Domain and range of f
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Identifying Domain and Range from a Function’s Graph

GREAT QUESTION!

I peeked below and saw that you are using interval notation. What should I already know
about this notation?

Recall that square brackets indicate endpoints that are included in an interval. Parentheses
indicate endpoints that are not included in an interval. Parentheses are always used with o
or — . For more detail on interval notation, see Section P.9, pages 120-121.

Figure 1.25 illustrates how the graph of a y
function is used to determine the function’s
domain and its range.

Range

Domain: set of inputs

Found on the x-axis

Range: set of outputs

Domain

Found on the y-axis
FIGURE 1.25 Domain and range of f

Let’s apply these ideas to the graph of the function shown in Figure 1.26. To find
the domain, look for all the inputs on the x-axis that correspond to points on the
graph. Can you see that they extend from —4 to 2, inclusive? The function’s domain
can be represented as follows:

Using Set-Builder Notation Using Interval Notation
(x| -4 =x = 2} [—4,2].
The set  such X is greater than or equal to The square brackets indicate —4
of allx  that  —4 and less than or equal to 2. and 2 are included. Note the square

brackets on the x-axis in Figure 1.26.

To find the range, look for all the outputs on the y-axis that correspond to
points on the graph. They extend from 1 to 4, inclusive. The function’s range can be
represented as follows:

Using Set-Builder Notation Using Interval Notation
{yl 1 =y =4} [1,4].
The set  such y is greater than or equal to The square brackets indicate 1
ofall y  that 1 and less than or equal to 4. and 4 are included. Note the square

brackets on the y-axis in Figure 1.26.

EXAMPLE 8 Identifying the Domain and Range of a Function
from Its Graph

Use the graph of each function to identify its domain and its range.
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a. y b. y c. y
5 d ‘\ d
4 4 \ 4
2 = flx 2 2
; Y y=f \
P y=rlx) /T/ .
x x x
5-4-3-2-1, 2.3 43 5-4-32-1,1 123 4: 5-4-32-1;1 123 4 :
9] 2 2.
3 3 3
4 -+ 4
5
d. y e. y
> ST y=flx
4 4 :
~_ 31 y=f 3 ._;—0
1 11 @==C
X x
S54-3-2-13] 1.2 3 4 3 5-4-3-2-1;1 123 43
. 2
3 3
4 4
5 5
SOLUTION
For the graph of each function, the domain is highlighted in purple on the x-axis
and the range is highlighted in green on the y-axis.
a. y b. Y Range: Outputs on ¢ y
5 y-axis extend from \ 571 Range: Outputs on
1 4 1, excluding 1, to 2, 4 y-axis extend from
Range: Qutputs on including 2. - g
- =flx) 3+ 3 1 to 5, inclusive.
y-axis extend from Y=i y =flx) b
0 to 3, inclusive. =flx
0 3, inclusive ‘ y=flx) “/T/ \
] X ; X } X
5-4-3-2-1,] 12345 S 432-1,1 123 43 S5-4-3-2-1,] 12345
2 o) 2 .
> | Domain: Inputs on Domain: lnputs on N Domain: lnputs on
| xeaxis extend from EqN oovib oot (Fom . x-axis extend from
T —2to 1, inclusive. 41 3 excluding —3, 4T =2, including —2,
S 51 to0 2, including 2. ST to 1, excluding 1.

Domain = {x|-2 = x = 1} or [-2,1] Domain = {x|-3 < x = 2} or (-3, 2] Domain = {x|-2 = x < 1}or [-2,1)

Range = {y[0 = y = 3} or [0, 3] Range = {y|1 <y = 2} or (1,2] Range = {y|1 =y =5} or[L, 5]
GREAT QUESTION! A Range: Outputs on ¢ "
. y-axis include real y 54 _
The range in Example 8(e) was numbers greter Ranee: 0 y=flx
identified as {y|y = 1,2,3}. than or equal to 0. > ange: utputs 4T
. . 4 on y-axis “step” ‘3¢ Goe)

Why didn’t you also use interval ) N from1to2103. - —
notation like you did in the other T 37 y=/ 1
parts of Example 8? 1 X
Interval notation is not 1 4 | > X 743270 2.3.4.3
appropriate for describing a set of =4-3-2-1 L Z Domain: |np:i: on

isti 2 3 X-axis extend from
?1st1nct1numb§rs su10113as {1, 21213}. ; Domein: Inputs o oL 3 fnelding 1, ¢

nterval notation, [1, 3], wou ) x-axis include real < 4, excluding 4.
mean that numbers such as 1.5 T numbers less than

i or equal to 4. .

and 2.99 are }n the range, but they Domain = {x|1 = x < 4} or [1, 4)
are not. That’s why we only used Domain = {x|x = 4} or (—, 4] B B
set-builder notation. X = ’ Range = {y|y = 1,2, 3]

Range = {y|y = 0} or [0, =)



y-intercept is 3. -5+

FIGURE 1.27 Identifying intercepts

Identify intercepts from a
function’s graph.

y

A
4

y=flx)

1.\

S NS

[ 74

JI X-intercepts are —2, 3, and 5.
S/ [

5
D

Section 1.2 Basics of Functions and Their Graphs 167

@ Check Point 8 Use the graph of each function to identify its domain and its

range.
a y b. y C y
y=flx
2T y=flx 2
X +—+—+ X X
4
) . 4
- m
4 4 :
y=flx)

Identifying Intercepts from a Function’s Graph

Figure 1.27 illustrates how we can identify intercepts from a function’s graph. To find
the x-intercepts, look for the points at which the graph crosses the x-axis. There are
three such points: (=2, 0), (3, 0), and (5, 0). Thus, the x-intercepts are —2, 3, and 5.
We express this in function notation by writing f(—2) = 0, f(3) = 0,and f(5) = 0. We
say that —2, 3, and 5 are the zeros of the function. The zeros of a function f are the
x-values for which f(x) = 0. Thus, the real zeros are the x-intercepts.

To find the y-intercept, look for the point at which the graph crosses the y-axis.
This occurs at (0, 3). Thus, the y-intercept is 3. We express this in function notation
by writing f(0) = 3.

By the definition of a function, for each value of x we can have at most one value
for y. What does this mean in terms of intercepts? A function can have more than
one x-intercept but at most one y-intercept.

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

Any set of ordered pairsiscalleda/an____ . 9. The shaded set of numbers Yy =flv)
The set of all first components of the ordered pairs is shown on the x-axis can be 4 N\
calledthe _ .The set of all second components expressed in interval notation 3
of the ordered pairs is called the as .This set represents :
A set of ordered pairs in which each member of the the function’s i e x
set of first components corresponds to exactly one ! 2.3.4
member of the set of second components is called 2
a/an
The notation f(x) describes the value of at 10. The shaded set of pumbers Y
shown on the y-axis can be 41

True or false: y = x*> — 1 defines y as a function of expressed in }nterval notation 3 )
N as . This set represents Y=
Trueorfalse:y = =* Vx% — 1 defines y as a function the function’s . } > x
of x. =27141.1.2.3
If f(x) = x> — 5x + 4, we can find f(x + 6) by 2
replacing each occurrence of by
The graph of a function is the graph of its 11. If the x-intercepts of a function are —1 and 3, then

) f(=1) = ___and f(3) = _.The x-intercepts,—1
If any vertical line intersects a graph ,the and 3, are called the - of the function.
graph does not define y as a/an of x. 12. True or false: A function can have more than one

y-intercept.
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In Exercises 1-10, determine whether each relation is a function.
Give the domain and range for each relation.

(1,2), (3. 4). (5,5)} 2. {(4,5).(6,7).(8.8)}
(3,4).(3,5), (4,4), (4.5)}

(5,6).(5.7),(6,6), (6, 7)}

(3’ _2)’ (5’ _2)7 (77 1)’ (4’ 9)}

(10,4), (=2,4), (=1,1), (5,6)}

(=3,-3),(=2,-2), (-1,-1), (0, 0)}
(=7.=7),(=5,-5),(=3,-3),(0,0)}

(1,4),(1,5), (1, 6)}

- {(4,1), (5, 1), (6, 1)}

In Exercises 11-26, determine whether each equation defines y as
a function of x.

{
{
{
{
{
{
{
{

S e B AN R

[y
=}

11. x + y =16 12. x +y =25

13. > +y =16 14. x> +y =25

15. x> +y> =16 16. x> + y*> =25
17. x = ? 18. 4x = y?

19. y=Vx +4 20 y=—Vx +4
2. x +y* =38 22 x +y* =27

23. xy + 2y =1 24. xy — 5y =1
25. |x|] —y=2 26. |x|] —y =5

In Exercises 27-38, evaluate each function at the given values of
the independent variable and simplify.

27. f(x) = 4x + 5

a. f(6) b. fix +1) c. f(—x)
28. filx) =3x+7
a. f(4) b. flx +1) c. f(=x)
29, g(x) = x>+ 2x +3
a. g(-1) b. g(x +5) c. g(—x)
30. g(x) =x*—10x — 3
a. g(-1) b. g(x +2) c. g(—x)
3L Ax) =x* — x>+ 1
a. h(2) b. h(-1)
c. h(—x) d. h(3a)
R =x—x+1
a. h(3) b. h(=2)
c. h(=x) d. n(3a)
3B.f=Vr+6+3
a. f(—6) b. £(10) c. flx —6)
34. (r)=V25—-r—-=6
a. f(16) b. f(—24) c. f(25 — 2x)
2
35 f) = & - !
X
a. f(2) b. f(-2) c. f(—x)
3
36. fry = 1
X

a. f(2) b. f(=2) ¢ fl=x)

37. f(x) = ﬁ
a. f(6) b. f(—6) e f(r?)
|x + 3|
38. flx) = 3
a. f(5) b. f(-5) c. f(=9 —x)

In Exercises 39-50, graph the given functions, f and g, in the
same rectangular coordinate system. Select integers for x, starting
with —2 and ending with 2. Once you have obtained your graphs,
describe how the graph of g is related to the graph of f.
39. fix) = x,g(x) =x+3
40. flx) = x,g(x) =x — 4
41. f(x) = —2x,g(x) = —2x — 1
2. f(x) = —2x,g(x) = -2x +3
43, fix) =x%glx) =x*+ 1
4. fix) =x%gx) =x> -2
45. flx) = |x], g(x) = [x] =2
46. flx) = |x[.g(x) = [x][ + 1
47. flx) =, gx) = x>+ 2
48. flx) =x*gx)=x -1
49. f(x) = 3,8(x) =5
50. fix) = —1,8(x) =4
In Exercises 51-54, graph the given square root functions, f and
g, in the same rectangular coordinate system. Use the integer
values of x given to the right of each function to obtain ordered
pairs. Because only nonnegative numbers have square roots that
are real numbers, be sure that each graph appears only for values
of x that cause the expression under the radical sign to be greater
than or equal to zero. Once you have obtained your graphs,
describe how the graph of g is related to the graph of f.
51. fix) = Vx (x =0,1,4,9) and

gx)=Vx—1 (x=0,1,4,9)
52. f(x) = Vx (x=0,1,4,9)and

gx) = Vx+2 (x=0,14,9)
53. f(x) = Vx (x =0,1,4,9)and

gx)y=Vx—-1 (x=1,2,5,10)
54. f(x) = Vx (x=0,1,4,9)and

gx)=Vx+2 (x=-2,—-1,2,7)
In Exercises 55-64, use the vertical line test to identify graphs in
which y is a function of x.

55. y 56. y
% X % X
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57. y 58. 77. y 78. y
SRR
— \ostf 3
2 y=flx] 2 y=flx)
7 X \ 1 I / 1 \
X X

4-3-2-

y
| 1 4 141\ 2
\ ol [ o]\
3 | oL\
59. y 60. y 4 ’I 4 \
=2 f2)=? f2)=? f2)=?
{B—» x x 79. y 80. y
2 y=flx) 2 y=flx)
61. 62. x x
3 A 43214 234 432-1,] 1234
) 2
3 3
X X 4 4
fEH=2 f3)=? f4) =2 f3)=?
81. y 82. y
63. y 64. y 5 l'> c\ 4
: y= f (x ) / \ y= f( x) ;:
2. / \ 1
X X 1 X
x —6-5-4\3-2-14
EEENEZERE NG
) N
3 4
In Exercises 65-70, use y ~ f) f(3)=? f(-4)=?
the graph of f to find each Y
indicated function value. y 83. y 84. y
6. ) [\ )
: /R 2 A 4 - L
66. f(2) ; bo x 3 = 3 e
67. f(4) i T X \ 1 4 : ¥ =flx) 21—~
o) I
68. f(—4) \ I 3 \ I 1 > =X
6. fi-3) ; 3-2-14] 1 4 3-2-14 234
2 o)
70. f(-1) 3 3
Use the graph of g to solve Exercises 71-76. 4 4
. y
71. Find g(—4). : ) fd) =2 £3)=?
72. Find g(2). y=glx *
73. Find g(—10). 2 85. y 86. y
74. Find g(10). ! 4
X
75. For what value of x is 3-4-3-2-14 4 3
glx) = 1? 2 3 y=flx] 2 y=flx)
76. For what value of x is 3 1 y X
glx) = -1? 4 x 432411234
-3 -2 1 1 2 3 4N\ o)
In Exercises 77-92, use the graph to determine a. the function’s 2 3
domain; b. the function’s range, c. the x-intercepts, if any; d. the 3 4
y-intercept, if any; and e. the missing function values, indicated by

question marks, below each graph. f=n=17 f=2)=?
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87. y 88. y
4 41 /
2 2 y=flx)
X > X
—-4-3-2-14 2.3 4 -4-3-2-14 2 4
o) o)
3 =1 3
4 4
f=4)=7 f(4)=" f2)=7 f(2)="
89. y
£
4 /
y=rlxl .71
= x
[
Graph approaches but
never touches the x-axis. —4-
f4)=?
90. y
Graph approaches but never 4
touches the dashed vertical line.
== + x
SN
=f(x)
On both sides, graph 4 Sl
never touches the x-axis.
f2)=?
91. y 92. y
t )
y=flx] N
° A S ® o)
> X > X
—4-3-2— 1 2 4 -4-3-2-— 1 2 4
2 'y 2 ®
3 :
4 y :f(x)
|
f(=5)+f3)=? J5)+f(4)=?
Practice Plus
In Exercises 93-94, let f(x) = x*> — x + 4 and g(x) = 3x — 5.

93. Find g(1) and f(g(1)).

94. Find g(—1) and f(g(-1)).

In Exercises 95-96, let f and g be defined by the following table:

x J&x)
-2 6
=] 3

0 —1
—4
2 0

g()

95. Find Vf(-1) = f(0) = [Q) + f(=2) + g(2)-g(-1).
96. Find |f(1) = f(0)| — [g(L)* + g(1) + f(=1)-5(2).

In Exercises 97-98, find f(—x) — f(x) for the given function f.
Then simplify the expression.

97. flx) =x*+x -5
98. flx) =x*—-3x+7

Application Exercises

The bar graph shows minimum legal ages for sex and marriage
in five selected countries. Use this information to solve
Exercises 99-100. (We did not include data for the United States
because the legal age of sexual consent varies according to state
law. Furthermore, women are allowed to marry younger than
men: 16 for women and 18 for men.)

Minimum Legal Ages for Sex and Marriage,
for Heterosexual Relationships

19
18 18 Age of sexual consent
18 : :
Age of marriage with
parental consent
17+
ks 16 16 16 16
< 16k
s
R
14 14
g 14
‘g 3L 13
=
12
12
Philippines  Spain Italy Germany  Russia
Country

Source: Mitchell Beazley, Snapshot: The Visual Almanac for Our
World Today. Octopus Publishing, 2009

99. a. Write a set of five ordered pairs in which countries

correspond to the minimum legal age of sexual consent.
Each ordered pair should be in the form

(country, minimum legal age of sexual consent).
b. Is the relation in part (a) a function? Explain your

answer.
c. Write a set of five ordered pairs in which the minimum

legal age of sexual consent corresponds to a country.
Each ordered pair should be in the form

(minimum legal age of sexual consent, country).

d. Is the relation in part (c) a function?
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100. a. Write a set of five ordered pairs in which countries ¢. Write a set of five ordered pairs in which the minimum
correspond to the minimum legal age of marriage with legal age of marriage with parental consent corresponds
parental consent. Each ordered pair should be in the form to a country. Each ordered pair should be in the form

(country, minimum legal age of marriage with (minimum legal age of marriage with
parental consent). parental consent, country).
b. Is the relation in part (a) a function? Explain your d. Is the relation in part (c) a function?
answer.
The bar graph shows your chances of surviving to various ages The functions

once you reach 60. flx) = —2.9x + 286

Chances of 60-Year-Olds Surviving _ 2 _
to Various Ages and g(x) = 0.01x° — 4.9x + 370

90% - 86 model the chance, as a percent, that a 60-year-old will survive to
age x. Use this information to solve Exercises 101-102.
— 5%
£ 60 101. a. Find and interpret f(70).
= o/ |-
(‘/5} 60% b. Find and interpret g(70).
g 45% ¢. Which function serves as a better model for the chance
3] of surviving to age 70?
S 30% 24 . .
& 102. a. Find and interpret f(90).
15% - 27 b. Find and interpret g(90).
— ¢. Which function serves as a better model for the chance
70 80 90 100 of surviving to age 90?

Age

Source: National Center for Health Statistics

The wage gap is used to compare the status of women’s earnings relative to men’s. The wage gap is expressed as a percent and is
calculated by dividing the median, or middlemost, annual earnings for women by the median annual earnings for men. The bar graph
shows the wage gap for selected years from 1980 through 2010.

Median Women’s Earnings as a Percentage of y The Graph of a Function
Median Men’s Earnings in the United States Modeling the Data
8 83% 8
= g -
§ 80 76% § 80 /,
o 75 o 75 -~
& 1% & //
< < /
(0'3 65 o (0'3 65 G(x) =—0.01x% + x + 60
& 60% &
:g 60 - :g 60
551 I 55¢
X
1980 1990 2000 2010 5 10 15 20 25 30
Year Years after 1980

Source: Bureau of Labor Statistics

The function G(x) = —0.01x> + x + 60 models the wage gap, as a percent, x years after 1980. The graph of function G is shown to the
right of the actual data. Use this information to solve Exercises 103—104.

103. a. Find and interpret G(30). Identify this information as a 104. a. Find and interpret G(10). Identify this information as a
point on the graph of the function. point on the graph of the function.
b. Does G(30) overestimate or underestimate the actual data b. Does G(10) overestimate or underestimate the actual data
shown by the bar graph? By how much? shown by the bar graph? By how much?
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In Exercises 105-108, you will be developing functions that model
given conditions.

105. A company that manufactures bicycles has a fixed cost of
$100,000. It costs $100 to produce each bicycle. The total
cost for the company is the sum of its fixed cost and variable
costs. Write the total cost, C, as a function of the number of
bicycles produced, x. Then find and interpret C(90).

106. A car was purchased for $22,500. The value of the car
decreased by $3200 per year for the first six years. Write a
function that describes the value of the car, V, after x years,
where 0 = x = 6. Then find and interpret V(3).

107. You commute to work a distance of 40 miles and return on
the same route at the end of the day. Your average rate on
the return trip is 30 miles per hour faster than your average
rate on the outgoing trip. Write the total time, 7, in hours,
devoted to your outgoing and return trips as a function of
your rate on the outgoing trip, x. Then find and interpret
T(30). Hint:

. Distance traveled
Time traveled = ————F————
Rate of travel

108. A chemist working on a flu vaccine needs to mix a 10%
sodium-iodine solution with a 60% sodium-iodine solution
to obtain a 50-milliliter mixture. Write the amount of sodium
iodine in the mixture, S, in milliliters, as a function of the
number of milliliters of the 10% solution used, x. Then find
and interpret S(30).

Writing in Mathematics

109. What is a relation? Describe what is meant by its domain
and its range.

110. Explain how to determine whether a relation is a function.
What is a function?

111. How do you determine if an equation in x and y defines y as
a function of x?

112. Does f(x) mean f times x when referring to a function f?
If not, what does f(x) mean? Provide an example with your
explanation.

113. What is the graph of a function?

114. Explain how the vertical line test is used to determine
whether a graph represents a function.

115. Explain how to identify the domain and range of a function
from its graph.

116. For people filing a single return, federal income tax is a
function of adjusted gross income because for each value of
adjusted gross income there is a specific tax to be paid. By
contrast, the price of a house is not a function of the lot size
on which the house sits because houses on same-sized lots
can sell for many different prices.

a. Describe an everyday situation between variables that is
a function.

b. Describe an everyday situation between variables that is
not a function.

Technology Exercise

117. Use a graphing utility to verify any five pairs of graphs that
you drew by hand in Exercises 39-54.

Critical Thinking Exercises

Make Sense? In Exercises 118-121, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

118. My body temperature is a function of the time of day.

119. Using f(x) = 3x + 2, T found f(50) by applying the
distributive property to (3x + 2)50.

120. I graphed a function showing how paid vacation days
depend on the number of years a person works for a
company. The domain was the number of paid vacation days.

121. I graphed a function showing how the average number
of annual physician visits depends on a person’s age. The
domain was the average number of annual physician visits.

Use the graph of f to determine whether each statement in

Exercises 122—125 is true or false.

y
34

122. The domain of fis [-4,—1) U (=1, 4].

123. The range of fis [-2, 2].

124. f(-1) — f(4) =2

125. f(0) = 2.1

fla+h) — f(a)

3 .

127. Give an example of a relation with the following
characteristics: The relation is a function containing two
ordered pairs. Reversing the components in each ordered
pair results in a relation that is not a function.

128. If f(x +y) = f(x) + f(y) and f(1) =3, find f(2). f(3).
and f(4).Is f(x + y) = f(x) + f(y) for all functions?

126. If f(x) = 3x + 7, find

Exercises 129-131 will help you prepare for the material covered
in the next section.

129. The function C(f) = 20 + 0.40 (t+ — 60) describes the
monthly cost, C(¢), in dollars, for a cellphone plan for
t calling minutes, where ¢ > 60. Find and interpret C(100).

130. Use point plotting to graph f(x) = x + 2ifx = 1.

131. Simplify: 2(x + h)* + 3(x + h) + 5 — (222 + 3x + 5).
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SECTION 1.3 More on Functions and Their Graphs

(D Identify intervals
on which a function
increases, decreases, or
is constant.

Use graphs to locate
relative maxima or
minima.

Identify even or odd
functions and recognize
their symmetries.

Understand and use
piecewise functions.
Find and simplify a

function’s difference

quotient. The maximum fuel
Average Fuel Efficiency of New U.S. Passenger Cars  officiency was 32.6 mpg.

This occurred in 2009.

It’s hard to believe that this gas-guzzler, with its huge fins and overstated design, was
available in 1957 for approximately $1800. The line graph in Figure 1.28 shows the
average fuel efficiency, in miles per gallon, of new U.S. passenger cars for selected
years from 1955 through 2009. Based on the averages shown by the graph, it’s
unlikely that this classic 1957 Chevy got more than 15 miles per gallon.

® 06 o o

\

The minimum fuel
35 efficiency was 14.1 mpg.
This occurred in 1970.

Fuel efficiency increased
from 1970 through 2009.

30
Fuel efficiency e o ¢

25T decreased from //
20 - 1955 through 1970. Steepest line segment:
15— Fuel efficiency increased
M at the greatest rate from
10 1975 through 1980.

S

Average Fuel Efficiency
(miles per gallon)

i i i
1955 1960 1965 1970 1975 1980 1985 1990 1995 2000 2005 2009

Year

FIGURE 1.28
Source: U.S. Department of Transportation

You are probably familiar with the words used to describe the graph in
Figure 1.28:

decreased increased minimum maximum

In this section, you will enhance your intuitive understanding of ways of describing
graphs by viewing these descriptions from the perspective of functions.

o Identify intervals on which a Increasing and Decreasing Functions
function increases, decreases,

X Too late for that flu shot now! It’s only 8 A.M. and you’re feeling lousy. Your
or is constant.

temperature is 101°F. Fascinated by the way that algebra models the world (your
author is projecting a bit here), you decide to construct graphs showing your body
temperature as a function of the time of day. You decide to let x represent the
number of hours after 8 A.M. and f(x) your temperature at time x.
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At 8 A.M. your temperature is 101°F and you
are not feeling well. However, your temperature
starts to decrease. It reaches normal (98.6°F)
by 11 a.m. Feeling energized, you construct the
graph shown on the right, indicating decreasing
temperature for {x|0 < x < 3}, or on the interval
(0,3).

Did creating that first graph drain you of
your energy? Your temperature starts to rise
after 11 a.m. By 1 p.M,, 5 hours after 8 A.M., your
temperature reaches 100°F. However, you keep
plotting points on your graph. At the right, we
can see that your temperature increases for
{x|3 < x < 5}, or on the interval (3, 5).

The graph of f is decreasing to the left of
x = 3 and increasing to the right of x = 3. Thus,
your temperature 3 hours after 8 aA.m. was at its
lowest point. Your relative minimum temperature
was 98.6°.

By 3 pMm., your temperature is no worse than
it was at 1 p.m.: It is still 100°F. (Of course, it’s no
better, either.) Your temperature remained the
same, or constant, for {x|5 < x < 7}, or on the
interval (5, 7).

The time-temperature flu scenario illustrates
that a function f is increasing when its graph
rises from left to right, decreasing when its graph
falls from left to right, and remains constant when
it neither rises nor falls. Let’s now provide a more
precise algebraic description for these intuitive
concepts.

Increasing, Decreasing, and Constant Functions

1. A function is increasing on an open interval, /, if f(x;) < f(x,) whenever x; < x, for any x; and x, in the interval.
2. A function is decreasing on an open interval, Z, if f(x;) > f(x,) whenever x; < x, for any x; and x, in the interval.

y
102 = f0) = 101
101'\
100 |-\ Decreasing
99 <
98 [ 13) = 98.6
1 1 1 1 1
01 2 3 4 5 6 7

Temperature decreases on (0, 3),
reaching 98.6° by 11 A.M.

102

Hours after 8 A.M.

Relative

1014
100 \

99

N\

98

minimum

/

N

S

115) = 100

Increasing

0

Temperature increases on (3, 5).

102

1

2 3 4 5 6

Hours after 8 A.m.

i
7

flx) =100

101 1\
100

99

N

98

N

/

Constant

S

0

Temperature remains constant

1

2 3 4 5 6 7

Hours after 8 A.M.

at 100° on (5,7).

3. A function is constant on an open interval, /, if f(x;) = f(x,) for any x; and x, in the interval.

Increasing
y

1(x2) ¢

f(x1) 6

(1) Forx;<xpinl,

J(xp) < f(x2);

fis increasing on /.

Decreasing

flxi)¢----
f)4--=--

¢ ——'——
- ——

s
=
[
O="
=

~

(2) Forx;<x;inl,

f(x1) > f(xp);

fis decreasing on /.

O

f(xy) and f(x5)

Constant

y

- ———

- ———

B

=
N

(3) Forx; and x,in /,

f(xr) = f(xp);

fis constant on /.

X



GREAT QUESTION!

Do you use x-coordinates or
y-coordinates when describing
where functions increase,
decrease, or are constant?

The open intervals describing
where functions increase,
decrease, or are constant

use x-coordinates and not
y-coordinates. Furthermore,
points are not used in these
descriptions.

Use graphs to locate relative

maxima or minima.
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EXAMPLE 1 Intervals on Which a Function Increases, Decreases,
or Is Constant

State the intervals on which each given function is increasing, decreasing, or
constant.

a. y b. y
5+ flx) = 3% - (0, 2) belongs to the graph S f
4 /\ of f; (0, 0) does not. 4
oL/ [ -
y=flx]
\ ]
X X

[ N S R S
[ N S

SOLUTION

a. The function is decreasing on the interval (—, 0), increasing on the interval
(0,2), and decreasing on the interval (2, «).

b. Although the function’s equations are not given, the graph indicates that
the function is defined in two pieces. The part of the graph to the left of the
y-axis shows that the function is constant on the interval (=, 0). The part
to the right of the y-axis shows that the function is increasing on the interval

(0, ).
y
@ Check Point 1 State the intervals on which 25 f
the given function is increasing, decreasing, or 20
constant. fl) =2 3x - /
T
, X
543411723 4 5
[ 10
[ s
20
25
Y

Relative Maxima and Relative Minima

The points at which a function changes its increasing or decreasing behavior can be
used to find any relative maximum or relative minimum values of the function.

Definitions of Relative Maximum and Relative Minimum

1. A function value f{a) is a relative maximum of M Relative
f if there exists an open interval containing a maximum
such that f(a) > f(x) for all x # a in the open Relative

minimam | (a,f(a))

interval.

2. A function value f(b) is a relative minimum of
f if there exists an open interval containing b
such that f(b) < f(x) for all x # b in the open
interval.

The word local is sometimes used instead of relative
when describing maxima or minima.
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y
Relative
3_, .
Graph of f maximum
X-intercept (%, 1)
orzero of f 1T \
t X
— _r ™
™ g ™
-z -1 X-intercept
( . ) 2 or zero of f
Relative N
minimum -
FIGURE 1.29 Using a graph to locate

where a function has a relative maximum

or minimum

Identify even or odd functions

and recognize their symmetries.

FIGURE 1.30 To most people, an

attractive face is one in which each half
is an almost perfect mirror image of the

other half.

GREAT QUESTION!

What’s the difference between where a function has a relative maximum or minimum
and the relative maximum or minimum?

o If fla) is greater than all other values of f near a, then f has a relative maximum at
the input value, a. The relative maximum is the output value, f(a). Equivalently, f(a) is a
relative maximum value of the function.

e If f(b) is less than all other values of f near b, then f has a relative minimum at the input
value, b. The relative minimum is the output value, f(b). Equivalently, f(b) is a relative
minimum value of the function.

If the graph of a function is given, we can often visually locate the number(s) at
which the function has a relative maximum or a relative minimum. For example, the
graph of f in Figure 1.29 shows that

. . T
e f has a relative maximum at 7

The relative maximum is f (;) =1.

. . T
e f has a relative minimum at — 7

The relative minimum is f (— 727> = -1

Notice that f does not have a relative maximum or minimum at —sr, 0, and 7, the
x-intercepts, or zeros, of the function.

Even and Odd Functions and Symmetry

Is beauty in the eye of the beholder? Or are there certain objects (or people) that
are so well balanced and proportioned that they are universally pleasing to the
eye? What constitutes an attractive human face? In Figure 1.30, we’ve drawn lines
between paired features and marked the midpoints. Notice how the features line up
almost perfectly. Each half of the face is a mirror image of the other half through the
white vertical line.

Did you know that graphs of some equations exhibit exactly the kind of symmetry
shown by the attractive face in Figure 1.30? The word symmetry comes from the
Greek symmetria, meaning “the same measure.” We can identify a function whose
graph has symmetry by looking at the function’s equation and determining if the
function is even or odd.

Definitions of Even and Odd Functions
The function f is an even function if
f(=x) = f(x) for all x in the domain of f.
The right side of the equation of an even function does not change if x is replaced
with —x.
The function f is an odd function if
f(=x) = —f(x) for all x in the domain of f.

Every term on the right side of the equation of an odd function changes sign if x
is replaced with —x.

EXAMPLE 2 Identifying Even or Odd Functions

Determine whether each of the following functions is even, odd, or neither:
a. flx) = x> — 6x b. g(x) = x* — 2x? c. h(x) = x> +2x + 1.
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SOLUTION

In each case, replace x with —x and simplify. If the right side of the equation stays
the same, the function is even. If every term on the right side changes sign, the
function is odd.

a. We use the given function’s equation, f(x) = x> — 6x, to find f(—x).
Use f(x) = x° — 6x.
Replace x with —x.

F(=x) = (%) = 6(~x) = (=x)(=x)(~x) — 6(~x) = —x* + 6x

There are two terms on the right side of the given equation, f(x) = x> — 6x,
and each term changed sign when we replaced x with —x. Because
f(=x) = —f(x), f is an odd function.

b. We use the given function’s equation, g(x) = x* — 2x to find g(—x).
Use g(x) = x* — 2x2

Replace x with —x.

g(—x) = (—x)* = 2(=x)* = (=x)(—x)(=x)(—x) — 2(—x)(—x)
= x* — 2x?
The right side of the equation of the given function, g(x) = x* — 2x%, did

not change when we replaced x with —x. Because g(—x) = g(x), gis an even
function.

c. We use the given function’s equation, 4(x) = x> + 2x + 1, to find A(—x).

Use h(x) = x> + 2x + 1.
Replace x with —x.

h(=x) = (—x)?> +2(—x) +1=x>—2x + 1

The right side of the equation of the given function, A(x) = x> + 2x + 1,
changed when we replaced x with —x. Thus, A(—x) # h(x), so A is not an
even function. The sign of each of the three terms in the equation for A(x)
did not change when we replaced x with —x. Only the second term changed
signs. Thus, A(—x) # —h(x), so & is not an odd function. We conclude that 4
is neither an even nor an odd function.

@ Check Point 2 Determine whether each of the following functions is even,
odd, or neither:

a. flx) =x>*+6 b. g(x) = 7x° — x c. h(x) =x° + 1.
y
3 5)1‘ 5T (.5) Now, let’s see what even and odd functions tell us about a function’s graph. Begin with
\ f‘ ' ‘ the even function f(x) = x> — 4, shown in Figure 1.31. The function is even because
()¢ $(x.y) Y (e 4 24—
o ] flex) = () = 4= & — 4 = f)
20 ) 20 ,, Examine the pairs of points shown, such as (3,5) and (—3, 5). Notice that we obtain
1% 1%
==43-acl 3.4 the same y-coordinate whenever we evaluate the function at a value of x and the
21 [ fr=x'-4 value of its opposite, —x. Like the attractive face, each half of the graph is a mirror
(-1,-3) (1,-3) image of the other half through the y-axis. If we were to fold the paper along the
< y-axis, the two halves of the graph would coincide. This is what it means for the
graph to be symmetric with respect to the y-axis. A graph is symmetric with respect to

FIGURE 1.31 y-axis symmetry with the y-axis if, for every point (x, y) on the graph, the point (—x, y) is also on the graph.
f=x) = fx) All even functions have graphs with this kind of symmetry.
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Even Functions and y-Axis Symmetry

The graph of an even function in which f(—x) = f(x) is symmetric with respect
to the y-axis.

y Now, consider the graph of the function f(x) = x°, shown in Figure 1.32. The
4 P function is odd because
8 2.8) X X
fex) = (0 = (D) = = = —f(x).
5 Although the graph in Figure 1.32 is not symmetric with respect to the y-axis, it is
“:' (x,y) symmetric in another way. Look at the pairs of points, such as (2, 8) and (=2, —8).
N For each point (x, y) on the graph, the point (—x, —y) is also on the graph. The points
1 / (2,8) and (=2, —8) are reflections of one another through the origin. This means that
; > - the origin is the midpoint of the line segment connecting the points.
e l £t A graph is symmetric with respect to the origin if, for every point (x, y) on the
K graph, the point (—x,—y) is also on the graph. Observe that the first- and third-
(=x,-y) 1 quadrant portions of f(x) = x* are reflections of one another with respect to the
fle) =2 origir'l. Notice that f{(x) apd f(—'x.) have opposite signs, so that f(—x) = —f(x). All odd
6 functions have graphs with origin symmetry.
7.
(-2,-8) 1 é
: Odd Functions and Origin Symmetry
;E;; R:E 1f?x2) Origin symmetry with The graph of an odd function in which f(—x) = —f(x) is symmetric with respect
to the origin.
Understand and use piecewise Piecewise Functions
functions. A cellphone company offers the following plan:
e $20 per month buys 60 minutes.
e Additional time costs $0.40 per minute.
We can represent this plan mathematically by writing the total monthly cost, C, as a
function of the number of calling minutes, ¢.
C _ The cost is $20 for up to and
® Cl = Z(i)f: 323 =0 20 ifO<¢t=60 including 60 calling minutes.
80 C(t) = { .
B 20 + 0'40(t - 60) if¢ > 60 The cost is $20 plus $0.40
60 C()=20 per minute for additional time
m if0<r<60 $20 for $0.40 times the number for more than 60 calling
40 - first 60 per of calling minutes minutes.
- minutes minute exceeding 60
20
I T AR A A ‘ A function that is defined by two (or more) equations over a specified domain
4080 120160 200 is called a piecewise function. Many cellphone plans can be represented with
FIGURE 1.33 piecewise functions. The graph of the piecewise function described above is shown

in Figure 1.33.

EXAMPLE 3 Evaluating a Piecewise Function
Use the function that describes the cellphone plan
20 if0=r=060
) = {20 +040( — 60) ift > 60
to find and interpret each of the following:
a. C(30) b. C(100).



GREAT QUESTION!

When I graphed the function in
Example 4, here’s what I got:

y
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SOLUTION

a. To find C(30), we let t = 30. Because 30 lies between 0 and 60, we use the
first line of the piecewise function.

C(t) = 20  This is the function’s equation for 0 < t =< 60.
C(30) = 20  Replace t with 30. Regardless of this function’s
input, the constant output is 20.

This means that with 30 calling minutes, the monthly cost is $20. This can be
visually represented by the point (30, 20) on the first piece of the graph in
Figure 1.33.

b. To find C(100), we let + = 100. Because 100 is greater than 60, we use the
second line of the piecewise function.

C(r) = 20 + 0.40(r — 60) This is the function’s equation for t > 60.
C(100) = 20 + 0.40(100 — 60) Replace t with 100.

= 20 + 0.40(40) Subtract within parentheses: 100 — 60 = 40.
=20+ 16 Multiply: 0.40(40) = 16.
= 36 Add: 20 + 16 = 36.

Thus, C(100) = 36. This means that with 100 calling minutes, the monthly
cost is $36. This can be visually represented by the point (100, 36) on the
second piece of the graph in Figure 1.33. eoo

Check Point 3 Use the function in Example 3 to find and interpret each of
the following:

a. C(40) b. C(80).
Identify your solutions by points on the graph in Figure 1.33.

EXAMPLE 4 Graphing a Piecewise Function
Graph the piecewise function defined by
x+2 if x=1
f(x)_{4 i x> 1
SOLUTION

We graph f in two parts, using a partial table of coordinates to create each piece.
The tables of coordinates and the completed graph are shown in Figure 1.34.

NN G B O

BN =

Is my graph ok?

No. You incorrectly ignored
the domain for each piece of
the function and graphed each
equation as if its domain was

(—oo’ oo).

Graph f(x) =x + 2 forx <1. Graph f(x) = 4 for x > 1.
Domain = (—oo, 1] Domain = (1, o)
X X
=1 fx)=x+2 @, f(x)) > | f@) =4 |@&f(x)
1 f)y=1+2=3 1,3) 15 | f(1.5) =4 | (15,4)
0 f0)=0+2=2 (0,2) y 2 f2)=4 | (2.4
-1 [ fD)=-1+2=1] (-L1) 5 3 f@3)y=4 | 34
-2 | f(-2)==2+2=0| (-2.0) 4 4 f4) =4 | (4.4
3 |f(3)=-3+2=-1|(-3,-1) 3 5 fi5) =4 | (54
—4 | f(-4)=—-4+2=-2]|(-4-2) 2
X
5-4-34-111 123 43
o)
2
4
g

FIGURE 1.34 Graphing a piecewise function XY
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=5-4-342-111 1 45
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4
FIGURE 1.34 (repeated)
y
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t > X
5432-11123453

e ST ) =int)
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FIGURE 1.35 The graph of the greatest
integer function

Find and simplify a function’s
difference quotient.

We can use the graph of the piecewise function in Figure 1.34 to find the range of f.
The range of the blue piece on the leftis {y|y = 3}. The range of the red horizontal
piece on the right is {y|y = 4}. Thus, the range of f is

ly =3)Ulyly = 4}, 0r (—,3] U {4}.

@ Check Point 4 Graph the piecewise function defined by

3 if x=-1
f(x)_{x—z if x>l

Some piecewise functions are called step functions because their graphs form
discontinuous steps. One such function is called the greatest integer function,
symbolized by int(x) or [x], where

int(x) = the greatest integer that is less than or equal to x.
For example,
int(1) =1, int(1.3) =1, int(1.5) =1, int(1.9) = 1.

1 is the greatest integer that is less than or equal to 1, 1.3, 1.5, and 1.9.

Here are some additional examples:

int(2) = 2, int(2.3) =2, int(25) =2, int(2.9) = 2.
2 is the greatest integer that is less than or equal to 2, 2.3, 2.5, and 2.9.

Notice how we jumped from 1 to 2 in the function values for int(x). In particular,
If1 =x <2, then int(x)=1.
If2 =x <3, then int(x) = 2.

The graph of f(x) = int(x) is shown in Figure 1.35. The graph of the greatest
integer function jumps vertically one unit at each integer. However, the graph is
constant between each pair of consecutive integers. The rightmost horizontal step
shown in the graph illustrates that

If5 =x <6, then int(x)=>5.
In general,

If n = x < n + 1, where nis an integer, then int(x) = n.

Functions and Difference Quotients

In Section 1.5, we will be studying the average rate of change of a function. A ratio,
called the difference quotient, plays an important role in understanding the rate at
which functions change.

Definition of the Difference Quotient of a Function

The expression
fex + h) — fix)
h
for i # 0 is called the difference quotient of the function f.

EXAMPLE 5 Evaluating and Simplifying a Difference Quotient

If f(x) = 2x*> — x + 3, find and simplify each expression:

fx +h) — fx)
) h

a. f(x + h) b ,h # 0.
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a. We find f(x + h) by replacing x with x + & each time that x appears in the

equation.

Replace x
with x + /.

f(x+h)=2(x+h)2—(x+h)

=232 - X + 3
Replace x Replace x Copy the 3. There is
with x + 4. with x + 4. no x in this term.

+ 3
=2(x*+2xh+h) —x—h + 3
=22+ 4xh +2W¥* —x—h + 3

b. Using our result from part (a), we obtain the following:

This is f(x + )
from part (a).

This is f(x) from
the given equation.

f(x+h)—f(x):’2x2+4xh+2h2—x—h+3‘—(2x2—x+3)

h

232 +4xh +2W —x —h+3 —2x*+x -3

Remove parentheses and change the sign of

each term in the parentheses.

h
2 2 2
_ (2x" = 2x7) + (=x + x) + (3 = 3) + 4xh + 2h _l Group like terms.
h
4xh + 20> — 1h Simplify.
= - n We wrote —/1 as —1/ to avoid possible
errors in the next factoring step.
_ h(4x +2h - 1) Factor h from the numerator.
B h
=4x +2h — 1 Divide out identical factors of h in the

numerator and denominator.

@ Check Point 5 If fix) = —2x* + x + 5, find and simplify each expression:

a. f(x + h)

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

Assume that fis a function defined on an open interval
I and x; and x, are any elements in the interval /.

f is increasing on [ if f{x;) when x; < x,.

f is decreasing on I if f(x;) when x; < x,.

f is constant on [ if f(x;)

If f(a) > f(x) in an open interval containing a, x # a,
then the function value f(a)isarelative ________ of f.
If f(b) < f(x) in an open interval containing b, x # b,
then the function value f(b)isarelative ________ of f.
. If f is an even function, then f(—x) = .Such a
function is symmetric with respect to the
. If fis an odd function, then f(—x) = .The graph of

such a function is symmetric with respect to the

. A function defined by two or more equations over a

specified domain is called a/an function.

NPCEIET G

The greatest integer function is defined by int(x) =
the greatest integer that is

For example, int(2.5) = ___,int(=2.5) = ,and
int(0.5) = __.

7. The expression

Rt D) g
is called the of the function f. We
find this expression by replacing x with each
time x appears in the function’s equation. Then we
subtract . After simplifying, we factor ___ from
the numerator and divide out identical factors of ____

in the numerator and denominator.

8. Trueorfalse: fix + h) = fix) + h ___
9. True or false: f(x + h) = f(x) + flh) _____
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EXERCISE SET 1.3

Practice Exercises 11. y 12. y
In Exercises 1-12, use the graph to determine 4 4
2 o}
a. intervals on which the function is increasing, if any. - -
b. intervals on which the function is decreasing, if any. 1 1
c. intervals on which the function is constant, if any. i x L) 1 x
D —4L£—11 £ o R TITHTI L1 P -
1. y 2. y 2 2
A A ) 3 3
\ M 3 4 4
\ Y 5
2 2
\ 1 [\
X X
432-1,]1 f 234 4B2-1,] \23 4
\ L/ [ N In Exercises 13-16, the graph of a function f is given. Use the
3 II 3 \\ graph to find each of the following:
A4
v \ a. The numbers, if any, at which f has a relative maximum.
3 y 4 y What are these relative maxima?
) b. The numbers, if any, at which f has a relative minimum.
A4 4 . o .
: o o What are these relative minima?
3 3
" — o) — 13. y
/
1l 1
5
X X
3-2-141 123 4 3 3-2-1;1 123 4 5 A
2 2 \ /51 \ /
3 3 \ / 11\ /
4 4 \{ / 1 \ /
X
S54-3-2-1;1 123 45
5 y 6. y 5
5 4 3
4 3 4
3 2 5
2 1
! b { *
X —4-3-2— 1 2 3 4
3-2-141 1 2 4N 5 14. y
) 3 5
3 4 4
3
9.
7 y 8 y 1
1
A A X
] N 54371, 1 %34 3
J I r
2 2 o)
1 1 3
X X 4
43-2-14] 1234 43-2-14] 1234 5
2 o)
3 3
4 4
4 4 15.
U{x) =23+l 1x+1)
\
3 4
2
1 [\ BN [
PR B 40 A
-4-3-2-1, 2 /3 4 N M___,-'
1\ [ BEENNEENRE
\ ./ \ L]
\ / 3 \ / [-4,4,1] by [-15,25, 5]
4




16. [f(x) =2x3—15x1+24x+19]
]

/

[

[-2.6,1] by [-15, 35, 5]

In Exercises 17-28, determine whether each function is even, odd,
or neither.

17. flx) = x> + x

19. g(x) = x* + x

21. h(x) = x*> — x*

23, flx) = x> —x*+1
25. flx) = %x6 — 3x?
27. f(x) = xV1 — x?

18. flx) = x* — x

20. g(x) = x* —x

22. h(x) = 2x% + x*

24, flx) = 2> + x* + 1
26. f(x) = 2x° — 6x°

28. f(x) = x*V1 — x*

In Exercises 29-32, use possible symmetry to determine whether

each graph is the graph of an even function, an odd function, or a
function that is neither even nor odd.

29, y
370,4)
2
29 /11 \@5
F \*x
-4-3-2-14 2.3.4
)
3
30. Y
4 \(1,4)
TNy
3-2-1, 254"
(_4vf1) o)
3
<—1,—4>\l
31 y
|+
\ >
(-1, )\ 5
+— l(0’:0) > X
-4-3-2-14 23 4
o) \(L_l)
31\
4\
\
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32. y
4..

(~1.3)83 4.2

TN
34 1\2 34"

N

3l

4l

Y

33. Use the graph of f to determine each of the following. Where
applicable, use interval notation.

<

=N W B U

=

|

|
.

|

|
o

|

y=rflx)

1

I N
)
+

the domain of f

the range of f

the x-intercepts

the y-intercept

intervals on which f is increasing
intervals on which f is decreasing
intervals on which f is constant

Faome 20 FE

the number at which f has a relative minimum

the relative minimum of f

jo f-3)

k. the values of x for which flx) = -2
1. Is f even, odd, or neither?

34. Use the graph of f to determine each of the following. Where
applicable, use interval notation.

y a. the domain of f
51 b. the range of f
i y = flx) c. the x-intercepts
/ \. d. the y-intercept
[ N—" e. intervals on which f is
> x increasing
= _’L_‘ R }) 2.3 ‘\ 2 f. intervals on which f is
| - \ decreasing
) g. values of x for which
5 \ flx) =0
h. the numbers at which f hasa
relative maximum

the relative maxima of f

f-2)

the values of x for which fix) = 0
Is f even, odd, or neither?

- F
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35. Use the graph of f to determine each of the following. Where
applicable, use interval notation.

In Exercises 37-42, evaluate each piecewise function at the given
values of the independent variable.

3x+5 if x<O0
y 37'f(x)_{4x+7 if x=0
2 a. f(-2) b. f(0) c. f(3)
y=f 2 _fex—1 if x<0
: \ 38. fx) {7x +3 if x=0
I a. f(=3) b. £(0) ¢ f4)
S54AB2-1,] 1 45 5 " 5
5 _ )X + it x=-
/ 3 3. 8(x) {—(x +3) if x<-3
[ 4 a. g(0) b. g(—6) ¢ g(-3)
Y x+5 if x=-5
0. gx) = {—(x +5) if x<-5
a. the domain of f a. g(0) b. g(-6) ¢ g(=5)
b. th ¥ 2
e range of f X 9 dox 3
¢. the zeros of f 41. h(x) = ¢ x — 3
d. £(0) 6 if x=3
e. intervals on which f is increasing a. h(5) b. h(0) c. h(3)
f. intervals on which f is decreasing 2 — 25
g. values of x for which f(x) = 0 2. hx) =14 x—5 if x#5
h. any relative maxima and the numbers at which they occur 10 if x=5
i. the value of x for which f(x) = 4 a. h(7) b. h(0) ¢ h(5)

. = .. C o
J- Is f(=1) positive or negative? In Exercises 4354, the domain of each piecewise function is

(_ %, ® )
a. Graph each function.

36. Use the graph of f to determine each of the following. Where
applicable, use interval notation.

b. Use your graph to determine the function’s range.

y
—x if x<0
5 43. = .
y f { x if x=0
3 x if x<0
2 =flx) 44. =
21 f) {—x if x=0
2x if x=0
548321, 1 : 45. =
! ft) { 2 if x>0
3 1 .
sx if x=0
46. =42
6. flx) {3 if x>0
. o fx+3 i x <=2
a. the domain of f 47. flx) = {x —3 if x=-2
b. the range of f
c. the zeros of f 48, fx) = {x +2 %f x<-3
d. £(0) x—2 if x=-3
e. intervals on which f is increasing 49 B 3 if x=-1
f. intervals on which f is decreasing - ) = -3 if x>-1
g. intervals on which f is constant 4 if x=-—1
h. values of x for which f(x) > 0 50. flx) = 4 i x> -1
i. values of x for which flx) = -2
. - : i x<1
j. Is f(4) positive or negative? 51. f(x) = 2 )
. 2x—1 if x=1
k. Is f even, odd, or neither?
. Is f(2) a relative maximum? 52 ) = 7% 2O ox<l1
) 2x+1 if x=1



0 if x<-4
533. lx)=q¢—x if -4=x<0
¥ if x=0
0 if  x<-3
5. flx)y =49 —x if -3=x<0
-1 if x=0

In Exercises 55-76, find and simplify the difference quotient

flos )~ o)

n ,h # 0

for the given function.
55. flx) = 4x 56. f(x) = Tx
57. filx) =3x +7 58. flx) =6x +1
59. flx) = x° 60. f(x) = 2x°
61. flx) =x*>—4x +3 62. flx)=x*—-5x+38
63. flx) =2 +x—1 64. fx) =3x*+x+5
65. flx) = —x>+2x + 4 66. f(x) =—x>—3x + 1
67. flx) = —2x*+5x +7 68. flx) =-3x*+2x—1
69. flx) =-2x>—x+3 70. fix) =-3x*+x—1
71. f(x) =6 72. fix) =17

1 1
73. f(x) = ; 74. f(x) = a
75. f(x) = Vx 76. fix) = Vx -1

Practice Plus
In Exercises 77-78, let f be defined by the following graph:

<

=N W AR )

B0 N =

77. Find

VA=15) + f(=0.9) = [fm)] + f(=3) = f1) f(=m).
78. Find

VI(=2.5) = [(1.9) = [f=m) + f(=3) = f(1)- f(m).
A cellphone company offers the following plans. Also given are the

piecewise functions that model these plans. Use this information to
solve Exercises 79-80.

Plan A
o $30 per month buys 120 minutes.
* Additional time costs $0.30 per minute.

30
= {30 +030( — 120)

if 0=r=120
if > 120
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Plan B
o $40 per month buys 200 minutes.
e Additional time costs $0.30 per minute.
40 if 0=t=200
) = !
40 + 0.30(r — 200) if > 200

79. Simplify the algebraic expression in the second line of the
piecewise function for plan A. Then use point-plotting to
graph the function.

80. Simplify the algebraic expression in the second line of the
piecewise function for plan B. Then use point-plotting to
graph the function.

In Exercises 81-82, write a piecewise function that models each

cellphone billing plan. Then graph the function.

81. $50 per month buys 400 minutes. Additional time costs $0.30
per minute.
82. $60 per month buys 450 minutes. Additional time costs $0.35

per minute.
Application Exercises

With aging, body fat increases and muscle mass declines. The line
graphs show the percent body fat in adult women and men as they
age from 25 to 75 years. Use the graphs to solve Exercises 83—90.

Percent Body Fat in Adults

40

36 /'/‘\'\v
L‘E Lo g Women
> 32 I~
el -
3
B o8t
S B ,_—-0'__"‘\'
Q
Duf ‘
[ow - Men

20

SN i i i i i

Vv

25 35 45 55 65 75
Age
Source: Thompson et al., The Science of Nutrition,
Benjamin Cummings, 2008

83. State the intervals on which the graph giving the percent
body fat in women is increasing and decreasing.

84. State the intervals on which the graph giving the percent
body fat in men is increasing and decreasing.

85. For what age does the percent body fat in women reach a
maximum? What is the percent body fat for that age?

86. At what age does the percent body fat in men reach a
maximum? What is the percent body fat for that age?

87. Use interval notation to give the domain and the range for
the graph of the function for women.

88. Use interval notation to give the domain and the range for
the graph of the function for men.

89. The function p(x) = —0.002x> + 0.15x + 22.86 models
percent body fat, p(x), where x is the number of years a
person’s age exceeds 25. Use the graphs to determine whether
this model describes percent body fat in women or in men.

90. The function p(x) = —0.004x> + 0.25x + 33.64 models
percent body fat, p(x), where x is the number of years a
person’s age exceeds 25. Use the graphs to determine whether this
model describes percent body fat in women or in men.



186 Chapter 1 Functions and Graphs

Here is the 2011 Federal Tax Rate Schedule X that specifies the tax
owed by a single taxpayer.

If Your

Taxable But The Tax Of the
Income Not You Amount
Is Over Over Owe Is Over

$ 0 $ 8500 10% $ 0
$ 8500 $ 34500 $ 850.00 + 15% $ 8500
$ 34500 $ 83,600 $ 4750.00 + 25% $ 34,500
$ 83,600 $174,400 $ 17,025.00 + 28%  $ 83,600
$174,400  $379,150 $ 42,449.00 + 33%  $174,400
$379,150 — $110,016.50 + 35% $379,150

The preceding tax table can be modeled by a piecewise function,
where x represents the taxable income of a single taxpayer and
T(x) is the tax owed:

0.10x if
850.00 + 0.15(x — 8500) if
4750.00 + 0.25(x — 34,500) if

0 <x = 8500
8500 < x = 34,500
34,500 < x = 83,600

T =
) 17,025.00 + 0.28(x — 83,600) if 83,600 < x = 174,400
? it 174,400 < x = 379,150
? if x > 379,150.

Use this information to solve Exercises 91-94.

91. Find and interpret 7(20,000).
92. Find and interpret 7(50,000).

In Exercises 93-94, refer to the preceding tax table.

93. Find the algebraic expression for the missing piece of T(x)
that models tax owed for the domain (174,400, 379,150].

94. Find the algebraic expression for the missing piece of T(x)
that models tax owed for the domain (379,150, ).

The figure shows the cost of mailing a first-class letter, f(x), as
a function of its weight, x, in ounces. Use the graph to solve
Exercises 95-98.

1.05
085
0.65
0.45

Cost (dollars)

Weight (ounces)

Source: Lynn E. Baring, Postmaster, Inverness, CA

95. Find f(3). What does this mean in terms of the variables in
this situation?

96. Find f(3.5). What does this mean in terms of the variables in
this situation?

97. What is the cost of mailing a letter that weighs 1.5 ounces?

98. What is the cost of mailing a letter that weighs 1.8 ounces?

99. Furry Finances A pet insurance policy has a monthly rate
that is a function of the age of the insured dog or cat. For
pets whose age does not exceed 4, the monthly cost is $20.
The cost then increases by $2 for each successive year of the

pet’s age.
Age Not Exceeding Monthly Cost
4 $20
5 $22
6 $24

The cost schedule continues in this manner for ages not
exceeding 10. The cost for pets whose ages exceed 10 is
$40. Use this information to create a graph that shows the
monthly cost of the insurance, f(x), for a pet of age x, where
the function’s domain is [0, 14].

Writing in Mathematics

100. What does it mean if a function f is increasing on an
interval?

101. Suppose that a function f whose graph contains no breaks
or gaps on (a, ¢) is increasing on (a, b), decreasing on (b, c),
and defined at b. Describe what occurs at x = b. What does
the function value f(b) represent?

102. Ifyouare given a function’s equation,how do you determine
if the function is even, odd, or neither?

103. If you are given a function’s graph, how do you determine if
the function is even, odd, or neither?

104. What is a piecewise function?

105. Explain how to find the difference quotient of a function f,
fex + h) — fix)

h , if an equation for f is given.

Technology Exercises

106. The function
f(x) = —0.00002x> + 0.008x*> — 0.3x + 6.95

models the number of annual physician visits, f(x), by
a person of age x. Graph the function in a [0, 100, 5] by
[0, 40, 2] viewing rectangle. What does the shape of the
graph indicate about the relationship between one’s age and

the number of annual physician visits? Use the [TABLE
or minimum function capability to find the coordinates of

the minimum point on the graph of the function. What does
this mean?

In Exercises 107-112, use a graphing utility to graph each function.
Use a [-5,5,1] by [-5, 5, 1] viewing rectangle. Then find the
intervals on which the function is increasing, decreasing, or
constant.

107. flx) = x> —6x* + 9x + 1
108. g(x) = |4 — x?|
109. A(x) = |x — 2| + |x + 2]



W=

110. f(x) = x°(x — 4)

W

111. g(x) = x
2
112. h(x) =2 — x°
113. a. Graph the functions f(x) = x" for n = 2,4, and 6 in a
[-2,2,1] by [-1, 3, 1] viewing rectangle.

b. Graph the functions f(x) = x”" for n = 1,3, and 5 in a
[-2,2,1] by [-2, 2, 1] viewing rectangle.

c. If nis positive and even, where is the graph of f(x) = x”"
increasing and where is it decreasing?

d. If nis positive and odd, what can you conclude about the
graph of f(x) = x" in terms of increasing or decreasing
behavior?

e. Graph all six functionsina[—1, 3, 1] by [-1, 3, 1] viewing
rectangle. What do you observe about the graphs in
terms of how flat or how steep they are?

Critical Thinking Exercises

Make Sense? In Exercises 114-117, determine whether each

statement makes sense or does not make sense, and explain your

reasoning.

114. My graph is decreasing on (— %, a) and increasing on (a, ®),
so f(a) must be a relative maximum.

115. This work by artist Scott Kim (1955-) has the same kind of
symmetry as an even function.

5

“DYSLEXIA,” 1981
116. I graphed
2 if x#4
f(x):{3 if x=4
and one piece of my graph is a single point.
117. 1 noticed that the difference quotient is always zero if
f(x) = ¢, where c is any constant.

118. Sketch the graph of f using the following properties. (More
than one correct graph is possible.) f is a piecewise function
that is decreasing on (—,2), f(2) = 0, f is increasing on
(2, =), and the range of f is [0, ).

Section 1.3 More on Functions and Their Graphs 187

119. Define a piecewise function on the intervals (—, 2], (2, 5),
and [5, «©) that does not “jump” at 2 or 5 such that one
piece is a constant function, another piece is an increasing
function, and the third piece is a decreasing function.

flx :
120. Suppose that h(x) = T; The function f can be even, odd,
gx
or neither. The same is true for the function g.
a. Under what conditions is
function?

b. Under what
function?

h definitely an even

conditions is /A definitely an odd

Group Exercise

121. (For assistance with this exercise, refer to the discussion
of piecewise functions beginning on page 178, as well as
to Exercises 79-80.) Group members who have cellphone
plans should describe the total monthly cost of the plan as

follows:
$ per month buys minutes. Additional
time costs $ per minute.

(For simplicity, ignore other charges.) The group should
select any three plans, from “basic” to “premier.” For each
plan selected, write a piecewise function that describes
the plan and graph the function. Graph the three
functions in the same rectangular coordinate system.
Now examine the graphs. For any given number of calling
minutes, the best plan is the one whose graph is lowest at
that point. Compare the three calling plans. Is one plan
always a better deal than the other two? If not, determine
the interval of calling minutes for which each plan is the
best deal. (You can check out cellphone plans by visiting
www.point.com.)

Exercises 122—124 will help you prepare for the material covered
in the next section.
Yo =N
122. If (x1,y;) = (=3,1) and (x5,y,) = (=2, 4), find P
2T X

123. Find the ordered pairs (
4x — 3y — 6 = 0.

, 0) and (0, ) satisfying

124. Solve for y:3x + 2y — 4 = 0.
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SECTION 1.4

&)

Calculate a line’s slope.

Write the point-slope
form of the equation of
a line.

Write and graph the
slope-intercept form of
the equation of a line.

Graph horizontal or
vertical lines.

Recognize and use the
general form of a line’s
equation.

Use intercepts to graph
the general form of a
line’s equation.

Model data with linear
functions and make
predictions.

Calculate a line’s slope.

Is there a relationship between literacy and

child mortality? As the percentage of adult

females who are literate increases,

does the mortality of children

under five decrease?

Figure 1.36 indicates that

this is, indeed, the case.

Each point in the figure
represents one country.

Under-Five Mortality
(per thousand)

0 10 20 30 40 50 60 70 80 90 100
Percentage of Adult Females Who Are Literate

FIGURE 1.36
Source: United Nations

Data presented in a visual form as a set of points is called a scatter plot. Also
shown in Figure 1.36 is a line that passes through or near the points. A line that best
fits the data points in a scatter plot is called a regression line. By writing the equation
of this line, we can obtain a model for the data and make predictions about child
mortality based on the percentage of literate adult females in a country.

Data often fall on or near a line. In this section, we will use functions to model
such data and make predictions. We begin with a discussion of a line’s steepness.

The Slope of a Line

Mathematicians have developed a useful measure of the steepness of a line, called
the slope of the line. Slope compares the vertical change (the rise) to the horizontal
change (the run) when moving from one fixed point to another along the line. To
calculate the slope of a line, we use a ratio that compares the change in y (the rise)
to the corresponding change in x (the run).

Definition of Slope

The slope of the line through the distinct points

(x1,y1) and (x2,y,) is
Changeiny  Rise 21
Change in x "~ Run — Horizontal change

Yo = N

bl

Xy = X

<

(%2, ¥2)

~ X X

where x, — x; # 0.
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It is common notation to let the letter m represent the slope of a line. The letter
m is used because it is the first letter of the French verb monter, meaning “to rise”
or “to ascend.”

EXAMPLE 1 Using the Definition of Slope

Find the slope of the line passing through each pair of points:
a. (—3,—1) and (-2, 4) b. (—3,4) and (2, -2).

Run: 1 unit
doal SOLUTION
Rise: 5 units ! N a. Let(x,y;) = (—3,—1)and (x,,y,) = (-2, 4). We obtain the slope as follows:
i 1 Changeiny y, — y; 4 —(-1) 44+ 1 5 5
t - X m = = = = = — = .
-5-4 §-2-14 2345 Changeinx x,—x; —-2-(-3) -2+3 1
-3, 1)
: ! | ; The situation is illustrated in Figure 1.37. The slope of the line is 5. For every
[ 4 vertical change, or rise, of 5 units, there is a corresponding horizontal change,
/ or run, of 1 unit. The slope is positive and the line rises from left to right.

FIGURE 1.37 Visualizing a slope of 5

GREAT QUESTION!
When using the definition of slope, how do I know which point to call (x, y;) and which
point to call (x,, y,)?
When computing slope, it makes no difference which point you call (x{, y;) and which
point you call (x,, y,). If we let (x;, y;) = (=2, 4) and (x5, y,) = (=3, —1), the slope is
still 5:
Changeiny — y, — y; -1-4 -5
m = = = = — =
Changeinx x, —x; —-3-(-2) -1
However, you should not subtract in one order in the numerator (y, — y;) and then in a
different order in the denominator (x; — x,).

5.

Incorrect! The slope is not —b5.

B
5.,
! “:’ b. To find the slope of the line passing through (=3, 4) and (2, —2), we can let
Rise: —6 units | \\ 5 (x1,y1) = (=3,4) and (x,,y,) = (2,—2). The slope of the line is computed
! \\ as follows:
j N\ —>x
—‘—45—‘—]1\3~45 _ Changeiny y,—y; -2-4 -6 6
""3""\(2'_2) " Changeinx X, —x; 2-(-3) 5 5
Run: 5 units f N\ The situation is illustrated in Figure 1.38. The slope of the line is —g. For
i N every vertical change of —6 units (6 units down), there is a corresponding
FIGURE 1.38 Visualizing a slope of —& ?(;)?'z(l)lrtltal change of 5 units. The slope is negative and the line falls from left
ight.

GREAT QUESTION! ) . ‘
Is it OK to say that a vertical line @ Check Point 1 Find the slope of the line passing through each pair of points:

has no slope? a. (—3,4) and (—4,-2) b. (4,—2) and (—1,5).

Always be clear in the way

you use language, especially in . . . .. .. . . .
mathematics. For example, it’s not Example 1 illustrates that a line with a positive slope is increasing and a line with

a good idea to say that a line has a negative slope is decreasing. By contrast, a horizontal line is a constant function
“no slope.” This could mean that and has a slope of zero. A vertical line has no horizontal change, so x, — x; = 0 in
the slope is zero or that the slope the formula for slope. Because we cannot divide by zero, the slope of a vertical line
is undefined. is undefined. This discussion is summarized in Table 1.2 at the top of the next page.



190 Chapter 1 Functions and Graphs

Table 1.2 Possibilities for a Line’s Slope

Positive Slope

y

/

\\ —_—

Negative Slope Zero Slope Undefined Slope

y y y

Line rises from left to right.

Write the point-slope form of
the equation of a line.

A This point is arbitrary.
Slope is m. (x.y)
Yy—-n
(x1, 1)
e X —Xx;
This point is fixed.
x

FIGURE 1.39 A line passing through
(x1, yp) with slope m

GREAT QUESTION!
Whenusingy — y; = m(x — xy),
for which variables do I substitute
numbers?

When writing the point-slope
form of a line’s equation, you will
never substitute numbers for x
and y. You will substitute values
for x, y,, and m.

|

X

Line falls from left to right. Line is horizontal. Line is vertical.

The Point-Slope Form of the Equation of a Line

We can use the slope of a line to obtain various forms of the line’s equation. For
example, consider a nonvertical line that has slope m and that contains the point
(xl s yl)

The line in Figure 1.39 has slope m and contains the point (xq, y;). Let (x, y)
represent any other point on the line.

Regardless of where the point (x, y) is located, the steepness of the line in
Figure 1.39 remains the same. Thus, the ratio for the slope stays a constant 7. This
means that for all points (x, y) along the line

We used (x, y) instead of
(x5, y,) because (x,, y,)
represents a fixed point
and (x, y) is not a fixed
point on the line.

_ Changeiny y —y

Changeinx x — x

We can clear the fraction by multiplying both sides by x — x, the least common
denominator.

- N
m = A This is the slope of the line in Figure 1.39.
X — X1
Y =-n . .
m(x - xl) E— . (x — xl) Multiply both sides by x — x;.
- A
mx —x) =y =y Simplify: ' (c~%) = y ~ y.
x—"%

Now, if we reverse the two sides, we obtain the point-slope form of the equation of
a line.

Point-Slope Form of the Equation of a Line

The point-slope form of the equation of a nonvertical line with slope m that
passes through the point (x, y;) is

y =y = mx — xp).

For example, the point-slope form of the equation of the line passing through
(1,5) with slope 2 (m = 2) is
y—5=2(x—-1).
We will soon be expressing the equation of a nonvertical line in function notation.

To do so, we need to solve the point-slope form of a line’s equation for y. Example 2
illustrates how to isolate y on one side of the equal sign.



Yy
(-2, 6) 6
\
3
o]
1\
X
-5-4-32-1;1 1 2\3 4 3
o) \\
3T (4,-3)
4
N\

FIGURE 1.40 Write an equation in
point-slope form for this line.

DISCOVERY

You can use either point for
(x1,y1) when you write a
point-slope equation for a line.
Rework Example 3 using (=2, 6)
for (x1,y1). Once you solve for y,
you should still obtain

y=f%x+3.
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EXAMPLE 2 Writing an Equation for a Line in Point-Slope Form

Write an equation in point-slope form for the line with slope 4 that passes through
the point (—1, 3). Then solve the equation for y.

SOLUTION
We use the point-slope form of the equation of a line with m = 4,x; = —1, and
y1 =3
y —y1 = m(x — x;)  Thisis the point-slope form of the equation.
y — 3 = 4[x — (=1)] Substitute the given values: m = 4 and
(x y) = (=1, 3).
y—3=4(x+1) We now have an equation in point-slope form

for the given line.

Now we solve this equation for y.

We need to
isolate y. y—3=4(x+1) This is the point-slope form of the equation.
y—3=4x+4 Use the distributive property.
y=4x+7 Add 3 to both sides. coe

Check Point 2 Write an equation in point-slope form for the line with
slope 6 that passes through the point (2,—5). Then solve the equation for y.

EXAMPLE 3 Writing an Equation for a Line in Point-Slope Form
Write an equation in point-slope form for the line passing through the points

(4,—3) and (=2, 6). (See Figure 1.40.) Then solve the equation for y.

SOLUTION
To use the point-slope form, we need to find the slope. The slope is the change in

the y-coordinates divided by the corresponding change in the x-coordinates.

6 — (—3) 9 3 This is the definition of slope using

T 2_4 —6 2 (4-3)and(-2,6).

We can take either point on the line to be (x;, y;). Let’s use (xq, y;) = (4,—3).
Now, we are ready to write the point-slope form of the equation.

y — y1 = m(x — x1) This is the point-slope form of the equation.
y—(=3) = —%(x — 4) substitute: (x, y;) = (4,—3)and m = — 3.
y+3=-3(x—4) simplify.

We now have an equation in point-slope form for the line shown in Figure 1.40.
Now, we solve this equation for y.

We need to m

isolate y. y+3= —% (x — 4) This is the point-slope form of the equation.
3
y +3=—5x+6  Usethe distributive property.
3
Yy =—35x +3  Subtract 3 from both sides. coe

¢ Check Point 3 Write an equation in point-slope form for the line passing
through the points (—2,—1) and (—1,—6). Then solve the equation for y.
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Write and graph the
slope-intercept form of
the equation of a line.

y-intercept is b. Fixed point,
(x'u Y1): is (0, b).

Slope is m.

This point
is arbitrary.

FIGURE 1.41 A line with slope m and
y-intercept b

GREAT QUESTION!

If the slope is an integer, such

as 2, why should I express it as %
for graphing purposes?

Writing the slope, m, as a fraction
allows you to identify the rise (the
fraction’s numerator) and the run
(the fraction’s denominator).

The Slope-Intercept Form of the Equation of a Line

Let’s write the point-slope form of the equation of a nonvertical line with slope m
and y-intercept b. The line is shown in Figure 1.41. Because the y-intercept is b, the
line passes through (0, b). We use the point-slope form with x; = 0 and y; = b.

y =y =m(x — xp)

Let y, = b. Let x, = 0.
We obtain

y — b =m(x — 0).
Simplifying on the right side gives us

y — b = mx.
Finally, we solve for y by adding b to both sides.

y=mx +b

Thus, if a line’s equation is written with y isolated on one side, the coefficient of x is
the line’s slope and the constant term is the y-intercept. This form of a line’s equation
is called the slope-intercept form of the line.

Slope-Intercept Form of the Equation of a Line

The slope-intercept form of the equation of a nonvertical line with slope m and
y-intercept b is

y = mx + b.

The slope-intercept form of a line’s equation, y = mx + b, can be expressed in
function notation by replacing y with f(x):

f(x) = mx + b.

We have seen that functions in this form are called linear functions. Thus, in the
equation of a linear function, the coefficient of x is the line’s slope and the constant
term is the y-intercept. Here are two examples:

y=2x—4 f(x)Z%x-i-Z.

The slope is 2. The y-intercept is —4. The y-intercept is 2.

The slope is %

If alinear function’s equation is in slope-intercept form, we can use the y-intercept
and the slope to obtain its graph.

Graphingy = mx + b Using the Slope and y-Intercept

1. Plot the point containing the y-intercept on the y-axis. This is the point
(0, b).
2. Obtain a second point using the slope, m. Write m as a fraction, and use rise
over run, starting at the point containing the y-intercept, to plot this point.
3. Use a straightedge to draw a line through the two points. Draw arrowheads

at the ends of the line to show that the line continues indefinitely in both
directions.

EXAMPLE 4 Graphing Using the Slope and y-Intercept

3
Graph the linear function: f(x) = X + 2.
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FIGURE 1.42 The graph of

flx) = —3x +2

Graph horizontal or vertical lines.
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A

> X
1.2.3.4.5

[Li

-2+ y-intercept is —4.

(-2,-4) "

G,—4)

(0,-4)

6
0

FIGURE 1.43 The graphof y = —4 or

fx) = —4

Section 1.4 Linear Functions and Slope 193

SOLUTION

The equation of the line is in the form f(x) = mx + b. We can find the slope, m,
by identifying the coefficient of x. We can find the y-intercept, b, by identifying the
constant term.

flx)=—2x+2

The y-intercept is 2.
The slope is —%.

Now that we have identified the slope, —%, and the y-intercept, 2, we use the
three-step procedure to graph the equation.

Step 1 Plot the point containing the y-intercept on the y-axis. The y-intercept is 2.
We plot (0,2), shown in Figure 1.42.

Step 2 Obtain a second point using the slope, m. Write m as a fraction, and use

rise over run, starting at the point containing the y-intercept, to plot this point. The

slope, — %, is already written as a fraction.
= 3 _ -3 _Rise

2 2 Run

We plot the second point on the line by starting at (0, 2), the first point. Based on

the slope, we move 3 units down (the rise) and 2 units to the right (the run). This

puts us at a second point on the line, (2, —1), shown in Figure 1.42.

Step 3 Use a straightedge to draw a line through the two points. The graph of the
linear function f(x) = —3x + 2 is shown as a blue line in Figure 1.42.

@ Check Point 4 Graph the linear function: f(x) = Ix + 1.

Equations of Horizontal and Vertical Lines

If a line is horizontal, its slope is zero: m = 0. Thus, the equation y = mx + b
becomes y = b, where b is the y-intercept. All horizontal lines have equations of
the form y = b.

EXAMPLE 5 Graphing a Horizontal Line

Graph y = —4 in the rectangular coordinate system.

SOLUTION

All ordered pairs that are solutions of y = —4 x y=-4 (%9

have a value of y that is always —4. Any value can 5 4 (2, —4)
be used for x. In the table on the right, we have 0 4 (© ’_4)
selected three of the possible values for x: -2, 0, 5 = (3’ 4

and 3. The table shows that three ordered pairs

that are solutions of y = —4 are (—2,—4), (0, —4), bl Visa
and (3,—4). Drawing a line that passes through | choicesofx, | | constant —4.

the three points gives the horizontal line shown in
Figure 1.43.

@ Check Point 5 Graph y = 3 in the rectangular coordinate system.
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" X-intercept
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FIGURE 1.44 The graphof x = 2

Recognize and use the general
form of a line’s equation.

Equation of a Horizontal Line

: 5 .. . y
A horizontal line is given by an equation of the form

y =b, qm
where b is the y-intercept of the line. The slope of a ‘
horizontal line is zero.

—_—_— X

Because any vertical line can intersect the graph of a horizontal line y = b only
once, a horizontal line is the graph of a function. Thus, we can express the equation
y = b as f(x) = b. This linear function is often called a constant function.

Next, let’s see what we can discover about the graph of an equation of the form
x = a by looking at an example.

EXAMPLE 6 Graphing a Vertical Line

Graph the linear equation: x = 2.

SOLUTION

All ordered pairs that are solutions of m

x = 2 have a value of x that is always 2. R

Any value can be used for y. In the table x=2 y (x )
on the right, we have selected three of 2 -2 (2,-2)
the possible values for y: —2, 0, and 3. The ) 0 (2,0)
table shows that three ordered pairs that 2 3 (2,3)

are solutions of x = 2 are (2,-2), (2, 0),
and (2,3). Drawing a line that passes through the three points gives the vertical line
shown in Figure 1.44.

Equation of a Vertical Line y

A vertical line is given by an equation of the form

X =a,

where a is the x-intercept of the line. The slope of a
vertical line is undefined.

Does a vertical line represent the graph of a linear function? No. Look at the
graph of x = 2 in Figure 1.44. A vertical line drawn through (2, 0) intersects the
graph infinitely many times. This shows that infinitely many outputs are associated
with the input 2. No vertical line represents a linear function.

@ Check Point 6 Graph the linear equation: x = —3.

The General Form of the Equation of a Line

The vertical line whose equation is x = 5 cannot be written in slope-intercept form,
y = mx + b, because its slope is undefined. However, every line has an equation
that can be expressed in the form Ax + By + C = 0. For example, x = 5 can be
expressed as 1x + 0y —5 = 0, or x — 5 = 0. The equation Ax + By + C =0 is
called the general form of the equation of a line.



GREAT QUESTION!

In the general form

Ax + By + C = 0,canl
immediately determine that the
slope is A and the y-intercept is B?
No. Avoid this common error. You
need to solve Ax + By + C =0
for y before finding the slope and
the y-intercept.

Use intercepts to graph the
general form of a line’s equation.
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General Form of the Equation of a Line
Every line has an equation that can be written in the general form
Ax + By + C =0,
where A, B, and C are real numbers, and A and B are not both zero.
If the equation of a nonvertical line is given in general form, it is possible to
find the slope, m, and the y-intercept, b, for the line. We solve the equation for

y, transforming it into the slope-intercept form y = mx + b. In this form, the
coefficient of x is the slope of the line and the constant term is its y-intercept.

EXAMPLE 7 Finding the Slope and the y-Intercept
Find the slope and the y-intercept of the line whose equation is 3x + 2y — 4 = 0.

SOLUTION

The equation is given in general form. We begin by rewriting it in the form
y = mx + b. We need to solve for y.

Our goal is to isolate y.

3x +2y —4=0 This is the given equation.
2y = 3x + 4 Isolate the term containing y by
adding —3x + 4 to both sides.
2y _ 3xt4 Divide both sides by 2.
2 2
3 . . .
y= 5 + 2 On the right, divide each term in

the numerator by 2 to obtain

slope  y-intercept slope-intercept form.

The coefficient of x, —%, is the slope and the constant term, 2, is the y-intercept.
This is the form of the equation that we graphed in Figure 1.42 on page 193.

@ Check Point 7 Find the slope and the y-intercept of the line whose equation

is 3x + 6y — 12 = 0. Then use the y-intercept and the slope to graph the
equation.

Using Intercepts to Graph Ax + By + C = 0

Example 7 and Check Point 7 illustrate that one way to graph the general form of
a line’s equation is to convert to slope-intercept form, y = mx + b. Then use the
slope and the y-intercept to obtain the graph.

A second method for graphing Ax + By + C = 0 uses intercepts. This method
does not require rewriting the general form in a different form.

Using Intercepts to Graph Ax + By + C = 0

1. Find the x-intercept. Let y = 0 and solve for x. Plot the point containing
the x-intercept on the x-axis.

2. Find the y-intercept. Let x = 0 and solve for y. Plot the point containing
the y-intercept on the y-axis.

3. Use a straightedge to draw a line through the two points containing the
intercepts. Draw arrowheads at the ends of the line to show that the line
continues indefinitely in both directions.
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FIGURE 1.45 The graph of
4x -3y —6=0

) Model data with linear functions

and make predictions.

EXAMPLE 8 Using Intercepts to Graph a Linear Equation
Graph using intercepts: 4x — 3y — 6 = 0.

SOLUTION
Step 1 Find the x-intercept. Let y = 0 and solve for x.
4x —3-0—-6=0 Replace y with O in 4x — 3y — 6 = O.
4 —6=0 Simplify.
4x =6 Add 6 to both sides.
X = 9 = E Divide both sides by 4.
4 2

The x-intercept is %, so the line passes through (%, 0) or (1.5, 0), as shown in
Figure 1.45.

Step 2 Find the y-intercept. Let x = 0 and solve for y.

4:0-3y—-6=0 Replace x with O in 4x — 3y — 6 = 0.
-3y—-6=0 Simplify.
-3y =26 Add 6 to both sides.
y=-2 Divide both sides by —3.

The y-intercept is —2, so the line passes through (0, —2), as shown in Figure 1.45.

Step 3 Graph the equation by drawing a line through the two points containing
the intercepts. The graph of 4x — 3y — 6 = 0 is shown in Figure 1.45. eoo

@ Check Point 8 Graph using intercepts: 3x — 2y — 6 = 0.

We’ve covered a lot of territory. Let’s take a moment to summarize the various
forms for equations of lines.

Equations of Lines

1. Point-slope form y =y = m(x — xy)

2. Slope-intercept form y=mx +bor f(x) =mx +b
3. Horizontal line y=5>b

4. Vertical line xX=a

5. General form Ax + By + C=0

Applications

Linear functions are useful for modeling data that fall on or near a line.

EXAMPLE 9 Modeling Global Warming

The amount of carbon dioxide in the atmosphere, measured in parts per million,
has been increasing as a result of the burning of oil and coal. The buildup of gases
and particles traps heat and raises the planet’s temperature. The bar graph in
Figure 1.46(a) at the top of the next page gives the average atmospheric concentration
of carbon dioxide and the average global temperature for six selected years. The data
are displayed as a set of six points in a rectangular coordinate system in Figure 1.46(b).



58.2°
58.0°
57.8°
57.6°
57.4°
57.2°
57.0°

Average Global Temperature
(degrees Fahrenheit)

Section 1.4 Linear Functions and Slope 197

s

317
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FIGURE 1.46(a)
Source: National Oceanic and Atmospheric Administration
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a. Shown on the scatter plot in Figure 1.46(b) is a line that passes through or
near the six points. Write the slope-intercept form of this equation using
function notation.

b. The preindustrial concentration of atmospheric carbon dioxide was
280 parts per million. The United Nations’ Intergovernmental Panel on
Climate Change predicts global temperatures will rise between 2°F and
5°F if carbon dioxide concentration doubles from the preindustrial level.
Compared to the average global temperature of 57.99°F for 2009, how well
does the function from part (a) model this prediction?

SOLUTION

a. The line in Figure 1.46(b) passes through (326, 57.06) and (385, 57.99). We
start by finding its slope.

o Changeiny  57.99 — 57.06  0.93
Change in x 385 — 326 59

~ 0.02

The slope indicates that for each increase of one part per million in carbon
dioxide concentration, the average global temperature is increasing by
approximately 0.02°F.

Now we write the line’s equation in slope-intercept form.

y =y = m(x — xq) Begin with the point-slope form.
y — 57.06 = 0.02(x — 326) Either ordered pair can be
(%, y1)- Let (x. 1) = (326, 57.06).
From above, m = 0.02.

y — 57.06 = 0.02x — 6.52  Apply the distributive property:
0.02(326) = 6.52.

y = 0.02x + 50.54 Add 57.06 to both sides and solve for y.
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A linear function that models average global temperature, f(x), for an
atmospheric carbon dioxide concentration of x parts per million is

TECHNOLOGY

You can use a graphing utility to
obtain a model for a scatter plot

in

near a straight line. After entering

flx) = 0.02x + 50.54.

b. If carbon dioxide concentration doubles from its preindustrial level of

which the data points fall on or

the data in Figure 1.46(a) on the

previous page, a graphing utility

displays a scatter plot of the data

and the regression line, that is, the

line that best fits the data.

Also displayed is the regression
line’s equation.

[310, 390, 10] by [56.8, 58.4, 0.2]

Linkeg

+h
a=.d14:2119534
b=52. 28782373

flx) = 0.02x + 50.54

A(560) = 0.02(560) + 50.54
=112 + 50.54 = 61.74

280 parts per million, which many experts deem very likely, the concentration
will reach 280 X 2, or 560 parts per million. We use the linear function to
predict average global temperature at this concentration.

Use the function from part (a).

Substitute 560 for x.

Our model projects an average global temperature of 61.74°F for a carbon
dioxide concentration of 560 parts per million. Compared to the average
global temperature of 57.99° for 2009 shown in Figure 1.46(a) on the
previous page, this is an increase of

61.74°F — 57.99°F = 3.75°F.

This is consistent with a rise between 2°F and 5°F as predicted by the
Intergovernmental Panel on Climate Change.

@ Check Point 9 Use the data points (317, 57.04) and (354, 57.64), shown, but
not labeled, in Figure 1.46(b) on the previous page to obtain a linear function
that models average global temperature, f(x), for an atmospheric carbon dioxide
concentration of x parts per million. Round m to three decimal places and b to
one decimal place. Then use the function to project average global temperature at

a concentration of 600 parts per million.

CONCEPT AND VOCABULARY CHECK

Fill in each blank so that the resulting statement is true.

1.

S

Data presented in a visual form as a set of points is
called a/an . A line that best fits this set
of points is called a/an line.

The slope, m, of a line through the distinct points (xl, y1)
and (x,, y,) is given by the formula m =

If a line rises from left to right, the line has

slope.

If a line falls from left to right, the line has

slope.

The slope of a horizontal line is

The slope of a vertical line is

The point-slope form of the equation of a nonvertlcal
line with slope m that passes through the point (x, y;)
is

10.

11.

12.

. The slope-intercept form of the equation of a line

is___ where m represents the and

b represents the

. In order to graph the line whose equation is

2
gx + 3, begin by plotting the point

y =
From this point, we move units up (the rise)
and units to the right (the run).

The graph of the equation y = 3 is a/an

line.

The graph of the equation x = —2 is a/an

line.

The equation Ax + By + C = 0, where A and B are

not both zero, is called the form of the

equation of a line.



In Exercises 1-10, find the slope of the line passing through each pair
of points or state that the slope is undefined. Then indicate whether
the line through the points rises, falls, is horizontal, or is vertical.

1. (4,7) and (8, 10) 2. (2,1)and (3,4)

3. (—2,1)and (2,2) 4. (—1,3) and (2,4)

5. (4,—2) and (3,-2) 6. (4,—1)and (3,—1)

7. (=2,4) and (—1,-1) 8. (6,—4) and(4,—2)

9. (5,3) and (5,-2) 10. (3,—4) and (3,5)
In Exercises 11-38, use the given conditions to write an equation
for each line in point-slope form and slope-intercept form.

11. Slope = 2, passing through (3, 5)

12. Slope = 4, passing through (1, 3)

13. Slope = 6, passing through (-2, 5)
14. Slope =
15. Slope = —3, passing through (-2, —3)
16. Slope =
17. Slope = —4, passing through (—4, 0)
18. Slope = —2, passing through (0, —3)
19. Slope
20. Slope = —1, passing through (—4, _411)

8, passing through (4, —1)

—5, passing through (—4, —2)

= —1, passing through (—%,—2)

21. Slope = 3, passing through the origin
22. Slope =
23. Slope = — %, passing through (6, —2)

24. Slope = — %, passing through (10, —4)

25. Passing through (1,2) and (5, 10)

26. Passing through (3,5) and (8, 15)

27. Passing through (=3, 0) and (0, 3)

28. Passing through (-2, 0) and (0, 2)

29. Passing through (—3,—1) and (2, 4)

30. Passing through (—2,—4) and (1,—1)

31. Passing through (=3, —2) and (3, 6)

32. Passing through (=3, 6) and (3, —2)

33. Passing through (—3,—1) and (4,—1)

34. Passing through (=2, —5) and (6, —5)

35. Passing through (2, 4) with x-intercept = —2
36. Passing through (1, —3) with x-intercept = —1

%, passing through the origin

37. x-intercept = —1 and y-intercept = 4
38. x-intercept = 4 and y-intercept = —2

In Exercises 39-48, give the slope and y-intercept of each line
whose equation is given. Then graph the linear function.

39. y=2x+1 4. y =3x +2

41. flx) = -2x +1 42, f(x) = -3x +2

43. f(x) =%x—2 4. f(x) =%x—3
3 2

Ly =-Tx+ Ly =-"x+

45. y 5x 7 46. y Sx 6

1 1
47. g(x) = —Ex 48. g(x) = —gx
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In Exercises 49-58, graph each equation in a rectangular
coordinate system.
49. y = -2

53. y=0

57.3x — 18 =0
In Exercises 59-60,

a. Rewrite the given equation in slope-intercept form.

50. y =4
54. x =0

5. x=-3 S22 x=5
55. flx) =1 56. f(x) =3
58.3x +12=0

b. Give the slope and y-intercept.

¢. Use the slope and y-intercept to graph the linear function.
59.3x+y—-5=0 60. 4x + y —6 =0
6l. 2x + 3y — 18 =0 62. 4x + 6y + 12 =10
63. 8&x —4y — 12 =0 64. 6x — 5y —20 =0
65.3y —9=0 66. 4y + 28 =0
In Exercises 67-72, use intercepts to graph each equation.
67. 6x — 2y — 12 =0 68. 6x — 9y — 18 =0
69. 2x +3y + 6 =0 70. 3x + 5y + 15 =0
71. 8x — 2y + 12 =10 72. 6x — 3y +15=0

Practice Plus

In Exercises 7376, find the slope of the line passing through each
pair of points or state that the slope is undefined. Assume that all
variables represent positive real numbers. Then indicate whether
the line through the points rises, falls, is horizontal, or is vertical.

73. (0, a) and (b, 0)
75. (a,b) and (a,b + c) 76. (a — b,c)and(a,a + c)
In Exercises 77-78, give the slope and y-intercept of each line
whose equation is given. Assume that B 7 0.

71. Ax + By = C 78. Ax =By — C

In Exercises 79-80, find the value of y if the line through the two

given points is to have the indicated slope.

79. (3,y) and (1,4),m = =3

80. (—2,y)and (4,—4),m =}

In Exercises 81-82, graph each linear function.

81. 3x —4f(x) —6=0 82. 6x — 5f(x) —20=0

83. If one point on a line is (3, —1) and the line’s slope is —2, find
the y-intercept.

74. (—a,0) and (0, —b)

84. If one point on a line is (2, —6) and the line’s slope is —3, find
the y-intercept.

Use the figure to make the lists in Exercises 85-86.

y
7<y—m1x+b1
y=myx+b,
A / X

y=m3x + by

y=myx+by

<

85. List the slopes my,m,, m3, and my in order of decreasing size.

86. Listthe y-intercepts b, b,, b3, and b4 in order of decreasing size.
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Application Exercises

Americans are getting married later in life or not getting married at all. In 2008, nearly half of Americans ages 25 through 29 were unmarried.
The following bar graph shows the percentage of never-married men and women in this age group. The data are displayed as two sets of
four points each, one scatter plot for the percentage of never-married American men and one for the percentage of never-married American
women. Also shown for each scatter plot is a line that passes through or near the four points. Use these lines to solve Exercises 87-88.

Percentage of United States Population Never Married, Ages 25-29

I Males I Females
58.8
- 60%
2
g 50%
s
w 40%
[
>
2 30%
]
2 20%
5
° 10%
o
~
1980 1990 2000 2008
Year

Source: U.S. Census Bureau

87. In this exercise,you will use the blue line for the women shown
on the scatter plot to develop a model for the percentage of
never-married American females ages 25-29.

a. Use the two points whose coordinates are shown by the
voice balloons to find the point-slope form of the equation
of the line that models the percentage of never-married
American females ages 25-29, y, x years after 1980.

b. Write the equation from part (a) in slope-intercept form.
Use function notation.

c. Use the linear function to predict the percentage of
never-married American females, ages 25-29, in 2020.

The bar graph gives the life expectancy for American men and
women born in six selected years. In Exercises 89-90, you will use
the data to obtain models for life expectancy and make predictions
about how long American men and women will live in the future.

Life Expectancy in the United States,
by Year of Birth

I Males [ Females
90

80
70
60 -
50
40 -
30
20 -
10

Life Expectancy

1960

1970 1980 1990

Birth Year

2000 2010

Source: National Center for Health Statistics
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In this exercise, you will use the red line for the men shown

on

the scatter plot to develop a model for the percentage of

never-married American males ages 25-29.

a.

Use the two points whose coordinates are shown by the
voice balloons to find the point-slope form of the equation
of the line that models the percentage of never-married
American males ages 25-29, y, x years after 1980.

. Write the equation from part (a) in slope-intercept form.

Use function notation.

Use the linear function to predict the percentage of
never-married American males, ages 25-29,in 2015.

Use the data for males shown in the bar graph at the bottom
of the previous column to solve this exercise.

a.

Let x represent the number of birth years after 1960 and
let y represent male life expectancy. Create a scatter plot
that displays the data as a set of six points in a rectangular
coordinate system.

. Draw a line through the two points that show male life

expectancies for 1980 and 2000. Use the coordinates of these
points to write a linear function that models life expectancy,
E(x), for American men born x years after 1960.

Use the function from part (b) to project the life
expectancy of American men born in 2020.

Use the data for females shown in the bar graph at the bottom
of the previous column to solve this exercise.

a.

Let x represent the number of birth years after 1960 and
let y represent female life expectancy. Create a scatter plot
that displays the data as a set of six points in a rectangular
coordinate system.

Draw a line through the two points that show female
life expectancies for 1970 and 2000. Use the coordinates
of these points to write a linear function that models life
expectancy, E(x), for American women born x years after
1960. Round the slope to two decimal places.

Use the function from part (b) to project the life
expectancy of American women born in 2020.



91. Shown, again, is the scatter plot that indicates a relationship
between the percentage of adult females in a country who are
literate and the mortality of children under five. Also shown
is a line that passes through or near the points. Find a linear
function that models the data by finding the slope-intercept
form of the line’s equation. Use the function to make a
prediction about child mortality based on the percentage of
adult females in a country who are literate.

y Literacy and Child Mortality
350 -
2 300F P
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Source: United Nations

92. Just as money doesn’t buy happiness for individuals, the two
don’t necessarily go together for countries either. However,
the scatter plot does show a relationship between a country’s
annual per capita income and the percentage of people in
that country who call themselves “happy.”

" Per Capita Income and National Happiness
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Source: Richard Layard, Happiness: Lessons from a New Science,
Penguin, 2005

Draw a line that fits the data so that the spread of the
data points around the line is as small as possible. Use
the coordinates of two points along your line to write the
slope-intercept form of its equation. Express the equation
in function notation and use the linear function to make
a prediction about national happiness based on per capita
income.

Section 1.4 Linear Functions and Slope 201

Writing in Mathematics

93. What is the slope of a line and how is it found?

94. Describe how to write the equation of a line if the
coordinates of two points along the line are known.

95. Explain how to derive the slope-intercept form of a line’s
equation, y = mx + b, from the point-slope form

y =y = mx = xp).

96. Explain how to graph the equation x = 2. Can this equation

be expressed in slope-intercept form? Explain.

97. Explain how to use the general form of a line’s equation to
find the line’s slope and y-intercept.

98. Explain how to use intercepts to graph the general form of
a line’s equation.

99. Take another look at the scatter plot in Exercise 91.
Although there is a relationship between literacy and child
mortality, we cannot conclude that increased literacy causes
child mortality to decrease. Offer two or more possible
explanations for the data in the scatter plot.

Technology Exercises

Use a graphing utility to graph each equation in Exercises 100-103.

Then use the | TRACE| feature to trace along the line and find the
coordinates of two points. Use these points to compute the line’s slope.

Check your result by using the coefficient of x in the line’s equation.
100. y =2x + 4 101. y =-3x + 6

102. y = —1x -5 103. y = 3x — 2

104. Is there a relationship between wine consumption and

deaths from heart disease? The table gives data from
19 developed countries.

Country A B C D E F G

Liters of alcohol from
drinking wine, per
person per year (x)

25 39 29 24 29 08 91

Deaths from heart
disease, per 100,000

people per year (y)

211 167 131 191 220 297 71

0

Commry H I J K L M N O P Q R S

x) 08 0.7 79 1.8 19 08 65 1.6 58 13 12 27

») 211 300 107 167 266 227 86 207 115 285 199 172

Source: New York Times

a. Use the statistical menu of your graphing utility to enter
the 19 ordered pairs of data items shown in the table.

b. Use the scatter plot capability to draw a scatter plot of
the data.
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c. Select the linear regression option. Use your utility
to obtain values for a and b for the equation of the
regression line, y = ax + b. You may also be given a
correlation coefficient, r. Values of r close to 1 indicate
that the points can be described by a linear relationship
and the regression line has a positive slope. Values of r
close to —1 indicate that the points can be described by a
linear relationship and the regression line has a negative
slope. Values of r close to 0 indicate no linear relationship
between the variables. In this case, a linear model does
not accurately describe the data.

d. Use the appropriate sequence (consult your manual) to
graph the regression equation on top of the points in the
scatter plot.

Critical Thinking Exercises

Make Sense? In Exercises 105-108, determine whether each
statement makes sense or does not make sense, and explain your
reasoning.

105. The graph of my linear function at first increased, reached a
maximum point, and then decreased.

106. A linear function that models tuition and fees at public four-year
colleges from 2000 through 2012 has negative slope.

107. Because the variable m does not appear in
Ax + By + C =0, equations in this form make it
impossible to determine the line’s slope.

108. The federal minimum wage was $5.15 per hour from 1997
through2006,s0 f(x) = 5.15models the minimum wage, f(x),
in dollars, for the domain {1997, 1998, 1999, . . ., 2006}.

In Exercises 109—112, determine whether each statement is true
or false. If the statement is false, make the necessary change(s) to
produce a true statement.

109. The equation y = mx + b shows that no line can have a
y-intercept that is numerically equal to its slope.

110. Every line in the rectangular coordinate system has an
equation that can be expressed in slope-intercept form.

111. The graph of the linear function 5x + 6y — 30 = O is aline
passing through the point (6, 0) with slope — %.

112. The graph of x = 7 in the rectangular coordinate system is
the single point (7, 0).

In Exercises 113114, find the coefficients that must be placed

in each shaded area so that the function’s graph will be a line

satisfying the specified conditions.
113. x + y — 12 = 0; x-intercept = —2; y-intercept = 4

1
114. X + y — 12 = 0; y-intercept = —6; slope = >

115. Prove that the equation of a line passing through (a, 0) and

(0,b)(a # 0,b # 0) can be written in the form > + Yo 1.

Why is this called the intercept form of a line? a

116. Excited about the success of celebrity stamps, post office
officials were rumored to have put forth a plan to institute
two new types of thermometers. On these new scales, °E
represents degrees Elvis and °M represents degrees Madonna.
If it is known that 40°E = 25°M,280°E = 125°M, and
degrees Elvis is linearly related to degrees Madonna, write
an equation expressing E in terms of M.

Group Exercise

117. In Exercises 87-88, we used the data in a bar graph to
develop linear functions that modeled the percentage of
never-married American females and males, ages 25-29.
For this group exercise, you might find it helpful to pattern
your work after Exercises 87 and 88. Group members
should begin by consulting an almanac, newspaper,
magazine, or the Internet to find data that appear to lie
approximately on or near a line. Working by hand or
using a graphing utility, group members should construct
scatter plots for the data that were assembled. If working
by hand, draw a line that approximately fits the data in
each scatter plot and then write its equation as a function
in slope-intercept form. If using a graphing utility, obtain
the equation of each regression line. Then use each linear
function’s equation to make predictions about what might
occur in the future. Are there circumstances that might
affect the accuracy of the prediction? List some of these
circumstances.

Exercises 118—120 will help you prepare for the material covered
in the next section.

118. Write the slope-intercept form of the equation of the line
passing through (-3, 1) whose slope is the same as the line
whose equationis y = 2x + 1.

119. Write an equation in general form of the line passing
through (3, —5) whose slope is the negative reciprocal (the
reciprocal with the opposite sign) of — }1.

120. If f(x) = x% find

flxz) — flxy)

X2 — X

where x; = 1 and x, = 4.
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&)

() Find slopes and
equations of parallel and
perpendicular lines.

@ Interpret slope as rate
of change.

) Find a function’s
average rate of change.

o Find slopes and equations of
parallel and perpendicular lines.
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More on Slope
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FIGURE 1.47

Source: U.S. Census Bureau

A best guess at the future of our nation indicates that the numbers of men and women
living alone will increase each year. Figure 1.47 shows that in 2008, 14.7 million men
and 18.3 million women lived alone, an increase over the numbers displayed in the
graph for 1990.

Take a second look at Figure 1.47. Can you tell that the green graph representing
men has a greater slope than the red graph representing women? This indicates a
greater rate of change in the number of men living alone than in the number of
women living alone over the period from 1990 through 2008. In this section, you will
learn to interpret slope as a rate of change. You will also explore the relationships
between slopes of parallel and perpendicular lines.

Parallel and Perpendicular Lines

Two nonintersecting lines that lie in the same plane are parallel. If two lines do not
intersect, the ratio of the vertical change to the horizontal change is the same for
both lines. Because two parallel lines have the same “steepness,” they must have the
same slope.

Slope and Parallel Lines

1. If two nonvertical lines are parallel, then they have the same slope.
2. If two distinct nonvertical lines have the same slope, then they are parallel.
3. Two distinct vertical lines, both with undefined slopes, are parallel.

EXAMPLE 1 Writing Equations of a Line Parallel to a Given Line

Write an equation of the line passing through (=3, 1) and parallel to the line
whose equation is y = 2x + 1. Express the equation in point-slope form and
slope-intercept form.
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FIGURE 1.49 Slopes of perpendicular
lines

SOLUTION

The situation is illustrated in Figure 1.48. We are 1y, squation of this line is given: y = 2x + 1.

looking for the equation of the red line passing y

through (—3,1) and parallel to the blue line
whose equationis y = 2x + 1.How do we obtain
the equation of this red line? Notice that the line

w .;h‘\
f
-

passes through the point (=3, 1). Using the point- (-3,1)
slope form of the line’s equation, we have x; = —3 ¥
andy; = 1. ~1-6-5-4-3-2- g

y =y =m(x — x)

S S

=1 Xy =-3

With (x;,y;) = (=3, 1), the only thing missing We must write the equation of this line.
from the equation of the red line is m, the slope.
Do we know anything about the slope of either
line in Figure 1.48? The answer is yes; we know the slope of the blue line on the
right, whose equation is given.

FIGURE 1.48

y=2x+1

The slope of the blue line on
the right in Figure 1.48 is 2.

Parallel lines have the same slope. Because the slope of the blue line is 2, the slope
of the red line, the line whose equation we must write, is also 2: m = 2. We now
have values for x, y;, and m for the red line.

y =y =m(x — x)
yi =1 m=2 X =-3

The point-slope form of the red line’s equation is

y—1=2[x —(=3)]or

y —1=2(x + 3).
Solving for y, we obtain the slope-intercept form of the equation.

y—1=2x + 6 Apply the distributive property.

y =2x + 7 Add1to both sides. This is the slope-intercept

form, y = mx + b, of the equation. Using function
notation, the equation is f(x) = 2x + 7.

@ Check Point 1 Write an equation of the line passing through (—2,5) and
parallel to the line whose equation is y = 3x + 1. Express the equation in
point-slope form and slope-intercept form.

Two lines that intersect at a right angle (90°) are said to be perpendicular, shown
in Figure 1.49. The relationship between the slopes of perpendicular lines is not
as obvious as the relationship between parallel lines. Figure 1.49 shows line AB,
with slope 7. Rotate line AB counterclockwise 90° to the left to obtain line A'B’,
perpendicular to line AB. The figure indicates that the rise and the run of the new
line are reversed from the original line, but the former rise, the new run, is now
negative. This means that the slope of the new line is — . Notice that the product of
the slopes of the two perpendicular lines is —1:

(69

This relationship holds for all perpendicular lines and is summarized in the box at
the top of the next page.
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Slope and Perpendicular Lines

1. If two nonvertical lines are perpendicular, then the product of their slopes
is —1.

2. If the product of the slopes of two lines is —1, then the lines are
perpendicular.

3. A horizontal line having zero slope is perpendicular to a vertical line having
undefined slope.

An equivalent way of stating this relationship is to say that one line is perpendicular
to another line if its slope is the negative reciprocal of the slope of the other line.
For example, if a line has sloye 5, any line having slope —% is perpendicular to it.
Similarly, if a line has slope —%, any line having slope 3 is perpendicular to it.

EXAMPLE 2 Writing 